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PREFACE 



The Treatiae on Algebra, by JI. Bourdon, is a work 
of singular excellence and merit. In Fi'aiice, it lias 
long been one of tbe standard Text books, Sbortly after 
its first publication, it passed tliroiigli several editions, 
and lias formed the ba^ia of every subsequent work on 
tbe subject of Algebra, botli in Europe and in tliis country. 

The original work is, however, a full and complete 
treatise on tlie subject of Algebra, the later editions 
containing about eight hundred pages octavo. Tlie time 
which is given to the study of Algebra, in this country, 
even in those seminaries where tbe course of mathe- 
matics is the fullest, is too short to accomplish so volu- 
minous a work, and hence it has been found necessary 
either to modify it essentially, or to abandon it alto- 
gether. 

In the following work, the original Treatise of Bourdon 
has been regarded only as a model. The order of ar- 
rangement, in many parts, has been changed ; new mlea . 
and new methods have been introduced: the modifica- 
tions indicated by its use, for twenty years, as a text took 
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m tLe Hilitarj Academy have been freely madu, for 
tte purpose of giving to the work a more practical 
character, aud bringing it into closer harmoijy with the 
traina of thought and improired systems of instruction 
which prevail in that institution. 

But the work, in its present form, is greatly indebted 
to the labors of William G. Peck, A. M., U. S. Topo- 
graphical Engineers, and Assistant Professor of Mathe- 
matics in the Military Academy. 

Many of the new definitions, new rules and improved 
"•■nethoda of Ulusti'ation, are his. His experience as a 
teacher of mathematics has enabled him to bestow upon 
the work much valuable labor which will be found to 
bear the marts of profound study and the freshneea of 
daily instruction. 

A Key to this volume has been prepared for the use of 
Taachei'8 only. 
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INTRODUCTION. 



QcAHTiT? is a general term applicable to everything which 
can be increased or dinainished, and measured. Tliere are two 
kinds of quantity; 

1st, Abstract quantity, or quantity, the conception of whicli 
does not involve the idea of matter; and, 

2dly. Concrete quantity, which embraces every thing that is 
material. 

Mathematica is the science of quantity ; that is, the science 
which treats of the measurement of quantities, and of their 
relations to each other. It is divided into two parts : 

1st. The Pure Alathematics, embracing the principles of the 
science and all explanations of the processes by which these 
principles are derived from the abstract quantities, Number 
and Space : and, 

2d, The Mivpd Mathematie?, embracing tlio applications of 
these principles to all investigations involving the laws of 
matter, to the discussion of all questions of a practical nature, 
and to the solution of all problems, whether they rdato to 
abstract or concrete quantity.'* 

•Darice' Logic aod Utility of 
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10 INTRODUCTION. 

There are three operations of the miud which are imme 
diafcely conceiiied in the iii%'estigati(ms of matlieinatical scieiip*: 
Ifrt. ApprehetisioBi Sd, Judgment; 3d. Reasoning. 

1st. Apprehension is the notion, or conception of an Idea 
iu the mind, analogous to the perception by Ihe senses, 

2d. Judgment is the comparing together, in Uie mind, two 
of the ideas which are the objects of Apprehension, and pro 
uonncing tiiat they agree or disagree with each other. Judg 
nient, therefore, is either affirmative or negative. 

3d. Keasoning is the act of proceeding fi'om one judgment 
lo another, or of deducing unknown truths from principles al- 
ready known. Language affords the signs by which these opeia- 
lions of the mind are expressed and communicated. An appre 
Aension, expressed in language, Js called a term: ^ judgmimt, 
expressed in language, is called a proposition; and a p^oie^s 
af reasoning, expressed in language, is called a dcmonsha 



The reasoning processes, iii Logic, are conducted usually by 
.means of words, and in all complicated cases, can take place 
in no other way. The words employed are signs of ideas 
.imd are also one of the principal instruments or helps of 
thought; and any imperfection in the instrument, or in the 
mode of using it, will destroy all ground of confidence in the 
result. So, in the science of mathematics, the meaning of the 
terms employed are accurately defined, whil§ tlie language 
arising from the use of the symbols, in each branch, has a 
iilefmite and precise signification, 

•Wiatelj'fl Login, — of fbe operatiooa of tbe miad and aenaeB. 
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INTKOD LOTION. 11 

111 the science t.f iiuiiiliefs, the ten characters, called figures, 
*re the alphaliet of the arithmetical language ; the eombinationH 
of these characters constitute the pure language of aritlmietic; 
and the principles of numbers which are unfolded hy iiieana 
of Ihia, ip connection with our common language, constitute 
tlie science. 

Ir Geometry, the sigus which are employed to indicate the 
boundaries and forms of portions of space, are simply the 
straight line and the curve; and these, in coaneotion witL our 
common language, make up tlie language of Geometry: a 
science which treats of space, liy comparing portions of it 
with each other, for the purpose of pointing out their proper 
ties and mutual relations. 

Analysis is a general term embracing that entire portion of 
mathematical science in which the quantities considered are 
represented by letters of the alphabet, and the operations to 
be performed ou them are indicated by signs. 

Algebra, which is a branch of Analysis, is also a species 
of universal arithmetic, in which letters and signs are employed 
to abridge and generalize all processes involving numbers. It 
ta divided into two parts, corresponding to the scleiico and 
ftrt of Arifhraetic; 

1st, That which has for its object the investigation of tha 
properties of numbers, embracing all the processes of reasoning, 
by which rew properties are inferred from known ones; and, 

2d. ITie solution of all problems or questions involving the 
determination of certain numbers which ai'c unknown, from 
their connection with certain others which are known or given. 
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12 INTEODUCTION, 

In arithmetic, all quantity is i-cgarded as or.jistiiig of parts, 
which can be numbered exactly or approximatlvely, and ia 
this P t p 11 b p p f mb P p 

I tlf n bhthmkllpu 

I fj tl t tl y p ! eon 11 q 1 1 

h t A] b t d f] ) t 1 11 f th A 

mb 11 r th f h L d h f 

1 f 1 1 I II p d bj 

f Al b h 1 y d ( / 6 11! 

i h h I p f 1 hi 

I )y p 1 n lly 

i C t h tlf 1 1 f 1 

d 1 w 1 (1 t t d p PP ty t fi th t 

ipty Idpdf yh itil In 

\lg b 11 b 11 1 all f 11 sol a y b 

d n t d by a 1 mb 1 H th 1 na 

a d ced by m f th y b I t f 11 tl It 

i t 1 1 tl t b d Cr t y t ly 

f 1 t 1 1 t 1 T! J ml 1 f 41 1 11 

f 1 M t d d f p t 1 tl 

Thwttnh b d y tl 

p t t f fl 1 h tl 1 t t 

t 1 tl 1. J 1 tl fl E ft 

In the various uses which we make of those syinbola, ai;d 
the processes of reasoning cari'ied on by means of them, tlie 
mind insensibly comes to regard them as things, and not as 
mere signs ; and wo constantly predicate wf them the properties 
of things ill general, without pausing to inquire what kind of 
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INTRODUCTION. IS 

thing is implied All Ik's we ire at libcity to do, siuo the 
symbols being the repitsentii-ives of quantity in gentiai, there 
is no necessity of Keeping the idea of quantity continually alive 
in the mind , and the piocesses of thought raay, without dan- 
ger, be allowed to rest on the symbols thenaselves, inA tlipre 
fore, become to that extent, merely meohameil But whtn wo 
look ba(k and see on ■whi.t the reabonmg is bastd, and how 
the piocesses ha^e been oonduoted, we shall find thifc eierj 
step was taken on the supposition thit ise weie actuitlly 
dealing with thwffs, and not with symbols, and that isithout 
this understanding of the language, llie whole system is without 
eignifieation, and fails.* 

The quantities which are the- subjects of the algebraic analysis 
may be divided Iiit'j two classes: those which are kuown or 
given, and those which are unknown or sought. The known 
arc uniformly represented by the first letters of the alphabet, 
a, S, c, (f, &C ; and the unknown by the final letters, x, y, 

rive operations, only, can be peiformed upcn a quantity 
that will give results differing from the quantity itself: viz. 

1st. To add a quantity' to it; 

2d. To subtract a quantity from it ; 

3d. To multiply it by a quantity; 

4th. To divide it; 

5tii, Tc extract a root of it. 

Five signs only, are employed to denote these operations. 
They are too well known to be repeated here. These, with 

■ Daviea' Logic and Utility of Mathemntioa. ,g STS. 
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14 INTRODUCTION. 

the signs of equality and inequality, together with the letters of 
llio alphabet, are the elements of the algebraic language. 

The interpretation of the language of Algebra is the first 
thing to which the attention of a pupil should be directed; 
and he should be drilled in the meaning and import of the 
sj'mhols, until their significations and usea are as familiar as 
ilie sounds of the letters of tlio alphabet. 

All the apprehensions, or elementary ideas, are conveyed to 
the mind by means of definitions and arbitrary signs ; and 
every judgment ia the result of a comparison of such impressions. 
Hence, ihe connection between the symbols and the ideas which 
.hey stand for, should be so close and intimate, that the one 
iihall always suggest the other ; and thus, the processes o! 
Algebra become chains of thought, in which each link hillils ibe 
double oflice of a distinct and connecting propOE tion, 
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ELEMENTS or ALGEBEA. 



CHAPTER I. 



1. Quantity Is imjthiiig which can be increased or dimin- 
ished, and measured. 

2t Mathematics ia the aclenee whith treaU of the Tni3f.urtnieiit 
and relations of quantities. 

3, Algebra m a branch of mathematics, in which the quantities 
oousidered are represented by letters, aud the operations to be 
perfonned upon them are indicated by signs. The letters and 
signs are called symhoh. 

4. In algebra two kinds of quantities are considered ; 

Ib'v, Siiown qtuintities, or tho'-o whose values avo known or 
given. These are represented by tJie leadin;; lotLer-j of the aipliri- 
bet, as, a, b, c, &-e. 

2d. Unknown quantities, or those whobe values are not given, 
'jley are denoted by the final letters of the alphabet, as, 

TjCtters employed to represent quantities are sometimes written 
with one or more dashes, as, a', b", c'", x', y", &e., and arc 
reaiS, a prime, b second, c third, x prime, y second, &c. 

6. The sign +, is called plus, and when placed between tvFO 
(juantities, indicates that the one on the right is to bo adrJcji Ui 
the <>iio on the left. Thus, o + 6 is read a plus b, and '-dicates 
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16 ELEMENTS OF ALrEBRA CHAP 1. 

tl t he jU t ep &e t 1 1 J i 1 th ii- 
t ty e|; erited liy a 

6 rie sgn 3 called m «s anl -when pliced between two 
H 11 1 1 e d eat tl t tl s o e o the nght s t be mbtracted 
f o th one o the let f 1 us c - d! re 1 c n us rf and 
ir h itQ that th ijuan ty repre^en ellyi^ tl ura ted 
fro n t e qui t ty reprc e ted 1 j c 

The gn -I s so et n es called t! e pos e gi and the 
<ju jhfre'wl'ht pla ed ea d o e po ve 

Tl e s gn — IS cal ed the ney gn a d q n t es affected 

by t are said to be ego. ve 

7 The sgi X IS called the sig of Itj n -mil when 
[laced letreen two quant tea nd cites that he one on the left 

3 o le ult pi ed 1 y tl e one on h ^It Thus oX mdi 

les that ti la to be n It pi d ly 6 Tie nul jleatoi of 
iiumttes D iy al o be d cated ly plaomg a ample point 
betwcc tie an ah vhich s read a nultijled by b 

The n It 2 1 at on of qua 1 1 wh h ar ep caented by 
letters is gene allj ) di ated bj « mplj vr t "■ 1 e 1 c 3 one 
after another vithout terpos g any « gn T u 
ob If. the same as a X 6 o a 1/ 
in 1 abc the same asaxiXf o ab 

It pi n th t the otat on la&t expla ned can ot be e j loyed 
wl en l! u qu 1 1 es a e repre ent d ly fig I o t t vore 

req re 1 to d ite that 5 as to 1 e n ul 1 ed b we 

* uld n t ,) 6 * 1 out CO fou d g he p lu t th the 

I mbcr jO 

The e ult of a m U pi cat on call d tl piod t and cadi 
tf tl iwau es cnplojed s c lied a / e I tie ]r diet 

f 5 e al lette a ea h s u^le le er s oalled a e al f or. 
rhus n tl o produ t a! there ire t o 1 teral f ors a ad i in 
tl e prod t b d here re three 6 c an 1 rf 

S The s n call d t! e s gn of d ^s on a 1 In placed 

bet e t vo qua tit -s mdi tes that the one on tl e 1 f s o be 
divided by the one on the right. Thug, a — b indicates that a is to 
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CHAP. I,] DEriNITIONS AND REKARK3. 17 

be divideil hy b. The same operation may bi indic^tuJ. by writing 
b undor a, and drawing a line between them, a? — ; or by writing 
ft CD tlio riglit of a, and drawing a line between them, as a\b. 

9. The sign =, is called the siga of equality, and indicates that 
tno two quantities between which it is placed are equal to eaeb 
other. Thus, a — 6 = o + (i, indicates that a diminished Ly ft is 
aqual to c increased by d. 

10. The sign >, is called the siga of inequaliti/, and is used to 
indicate that one quantity is greater or less than another. 

Thus, a > 6 is read, a yreater than b ; and a < 5 is read, a lesa 
than 6 ; tiiat is, the opening of the &ign is turned toward the greater 
quantity. 

11. The sign ~ is sometimes employed tc ijidicate tlie difference 
if two quantities when it is not known winch is the greater. 

Thus, a ~ 6, indicates the difference between a and h, without 
jhowing which is to be subtracted from the other. 

12. The sign cc, is used to indicate that one quantity varies as 
to another. Thus a cc y, indicates that a varies as -7-. 

13. The signs ; and : ;, are called the signs of proportion ; tJie 
lirst is read, is to, and the second is read, as. Thus, 

a ; h :: c : d, 
is read, a is to h, as c is to d. 
The sign .■,, is read kence, or consequently. 
i4i If a quantity is taken several times, as 

it is generally written but once, and a number is then placed 
before it, to show how many times it is taken. Thus, 

Bji-a + a + a + o may be written 5a. 
The number 5 is called the co-e^ient of o, and denotes that a is 
taken 5 times. 

Hence, a co-efficieni is a number prefixed to a quantity deuotlitg. 
the number of times which the quantity is talien. 
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18 ELEMENTS OF Al.-IEBRA. LOHAP. I. 

When no co-'.'i'Pcicnt is written, the coefficient 1 is always \miJer. 
stood; th.us, a is the same as la. 

15i If a quantity is taken several times as a factor, the product 
may he expressed by writing the quantity once, aud placing & 
numhor to the right and alxive it, to show how many times it it 
taken as a factor. 

Tims, axaXaxaxa may be wi-ittcn o^. 

The number 5 is called aa exponent, and indicates that a is 
taken 5 times as a factor. 

Hence, an exponent is a nnmher written to the right and above 
o quantity, to show how many times it is taken as a Cictor. If 
no exponent is wi'itten, tlie exponent 1 is understood. Thus, « is 
the same as a'. 

16. If a quantity be taken any number of times as a factor, the 
resulting product is called a ^ower of that quantity: the exponent 
denotes the degree of the power. 'For example, 
a' =^ a is the firet power of a, 
a' = a X a is the second power, or square of a, 
a^ := a X o X ft is the third power, or cube of a, 
a* = a X a X a X a is the fourth power of a, 
a* = a X a X a X o X a is the fifth power of a, 
m which tie exponents of the powers are, 1, 9, 0, 4 and 6; and 
■the powers themselves, are the results of the multiplications. It 
hlbbrvdtitth; I / 2 ^ Ijgt 

by th th b f m It pi cat Th p t f 

? w f q t ty t f 1 ! f b tj 1! d 

II p t f tl q tty 

17 A [1ft! f th J t I b 1 t 

ft 1) q d t I tl t ml t t III 

tl I 1 b. If th t t! p d t IS th to be Itpl d 
tl t ly 6 d th ] d t t by w 1 id 
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DEFINITIONS AND REMARKS. 



I "„ A root of a qiisintity, is a, quantity vi'liicli being takeu n 
cui-caiiL numbir of times, as a f;.«tor, will produce the given 
quantity. 

The sign y^is called the radical sign, and when placed over 
ft quantity, indicates that its root is to be extracted. Tlmp, 
V« 01' siuiply Va denotes iho square loot of a. 
ija denotes tlie cube root of a. 
\/a denotes the fourth root of a. 
The number pLiced over the radical siga is called tho index 
of tlie root. Thus, 2 ts the index of the square root, 3 of tlw 
cube root, 4 of the fourth root, &e, 

19i Tho reciprocal of a quantity, is 1 divided by that quantity. 
Thus, 

— is the reciprocal of a; 
and ~Z7 ^^ ^'^ reciprocal of a + 6, 

20t Every quantity written in algebraic langunge, ihat ia, by 
the aid of letters and signs, is called an algebraic quantity, or tlie 
algebrais expression of a quantity. Thus, 

J is the algebraic expression of three times the 
1 quantity denoted by a ; 
( is the algebrajo expression of five tiraes tiie 
1 square of a ; 

\ is tho algebraic expression of seven limes the 
I product of the cube of a and the square of i; 
(is the algebraic expression of the differ(!nce 
( between three times a and five times h; 
I* is the algebraic expression of twice the square 
of a, diminbhed by three times the product 
of a and b, augmented by four times the 
square of b. 

21 , A single algebraic expression, not connected with any other 
by the sign of addition or subtraction, is called n 
"imply, a term. 



A>ogIe 



20 ELEMENTS OF ALGEBEA. LCEAl'. I 

Thus, 3a, 5a% la^h^, are monomials, or single terms. 

An algebraic expression eomposetl of two or more terras coifc 
neotcd by the sign + or — , is called a j^ohjnomiah 

For example, 3a — 56 and 2a^ — 3c6 + 46', are poljnomials. 

A polynomial of two tcrm.s, is called a binomial; and one of 
three terms, a trinomial. 

22. The numerical value of an algebraic expression, is the num 
her obtained by giving a particular value to each letter which 
enters it, and performing the operations indicated. This numer- 
ical value wUl depend on the particulaJ" values attributed to the 
letters, and will generally vary with, tiiem. 

For example, the numerical value of 2^^, will be 54 if we make 
tt = 3; for, 3^ = 3 X 3 X 3 = 27, and 2 X 27 = 54. 

The numerical value of the same expression is 350 when wo 
make a = 5; for, 5' = 5 X 5 X 5 = 125, and 2 x 125 = 250. 

We aay that the numerical value of an algebraic expression 
generally varies with the values of the letters which enter it; it 
does not, however, always do so. Tlius, in the expression a • b, 
so long aa a and 6 are increased or diminished by the same 
number, the value of the expression will not be changed. 

For example, make a = 7 and i:^4; there results a — i = 3. 

Now, make a =: 7 + 5 ^ 12, and 6 = 4 + 5^9, and there 
results, aa before, a — 6 = 13 — 9 = 3. 

23« Of tlie diiferent terms which compose a polynomial, soma 
are preceded by the sign +, and others by the sign — . The 
former arc called additive terms, the latter, suhiturtive terms. 

When the first term of a polynomial is plus, the sign is gene- 
rally omitted ; and when no sign is written before a term^ it is 
a) ways understood to have the sign -j- . 

24. The numerical value of a polynomial is not affected by 
clianging the order of its terms, provided the signs of all the 
terms remain unchanged. For example, the polynomial 

4w> - Sa^ + 5ac^ = 5ac^ - Sa^ + 4a3 = -Sa^ + 5ac^ + 4a^ 
25i Each literal factor vhich enters a term, is called a dimen- 
»ion of the term ;■ and the degree of a term is indicited by the 
number of these factors or dimensions. Thu* 



CHAP. I.] DEFINITIONS AND REMAEKS. 2L 

3a is a turm of one dimension, or of tlie first degree. 

5ub is a term of two dimensions, or of the second degree. 

7(i^ic^ = laaabcc is of six dimensions, or of the sixth degree. 

In general, the degree of a term is determined hy taking the sum 
nf the expnnctits of the letters which enter it. i'or example, Iha 
term fta?bcd^ is of the seventh degree, since the sum of the eispo- 
ncnts, 

2 + 1 + 1 4- S, is equal to 7. 

26. A polynomial is said to be komogeneom, when all of its 
lerms are of the same degree. Tlio polynomial 

3a — 3i + c is homogeneous and of the first degree. 

~ ia!/ 4- h^ is homogeneous and of the second degree. 

ba^c ~ 4c^ + 2c^d is homogeneous and of the third degree, 
8«3 — 4ab + c is not homogeneous, 

27. A vinculum , ■parenthesis (), brackets [], j }, of 

bar I, may be used to indicate that all the quantities which they 
connect are to be considered together. Thus, 

a+b + cxx, (a + b + c) X«^, [a + 6 + c]x^, or {a + b + e]x, 
indicate that the trinomial a + 6 + 15 is to be multiplied by a. 

When the parenthesis or brackets are used, the sign of mul- 
tipiication may be omitted: as, {a + b + c)x. The bar is used 
in some cases, and differs from the vincnlnm in being 'placed 
verlicaily, as 



28. Terms -which contain the same letters affected with equal 
exponents are said to be similar. Thus, in the polynomial, 

lab + Zab - 4a=6^ + ha^b\ 
the terms lab and Zab, are similar, and so also are the lerms 
— iaVj^ and 5k^6^, the letters in each being the B.ime, and thp. 
same letters being affected with equal e\ponents. But iii. the 
binomial 

the terras are not similar; for, although- they contain, tlio wame 
letters, yet the same letters are not affected with equal o-\pi)- 
Dent^, 
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29. Wlieii a polyuomlal ointaius similar jcrms, it may ba 
reduced to a simpler foi'in by forming a single tei-m Aoin cnch 
set of similar terms. It is said to be in its simplest form, when 
a coiitaifis tlie fewest terms to wliicli it can be reduced, 

Ij" we take the polynomial 

2a^I>c^ — 4a^c^ + Oa^ic^ - Ba'bc^ + 1 \a-'hc^, 
we know, from the definition of a co-officlent, that the ljn:ral 
part a?bc^ is to be taken additively, S+G + ll, oi- 19 timc-s; 
and subtractively, 4 + 8, or 13 times. 

Hence, the given polynomial reduces to 

It may happen that the co-efficiont of the auhtractive term, ol>, 
tallied as above, will exceed that of the additive term. !n that 
case, svbiracl the positive co-efficieni from, the negative, prefix the 
mitius sign to the remainder, and l/ien annex the literal part. 
In the polynomial 

3a=6 + 'ia'b - - bu^b - 2ia%, 

we have, + Sa^b — 5a^ 

+ 2a^b - Sa^ 

+ Tta^b ~S^ 

13ut, - Sa'h ^ - 5aV, - Sa^ : hence 

5aH- ~ Qa^b = bu^ - 5a^i - Sa^b =z - Sa^b. 
In like manner we may reduce the similar terms of any poly- 
nomial. Hence, for the reducfiun of a polynomial containing 
sets of similar terms, to its siuipieiit lijrui, we liave the fulitming 

iiULE. 

]. Add together ike co-efficicnfs of all the additive terms nf enrh ,ve/, 
iind annex to their mm the literal part : Jirm ti single siibtnit live 
term in the s'>ii^e manner, 

11. Then, stibtracl the less eo-vJ^irinU from the greater, and to Hit 
remainder prefix the sign uf the greater co-effirieni, and annex iki 
Uicral part. 
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EEDUCMION OF POLYNOMIAI.S. 



EXAMPLES. 



1. Etiduce the jiolynomial ia~li — ^oP-h — 9a^6 + lla'6 lo iu 
foi-m. Ans. — 2a'i. 



3. EeUuce the polynomial lalfi ~ ahc^ — tahc- — 8a6c^ + fiafio' 
U> its simplest form. Ans. — Satc^, 

8, Eerluce the polynomial Oci^ — 8ac^ + Ihch^ + Sea + S)ac' 

— 24(;i' to its simplest form. Ans. ai? •\- 8ca, 

4. Eeduc« the poljnomial Gac^ — 5ab^ + "^fc^ -- SaJ^ — ISas' 
+• ISizfi^ to its simplest furm. Ans, lOabK 

5. r.ccluce the polynomial ale' — abc + 5ac' — ttaic* + ^^ 

— Sac' to its simplest furm. -4ns. ~ Qalc^ + babe — Sac^, 

6. Reduce the polynomial §0=4^^ — 7a^6 -f- 5a!i — 9aW + Qa^ 
4- Sab to its simplest form. Ans. — GaW + 2^=6 + 8ab. 

7. llfdiice the polynomial SaclA — Ta'c'i^ — 6a*6^ — 3ocJ' 
■t 6«^t=4-' — Gacb* + AafV- + 2a*S^ to its simplest form. 

Ans. — o?^& — 6ac6*. 

8. Reduce the polynomial - 7a^Z-V + 9a»5c« + 6a«iV + <^hH^ 

— 5H°ic2 — i=c' to its simplest form, Ans. 4&^h<? — Jih^. 
fl. licduec the polynomial — lOa^fi -f- QaW + To^J _ 5a=S' 

- Tia'S + 3a^J^ to its simplest form. Ans. — 8aV> + ^o^P. 

Ebmahic — It should be observed thsit the reduction affects only 
ijie co-efficients, ond not the exponents. 

30, A TEBOEBM is a, general truth, which is mode evident by a 
coui-se of reasoning called a demonstration. 

A PROBLEM is a question proposed which requires a solution. 

31. We shall now illustrate tlie utility and brevity of algcbraiu 
language by solving the following 



The sum of two numbers is 67, awl their difference is 19 ; wliat 
are the members ? 

Let us fir^t indicate, by the aid of algebraic symbols, tli? 
relation whicti exists betwee^: the given and unknown numbers 
of the problem. 
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2'1 ELEMENTS OP ALGEBRA. [CHAP, L 

If the less of Lhe two numbers were hiown, the greater conld 
lie found by adding to it the difference IS) , or in other wcrds, 
the loss number, plus 19, is equal to the greater. 
If, then, we denote the iess number by jc, 

X -\- 19 will denote the gi'eater, 
and 3.1: + 19 will denote the sum. 

But from the enunciation, this sum is to be equal to C7. 'J'heio 
Jiiro, 

2,r + 10 = G7. 
Now, if 2x augmented by. 19, is equal to G7, 2,r alouo is equal 
J.> 67 minus 19, or 

2j = 07 - 19, 
or performing the subtraction, 

2.1: = 48. 
Hence, x is equal to half of 48, that la 

The less number being 24, the greater is 
» + 19 ^ 2-4 + 19 ^ 43. 
And, indeed, we have 

43 + 24 - Q7, and 43 — 24 r:^ 19. 



Tke sum of two numbers is a, and (heir difference is h WhM 
are the two mimhers ? 

Lot X denote the less number ; 

Then will x + b denote the greater number. 

Now, from the conditions of the problem, 
:x + x-Jrh, or 2.C + J 
uill be equal to the sum of the two numbers: hente, 
2x + h^ a. 

Now, if ac + i is equal to a, 2x alone must be ciqim) t* 
n > b and 
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If the value of x hn ijioreased liy 6, we, iliall have the 
greater number : that is, 

^ 2 2^ 2^2' 

lieBce, a^ -f 6 = — -f- — = tlie greater Eumb(;r, oiid 

^ — ■x x"— l^ho less number. 

That is, lfi4 greater of two numbers is equal to half their sftm 
increased hy half Hieir difference ; and the less is equal to half 
their sum diminished hy half their difference. 

As the form of these results is independent of any particular 
values attributed to the letters a and h, the expressions are called 
fjrmulas, and may be regarded aa comprehending the solution 
of all problems of the same kind, differing only ia the numerical 
v^alues of the given quantities. Ilenco, 

A formula is the algebraic expression of a general vulc, ot 
principle. 

To apply these formulas to the case in which the sum is 237 
■wid difference 99, we have 

237 99 237 + 99 330 _^ 
the greater number = -^ f" "o" ~ n — ~o~ ~ '"° > 

, , , 237 99 237 — 99 ISS 
and tiie less =; -^ - — — ^ := —^ — ti!) ; 

and these are the true numbers ; for, 

108 + 69 = 237 whieh is the given sum, 
oad 168-009= 99 whict is the given difterenoft 
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31 < Addition, in algebra, is tlie operation of finding the sirn- 
plust equivalent expression for the aggregate of two or more alge- 
braic quantities. Such equivalent exprLbsion is called their sum. 

32. If the quantities to be added are dissimihr, no reduction* 
can >e made luaong tha teim'' We thtn write them one 
sftei the other, each with its propci Mgii, and the resulting 
polynomial will bo the siinpltst c'^prcssiou f i the <iiiu 

loi exampli, kt it bt, rcquiitd to add tt„aht,r the mono- 
nulla 

3a 56 ind 2 , 
we connect them by tlie siga of addition, 

So + 5h + 2c, 
a result which cannot be reduced to a simpler form. 

33. If some of llie quantities to bo added have similar terms, 
we connect the quantities by the sign of addition as before, 
and then reduce the resulting polynomial ,to its simplest form, 
by the iido already given. This reduction will, in general, be 
oiore readily accomplished if we write down the quantities tu 
*ie added, so that similar tor.'ns shall fall in the same cidumn. 
Thus ; 

Let it he required to find the sum of ( 
Uie qu an titles, j 

S"ft - 56» 
Tlieir Slim, after rcdmjng (Art. 29), is - ba^ — bah — 46* 
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34. As operations similar to the shave apply to all algeliraio 
pxprejsions, we dcduoc, for the addition of algebraic qiiantitiea, 
the following general 

HULE. 

]. Write down the quantiiks to be added, with their respective 
iigna, so that ihe similar terms shall fall in the same column. 

1!. Reduce ihe similar terms, and annex to ihe results tf-ose tertitt 
which cannot be reduced, giving to each term its respecilvt sign. 

I. AiJd together the polynomials, 

3o2 — 26= — 4(!6, 5a^ — fis + 2a6 aiid 3a6 - 3e= - 25*. 
The term Sa^ being similar to 5a^ 
we WTite 8o^ for the result of the re- 
duction of these two terms, at tlio same 
tim.e slightly crossing them as in the 
terras of the example. 

Passing thou to the term — ^ab, which is similar to the two 
terms + 2o6 and + 3a6, the three reduce to + ah, which is 
placed after- 8a^, and tLo terms crossed like the first term. 
Passing then to the terms involving h% we find their sum to be 
— bb"^, after which we write — 3c^, 

The marks are drawn across the terms, that none of them 
may bo overlooked and oiiiitted. 

(2). (3). 

1x + ^ab-\~ %c 10«2i2+ ic — 2a5c 

— 3a; - Sfli - 5c — 4a?b'^ — Qbc + Qabc 



3tt^ - 4i(S ■ 
-f 3s6. 


~2S« 




8a2 + ah ■ 


-562-. 


-Kr- 



Sum , 


5x~'.iab~ Oc 
, . fi.c — 9((ft — 12c 

(4)- 

n+ ab~ cd+ f 

- 5rt - Gab + Ce,f - 7/ 

- a+ «fi4- (dAr^f 

- 2a H- afi.|-0 -^ 


•~'JaW-\- fo+ (Ac 
3o2fi2 - Ibc + 5abe 

(5). 
dab -\- cd-\-d 
3irA+ acd~y 

- iab -f Gcd + x 

- rmb~\2cdAry 


toTim 


-^x + d 
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6. Add together 3k + h, 3a + 3i, - Qa ~ 76, Go. + 9b and 
8a + 36 + 8c. Jus. lU + Oi-fSc. 

' 7. Add together Sax -+ Sac +/, - 9«s + 7« + i/, + 6(/,r f ;i«( 
+ 3/, Sax + 13qc + 9/ and - I4/+ Sax. 

Am. lla« + 19,-(e -/+ 7a 4 <l. 

8. Add together tlie polynomials, Sct^e + 5ab, la^c — Sah 4 Sfie 
i'i\ - Gah t- 9ac and - 8«=c + ab - VHac. Am. la^e - Sob.- 

9. Add the polynomials, 19a^,^6 - ISa^ci, ba-'^b + \w\h 

— lOai, - 2aV4 — IZa^cb and — ]8a%=5 - Ma^cb + &ox. 

10. Add together Sa + 6 + c, 5,( + 26 + 3f c, a + c + <.c and 

— 3a — 9fflc — 86. Ji;s. Gii — 56 + 2c — bac. 

11. Add together Su^fi + Gcj: + 94c^, 7ca; ~ Sa=6 and ~ 15« 

— 9ft<;2 + 2a=6. .dii*. — o^i — Sira;. 

12. Add together 8tf« + 5a6 + Sa^iV, - 18«j: + 6a^ + 10a* 
and 10a«- 15a6 — Ga^i^c^ An^. — 3u«6V + 6(t^. 

I of 41a362c — 27u6c-14aV and lOa^iV 

^ns. 51a=fi=c — 18a6c -lAahj. 
ni of 18oic~9(!6 + 6c^ — 3c + 9ax and 

Ans. 27ahe - 9a6 + Qc\ 
iLin of Sole + i% — 2ca; — Ca^ and Icz 

Ans. Sa'ic — l2/)^a + 5ex — Try. 
ini of Qa^c — Mahj + l5aW and — o^ 

^/is. 8tt% - 14a6y + 7a^i«. 
n of !7cS6^ + 9fl36-3o=, — 14a=62 + 7a» 
-a^ and Ua^b - Ida^: 

A,is. — . 

18. What is the sum of Sax^ — ^irx^ ~ 17ox'j, + 'Jax^ -{- [Sax' 
+ S4<ixi/ and 7u*6 + Siix^ — 7iii^ + 46^3; ? Ans. . 

19. Add together 3»^ f 5a«6V — 90^1^ 7 a^ — Sa.Wc'^ — lOa^m 
and [Ooi + IGa^bV + 19«'j:. ylns. 10a« + 13a«6V + lOaS. 

20. Add together 7o=i - Saic - 8iV - Oc' 4- eiP, Scbc - ?,aH 
+ 3ca — 46»c + crfs, and 40^6 — 8c3 + 96=c — SiP. 

Ans. f)(i^6 + ha/,c - 5^: -Mc^ + 2f(P -- Sd\ 



13. What i 


is the sum 


+ 9abe 1. 




14. What 


is the su, 


Qabc + Sc-i 


'axt 


15. What 


is the SI 


- ly - ISi'a 


1 


16. What 


is the su 


-8<i=i2 ? 




17. What 


is the snn 


- 9a\ - 15. 


i'6 + la^P 



h;.-,db;C,00^\c 



CHAP, II.] SUBTRACTION. 29 

21. Add together ~ ISw'O + 2al/* + GaW, — 8a6* + 7a'5- So^i^ 
end ■- Sia^b + Gab* -r Ua^b\ Ans. — 10a-'& + 12a=i2, 

22. WLit is , tho sum of Sa%^e — IQa'x — 9ax% + GaS6=e 

— ^ax^d+ .7a*x and + IGaa'^d — a*s: — Sa^'^c '< 

Ans. a%H ■\- ax^d. 

23. What is the sum of the following terms : viz,, 8«= - 10a*i 

- l&c^b^ + 4rt5i3 — 12(i<6 + J5a363 + 240^6' ~ Gal>* ~ \%a>b^ 
-( 'iOft«63^32o6*-8i51 

Am. 8as - 22n^ft - \la'b'' + 4Sa=63 + gCni^ — 86^ 



8UBTEACTI0N. 

35i SoBiBACTioN, in algebra, is the operation, for findicg the 
fiimpiest expression for the difference between, two algehraio 
■quantities. This difference is called the remainder. 

36> Ijet it be reqiiired to subtract 4fi frora 5a. Hero, as 
tlie quantities are not similar, their difference can only be indi- 
cated, and we wiite 

5« - ib. 

Again, let it be required to subtract 4a^fi from 7a^b. 1'hese 
Wrms being similar, one of them may be taken from the other 
and their true difference is expressed by 
7a^b — 4a^b — Sa^. 

37. Generally, if from one polynomial we wish to subtract 
anotlier, the operation may be indicated by enclosing the second 
in a parenthesis, prefixing the minus sign, and then writing it 
after the first. To deduce a rule for performing the operation 
thus indicated, let us represent the sum of all the terms in the 
first polynomial by a. Let e reprt^etit the sum of all Uie ad- 
ditive tenns in the other polynomial, and — d the sum of 
the subtractive terms ; then this polynomial will be represented 
by c — d. The rperation may ';hen be indicated thus, 

a-{c -i); 
where it is req^uired tn subtract from o the d'fference 1 
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If, now, we dimliii'li the (liiautitj- a bj the quantity c, the 
result a — e will be too smai by the quantity d, since c should 
have been diminished by d before taking it from a. Ilenee, 
to obtain the true remainder, we must increase the first resuU 
by d, which gives the expression 

a-c + d, 
and this is the true remainder, 

By comparing this remainder wilh the given polynomials, we 
see that we have changed the signs of all the terms of the quantity 
to be subtracted, and added the result to the other quantity. To 
facilitate tiie operation, similar quantities are written in the same 

Hence, for the subtraction of algebcaic quantities, we have the 
following 

RULE. 

I. Wi-ile th'e quantity to he subtracted under Ifiat from, which rt 
is to be lalcen, placing the similar terms, if there are any, in the 
same column. 

II. Cliange the signs of all the terms of the quantity to he suh- 
Iracled, or conceive lliem to he changed, and then add the result to 
the other quantity. 

EiAMpiBS. 

(!)■ 'M (')■ 



Ttemainder 


Sao ~ Sab + c'^ + 7c. 


5 ^ g ■ Sac — 8«i + c2 + 7c. 


F.-om - 


(2). 
16a^- bbc + lae 


(3). 
\9abc~ IGax— baxg 


Take . 
licmaiiidcr 


14a' + 5ie + 8ac 
2«2 _ lOfe - ac 


llabc + las; — 1 Saarj- 
■iabc - ^Sax + IQaxy 


From . 


(4). 


(5). 
■lab- cd-i-Sa^ 


Take - 


- 2i(3 + Sa'^b - 86^c 


SoS — led + 5(fl + tjU' 


BcmaraJfiv 


7d' -7a^+nb^c 


— ab 4- Sed + ~ 6R 
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(i. Fi'oin 


Sa^x - ISaic + la^, take O^i'.c - I'^alx. 




Ans. -Gc^^ 4-1,.^ 


7. From 


51a'&=f - 18a6o ~ 14aV, take 41aW-c - llaU 


~ Ua% 


Ans. lOa^b'^c + ^abc. 


8. I'j'uin 


^abe — dab + Ge\ take Qahc + 3c — Qax. 




Alls'. ISuhc — i)ab + 6c* ~ Sc + Oax. 


0. From 


Sabc - W/'a + 5c3- - lx>j, take lex - xy ~ ISi'^t. 




Alls. 8abe + 6% — 2c.v — Qj^i/. 


10 From 


8a^c - Hafiy + 'la^\ take Oo'c - 14(1*?/ + 15«^i.^. 




jlns. — «=c — 8a^6^. 


11. From 


9aV- 13 + 20a633_4/,6cjr3^ take SS^ca^^ + 9a«^ 


-OH- Sab^x. Ans. ITaS^j - n^cx^ ~ 7. 


12. From 


5a' ~ 7a3ja _ g^s^s + 7^;^ take 3a» - Sa^ - 7c»ii' 



14, From 

+ 48xij* - A 

15. From 

38. From what 



Ans. &!.■> + 6d^l>' + A.cH^ + 7(^ + Sa*. 
51«=6^ - 4Sa^6 + 10a», take 10a* - 8a^5 ~ Ga^6^ 

J«». ma%-^ -40a3J. 
Sla'^s + 253:=3/3 + 68sy* — 40^*, take C4a:'y' 
iyS, ylres. 20a'y'' — SaT^^ + aia:^^'^. 

53a:y — 15.(V - IS^i^y — S*)**. taiie — IS.r^j.- 
.dns. 35a;^* — ^x^y — h^x^. 
ra see that polynomials may bo 



snhjeeted to certain transformations. 



For exampla - 
riiay be ■written - 
In like maimer - 
liiiiy be written - 



6a2 — Zah + 26^ — %hc, 
6«2 _ (3«& - 2J« + 26e). 
lo? — Sa^fi — 45^0 + ?63, 
7o»"(8a=5 + 462c--61'')j 
7a3 - 80*6 - (4S*e - ^i^). 
8a3 „ QaW + 5a563, 
8aS - (Ca^&s - 5a«S3). 
Sa^c^ ~ 8a* 4- 6* — c. 

By be written - - . . Qa^c' — (Su* — 6^ + c) ; 

, it may be written - - Sa^e^ -f- i^ — (8a' + 6). 

Tbp.se transforiYiatioiia consist in separating a polynomial into 

fo j)iirts, and then connecting the parts })y the minus sign. 



ibA'OOgIc 
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It will be obsei'ved that the sign of each, tei'm is changed when 
the tciTQ is placed withui the parenthesis. Hence, If wa have 
one or more terms included within a parenthesis having the 
minus sign lioforo it, the signs of all the terms must he changed 
when tlie j-arenthesis is omitted. 

Thusj 4a ~ (6a6 — 3.^ — SJ), 

is e[[ual to 4a — Ciah -{- Zc -\- %h. 

Also C/_(_4j^^ -id-ial) 

la t juil t bfi + 4c — 374-4a6 

39. Kehuik — rrom ^hat has been shown in addition and 
subtiaclon, we deduce the follow ng pnnujjles 

Ibt In AIgt,ljia the woids add and sum do not always is in 
arithmetiL con\ey the idea of augmentation For if tD a we add 
— 6, tl e sum is expressed by a — h, and this is pioperly spraying, 
the aiilhrnctioil difterence between the rumber of imits e\piossed 
by a, and the numbei of imits expiessed !j h (.onsequently, 
this result v aetu'illy less thjn a 

To distinguish this ^um lioin m iiitlmeticjl hum it i^ tilled 
ih&algthiaic sim 

Thii'-, the puljaomnl 2a — 3 h + "il c 
IS 131 tlgLbn c ■5um so long is it ^ t n idor d as tli lesult of 
tlie union ot the monomials 

2a» — Sa 6 + SJ'c 
With then iLspective signs, but in it=i piopa aeceptahon, it ia 
the anthmetiuil diflerence between the sum of the un ta con- 
tamed in the additive terms, and the units contained m the 
aubtiacti\e teim 

It follows fiom this, that an algcli Hj ^um may in the nu ner 
leal ipplicitioiis be reduced to a regative cxpeason 

2d The woids subtraction, and dtjeience do not always c nvey 
the id a of dimmution For the d "trence between -(- a and 
— fi bcmg 

a-{~l,) = a + b, 
is numerically greater than a. This result is an algebraic differ 
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40. It fi'equently occurs in Algebra, that the algebraic sij>;n + 
or — , which is written, is not the trm sign of the term Lefore 
whidi it is placed. Thus, if it were required to subtract — h 
fi^om a, we should write 

.-(-S) = « + S. 
Here ihe true sign ot the sciond tcim of the binomial is plus, 
b1 hough Its alffehaic sign la — This minus si^i, operatmg 
ujion the sign ol 6 which is also negative, prcduces a flus sign 
(or b m the result. The sign which lesults, aftet cjnibming the 
algebraic sign with the sign ol the quantity, is called Ike eisett- 
tial s;j7» uf ike htm, md is uilin difitreiit h in the ilgpbiaio 
sign 

ilULTIPLICATIOlT. 

41. MuLTiPLicATiuN, 111 AlgcliiA, is the operation of findmg tlie 
prodnc-t of two algebraic quantities. The quantity to be multi- 
plied is called the multiplicand; the quantity by which it is 
multi]ilied is called the inuUiphei ; and both are called factors. 

42. Let us firtt consider the case in wHeli both factors are 
monomials. 

Let it be required to multiply laW by Aa?-b; the operation 
may be indicated thus, 

or by resolving both multiplicand and multiplier into their 
simple fectors, 

laaahh X 4b o 6. 
Now, it has been shown in arithmetic, that the value of a 
produet is not clianged by changmg the order of ts factors; 
hence, we may write the product as follows : 

7 X iaaaaahhh, which is equivalent ta '2Ba^h^. 
Comparing this result ■nith the given factors, we see that the 
CO efficient ia the product is equal to the product of the co-effi- 
cients of the multiplicand and multiplier ; and that the exponent 
of each letter is equal to the sum of the eiponeats of that letter 
111 both multlplnaml and multiplier. 
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And sinoe the same course of reasoning may be applied to 
OUT two monomials, wo have, for the multiplication of mono 
mialB, the following 

EULE. 

I, MiJlip}^ the co-ejjieienta together for a neio co-efficuul. 

II. Write after this 'co-efficient all the letters which enter into tht 
Wallifilicand and multiplier, giving to each an exponent egutd ta 
the sum of its exponents in both faelom. 



(I) . . 8a%2 X 7ai(P r^ Seu'iVA 
1,2) - ^\a%'dc X 8a6c3 = 168a'6Vrf. 

(3) (4) 

Multiply - 3<i=& - 12a% - 

Ly . Sia^ - - I'ix^g 

Ca'fi* \4Aa^3y'H 

7. Multiply 8a6/A by la^b'-cd. 

8. Multiply 5ahd^ by IScrf*. 

9. Multiply la^hdi^c^ by aide. 
43. We -will now proceed to tJie multiplication of polynomials. 

In order to explain the most general case, wo will suppose tiie 
multiplicand and multiplier each to contain additive and sub- 
tractive terms. 

Let a represent the sum of all the additive terms of tho multi- 
plicaacl, and — 6 the sum of the subtractive terms ; c the sum 
of the additive terms of the multiplier, and — d the sum of 
the subtractive terms, Tha multiplicand will then be represented 
Tiy a — 6 and the multiplier, by c ~ d. 

We will BOW show how the multiplication expressed by 
(a — 5) X (c — d) can be effected. 

Tlie required product is equal to tt — b 

tultcn, as many times as there are units 

in c ~ d. Let us first multiply by c ; - 

that is, take a — 6 as many times as , , , 

, — ad-\- hd 

there are units in c. We begin by writ- r-'—T^—r: 

, . , . , , ^ , ac — be -' ad -\- M, 

.ii!g ac, which IS too great by b taken — ^ — — 



(5) 


(5) 


Gxyz 


- a'^j 


at. . 




Ans. 


BGa'=6^c'rf. 


An 


!S. QOahcdK 


A?is 


. ta'^bHh^. 
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c tinier ; tor it is only tlie difference lietweeii a and ft, that is 
first to be multiplied l)y c. Hence, ac — he is the produot of 
0-6 by f. 

But tha true product is a — 6 talicn c — d times : hence, the 
la?t product is too great by a — 6 taken d times ; that is, by 
lid ~ 6rf, which must, therefore, be subtracted. Sjotracting tliis 
&om the first product (Art. 37), we have 

(0(0 ■ ? + i'' 



ff- d 



g th 



MiiUiplii all the terms of Hie mvlliplicand by each term of ihi 
mr.Uiplier in succession, affecting the product of any two terms 'Mth 
HiR aiijn plus, wheii their signs are alike, and viilk the sign min-ug, 
when their signs are unlike. T/ien redate ike polynomial rcsvH 
bi its shiiylest form. 
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1. Muhipl-j Sa^ + 4ab-\ 

by - - . .... 2a + 56 



+ 15a^ + 20ai^ + 56* ^ 
i3 + 23a=6 + 22a5^ + 55* 



(2). (3). 

K* 4- y* s" 4- X'J^ -f- Itra: 

X —y ax + &ax 



— a^j/ — »/^ + 5cu:' + 5a3:^y* ■+■ 35a^a^ 

^ + ^j/^ — *V ~ ^^ ^"^^ + 6(13:^1/* + 42o^«^. 

4. Multiply a^ + 2raj + a* by a: + a, 

5. Multiply a^ + y^ by a 4 y. 

6. Multiply 3a6^ + CaV by 3afi^ + Sa^c^. 

Ans. Oa^* + 27aWc^ + ISaM. 

7. Multiply 'lie" - %j by ly. Ans. Sxhj - 4.y\ 

8. Multiply 2* + 4y by 2,i; — 4y. ^ms. 4*^ — 1651^. 

9. Multiply x^ + x"^?/ + xy^ + y^ by x — y. Ans. ■ — -. 
10. Multiply x"^ + xy +y'^ hy x^ — xy -\- y^. 

Ans. 3^ + x^y^ + y*. 
In order to bring together the eimilar terms, in the product o 
two polynomials, we arrange the terms of each polynomial witn 
reference to a particular letter ; that is, we arrange them, so tha 
the exponents of that letter shall go en diminishing frani left 
to right. 

11 Multiply 4a'- ha^h — SaS^ +26^ 

by 2a''- 3a6 - 4^1= .. 

8aS-10a^6-;6a3i3+ \aW 

- 120^5 + \aaW + 24(t^i' - CoS* 

- lenSjg + 20ffi^ia 4- 32ni* - 8i' _ 
fig" - 22(i<t — 17a=i2 448^4 26a6i ~ 8S». 
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After having arranged the polynomials, with reference to tha 
letter a, multiply each term of the first, ty the t«i-m 2a^ of the 
second ; this gives the polynomial 8a* — 10a*b — lOa^t^ + 4a^i^, 
in which the signs of the terms are the same as in the multi- 
plicand. Passing then to the term — 3a& of the multiplier, mul 
tiply each terra of the multiplicand by it, and as it is aiiected 
with the sign ~, aiFect each product with a sign contrary to 
that of the corresponding term in the multiplicand ; this gives 

- 12a*i + 15tt36« + 24^243 ~ 6ab*. 
Multiplying the multiplicand l>y — 46^, gives 

— IGaW + 2Qa^b^ + 32«i'' - &>\ 
The product is then reduced, and we filially obtain, for the moat 
simple expression of the product, 

Sa' — 22cC^b — 17o=i2 + 4Sam + 26ai* - &b\ 

12. Multiply 2a» — Saar + 43^2 ij^ 5a^ -- Gax ~ 2x\ 

Ans. 10a» - 27a=a; + 34aV — ISaa:^ - 8*^'. 

13. Multiply %x^-'Zyx + ^ by a« + 2^2/ — 3. 

Ans. 3a;* + Ax^y — 4a:^ — Ax^y^ -\- \(ixy — 15. 

14. Multiply 3a;3 + 2»y + 3y2 by ^x^ —Zx'^y^ + 5y^. 

, Qafi — ^xhf — Q3t*y* + ijx\f + Ibx^ 
'^^ I ~ ^x^y* + Idx^y^ + l^y\ 

15. Multiply %ax — Ga5 — c by So* + a6 + «. 

Ans. 16a=a;3 — ia^bx — QaW + (Saex — 7abc - e'. 
10. Multiply Sa^ — 5b' + Sc^ by a^ ~ b\ 

Ans. 3a* — ha'h^ + Za^c^ ~ Sii^i^ 4- ^'j^ — ^bW 
17. Multiply 3a^ - 5bd + c/ 
by - 5a^ + 46rf ~ 8c/ 



•roduct - 15a* + ^la%d - m-.C^cf - 207/^^ + 44ic,//- 8t=^ 

18. Mitluply 4a36^ -- Zd?-bH + %o?-h<? - ZaH^ - labc^ 
by 2a62 — 4a6c — 2Sc= + e'. 

8a'6* — lOd^iV + 28a=6=c^ — 34a5i=c' 
I'roduct \ - 4a=5V- I6a*i3c + 12«36(!* -^'il^?W■i^ 
+ 14a^6e^ + Hn&V — 3aV - 7g5c< 



.sted by Google 



ELEMENTS OF ALGEBRj 



46. PEU^HKS LN niE 

Ist. Ij lolk multiplicand and miillqjlie) me /mmoffuitous, the 
firoduet will be komoqeneous, and the degtee o/ any teim. of Ike 
firoduet will be mditated by the sum of the ninnbers vhtch iidicata 
the degieci of Us two faetoia 

Thus, in example 18th, each term of the raiiltiplieaiiJ is of 
the 5th degree, ajid each term of the multiplier of the 3d de- 
gree : hence, each term of the product is of the 8lh degvoo. 
Tills remark serves to discover any errors in the addition of 
the exponents, 

2rf. If no two terms of the product are similar, there will be no 
reduction amongst them; and the number of terms in tlte prodncl 
fviU then be equal to the mimber of terms in Oie multiplicand^ nmlti 
vHed by Hie number of terms in the multiplier. 

This is evident, since each term of the multiplier will produce 
as many terms as there are terms in the ranltiplioand. Thus, in 
example 16th, there are three terms in the multiplicand and two 
in. the multiplier: hence, the number of terms in the p"')''i'..?t ia 
equal to 3x2 = 6." 

3A Amonff the terms of the product there are always two which 
cannot be reduced viilli any others. 

For, let US consider the product with reference to any letter 
common to the multiplicand and multij: .:'er : Then the irreduci- 
ble terms are, 

1st. The term produced by the multiplication of the two terms 
of the multiplicand and mnllipiier which contain the liighest 
power of this letter : and 

2d. The term produced by the multiplication of the two terms 
which contain the lowest power of this letter. 

For, these t%TO partial prodiicta will contain this letter, to a 
hjglwr and to a lower power than either of the other partial pro 
ducts, and consequently, they cannot be similar to any of them. 
This remark, the truth of which is deduced from tlie law o/ 
till* exponents,' will be very useful in division. 
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iUii;riPLicATioN. 


Multiply - 


- 5a'b^ + [Wb — all* — 2ab^ 


ll 1 ct 


\oah + ua 6 — d->b^ — 2n'i» 



If WL. ex n ne the mult j 1 cai 1 and. multiplier, with reference 
to a we occ lint tht, piod ct of 5a*6^ hy a^b, must be irrc- 
duo hie also the picdiiU of — Sai^ hy at^. If we consider 
the let r S e see tl at the ( roduot of — ah'* hy — ai^, must 
be inedu ble also that of 3 t^S by a^b. 

47. The following formulag depending tipon the rule for mul- 
tiplication, will be found useful in the practical operations of 

Let a and h represent any two quantities; then a + J will 
represent their sum, and a — b their difference. 

I. We have (« + 6)= = {a.+ b)x{a + b), 
or pcrfcnning the multiplication indicated, 

(n + by = a^ + 2u5 -\~ b^ ; fiat is, 
T/ie square of tlie aum of two quanlUiea is equal to the square 
b/ the Jirsf, plus twice the product nf ike Jirst by the second^ pint 
Ike square of the second. 
To apply this formula to finding tho square of the Jjinomial 
5a''' + Sa% 
we have (Sa^ + 8a^y = 25a* + 60a*b -J- 64a';.*. 
Also, {Ga*b + Oal^y ~ SCaSja + \ma^b* -\- 81a=6«. 

n. We have, (a — bf = (a ~ b) x {a — i), 
or peiforming the multiplication indicated, 

{a ~ by = «= - 2ffl5 + 6= ; that is. 
The square of the difference between two qiiantilies is equal to 
th€ square of the first, minus twice the product of tl.e first by tht 
tecojid, pins the square of the second. 

To apply this to an example, we nave 

{■7aW- l2ab^Y = 49a«i* - ICSnW + 144a=6'. 
Also, {ic?P 7eWY = IfiafiJ* - bGaWc^d^ + 49c*d'. 
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lU. We have (a + h) X (a-b) =a^ ~ b\ 
lijr perfonning the multiplication ; that is, 

The sum of two quantities fnulti^plied by their difference is equal 
to the difference of their squares. 

To apply this formula to an example, we have 

(8^' + 7ab^) X (8n3 _ Tnb^) = &ia« — 49a^f. 

48. Bj consiilLrmg the Ixst thioo le'iult-' it i= perceived 
tint their composition, oi the manner m which they are tormed 
from the TOultiplicanJ and multiplier, is eatirelj independent of 
uuy particular values thifc unj be attiibuted to the letters a and 
6, ■whit.h enter the two factoia 

The maimer m which an altebriic product is formed fiom its 
two factois, IS called the lam of the pioduut, ind this law re 
mains always the same whatovi ^alup'^ riiv he att it it d to 
ill ttera which entei into the two fi t'>ib 



49. DrvieiON, in algebra, is the operation for finding from two 
given quantities, a third quantity, ^vhich multiplied by the second 
shall produce the first. 

The _first quantity is called the dividend, the seconrl, the divisor.^ 
and the third, or the quantity sought, the quotient. 

50. It was shown in multiplication that the product of two 
terms having the same sign, must have the sign +, and that 
Uie product of two terms having unlike signs must have the 
sign — . Now, since the quotient must have such a 'igu that 
when multiplied by the divisor the product will have the sign of 
the dividend, we lui^e the following rule for signs in division 

If the dividend is + and the divi'ior -r the ijuotient is -|- 
!f the dividend is + and the divisor — the quotient is — 
if the dividend is — and the divisor + the quotient is — 
if the dividend is — and the divisor — the quotient is -f. 

That IS : The qtwtient of terms having like signs is plus, ana 
the quotient of terms having unlike signs is mint.s. 
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DIVISION, 



41 



51. Let us first consider the case in wliioli both dlvideocl and 
divisor are rnonomials. Take 

SSa^fi^c^ to ba divided by ta%c; 
The operation may be indicated thus, 

—T—-r~; quotient, 5a^ic. 

Now, shice the quotient must be such a quantity as multiplied 
by the divisor will produce thr dividend, tlie co-efficient of the 
quotient multiplied by 7 must give 35 ; hence, it is 5. 

Again, the exponent of each letter in tie quotient must be such 
that when added to the exponent of the same letter in the divisor, 
the sum will bo- the exponent of that letter in the dividend. 
Hence, the exponent of a in the quotient is 3, the exponent of 
5 is 1, that of c is 1, and the required quotient is ^a?bc. 

Since we may reason in a similar manner upon any two 
monomials, we have for the division of monomials the following 

nULE. 

1. Divide the co-efficient of the dividend b-i/ the co-efficient of tht 
divisor, for a new eo-efficient, 

\l. Write after this co-efficient, all the letters of the dividend 
and give to each an exponent equal to the excess of its expo 
nenl in the dividend over tliat in the divisor. 

By this rule wo iind, 

4Sa^b\M ^ ,,, _ J i::-,Oa^Pcd^ 



= ^aVjcd ; 






1. Divid \e>x^ by Qx. Ans. 2*. 

2. Divide XZa^xy^ by 3ny. Ans. &axy^ 

3. Divide Qiab^x by 126^. Ans. lahx. 

4. Divide — 96a*iV by 12a=ic. An:. — Sa^Sc*. 

5. Divide U^^^c''^ by - ZQa^hhH. Ans. - ia'-b-'cd*. 

6. Divide — 256a%%3 by — 16a^ca^*. Ans. Itiahcx. 

7. Di%'ido — 300a'6*c3j.2 ijy gOa^S^c^a;, Ans. -- Xdahcx. 
a Divic'e -AfidaWc^J' by 'i^a^^cH. Ans. -16Sc»* 
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52. h d ■ ■ 



d 

dj din 



Ttom tl ule w , 

12<i^^c' Sab ^ ta^b 1 

In tlio last example, as all the factors of the diYidend aro 
found in Lhc divisor, tlie numerator is reduced to 1 ; for, iu fajst, 
l>oth terms of the frac'.ion are divisible by the uumeiatov. 

53. It often happens, that the exponents of certaia letter* 
are the s'iine in the dividend and divisor. 

tor c.™,nplc, - . - - -g--, 
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Is a case in which the letter b is affected with the same espo- 
nent in the dividend and divisor; hence, it will divide out, iiiid 
will not appear in the (poticnt. 

Hilt if it is desirable to preserve the trace of thi^ lotlor in 
Uie quotient, we may apply to it the rule for csponciUs (Art. 
61), whi* givea 

TIio symbol 6", iadicates that thi, lettei 6 L.nteis tiniLs as 
a fiictoi- in the quotient (Art. 10) or wliat is the «ime tiin g 
tliat it does not enter it at all. &tdl the not^tioL si iws ll at b 
was in the dividend and divisor mth the same c\|onLit md 
has disappeared by division. 



In like 



64. We will now show that tJie power of aay quantity whose 
exponent is 0, is equal to 1. Let the quantity be represented 
by a, and let nt denote any exponent whatever. 

Then, -J- — a"^" = a°, by the rule for division, 

ISut, — 3= 1, since the numerator and denominator are equal; 

nonc-c, a" = 1, since each is equal to ■^■ 

We observe again, that the symbol a" is only employed con- 
ventionally, to preserve in the calculation the trace of a letter 
which entered in the enunciation of a question, hut which m.iy 
disappear by division. 

55. Iti the second place, if the dividend is a ptjlyiiomial and 
ihe divisor is a monomial, we divide each lei'm of the dividend 
by ike divisor, and connect the quotients by llieir respective signs. 



Divide Qa^x^y^ — \^a?xhj^ + l?>a*x^y^ by ^a^x^y\ 

Am. 2xhj* •- 4ary* + ba^x'y. 



-oogle 



44 ELEMENTS OF ALGEBRA. tCHAP. TL 

Divide 12a*y^ — IGa^ + 20aV - SSu'^y^ by — 4a*»/3^ 

Ans. — By^ + 4a!/^ — ^a?y + Ta'. 
Divide \^)o?bo — 20acy' + Seif bj- — 5r(6c. 

^ns. — 3u + -; r 

{161 la the third place, when both dividend and divisor are 
polynomials. Aa an example, let it be rec[iiirecl to divide 

'il&aW + 10a* - 48a'6 + 24fl6> by Aah - Sa^ + ZhK 
III order tliat we may follow the steps of the operation more 
easily, we will arrange the quantities with reference to the letter a. 
Dividend. Divisor. 

10 * — 48a 6 + Sba^S + Mai^ \ \- 5a^ + iah + Sb^ 

It foil ws iiom the defmitioQ ol divL.TOn and the rule f r the 
mnltipbcation of pclvnomiils (Art 45) thit the dividenil 1% the 
sum of the products arising liom multiplying ea^^h tLim of 
the diYisnt by eich term cf the quotient sought Hence 
if we could discover a term in the dividend w hich was deiived 
without reduction from tho multiplication of a term of the diu 
aor by a tetm (t the quotient then ly dividing this teim o' 
the dividend b> that term of the divisor we should ol tain o^^^ 
teim of the required quotient 

Now, from the third remai'k of Art, 46, the term lOn', con 
taining the highest power of the letter a, is derived, without 
reduction from the two term^ of the divisor and quotient, con- 
taining the highest power of the same letter. Hence, by dividing 
the term lOra' by the term — Sit'', we shall have one term of 
the required quotient. 

Dividend. Divisor. 

HOn*— %o?h- Qg-'b^ ! - 2((2 + Sail 

— 40a=6 + SSa^S^ + 24a43 Qwtient. 

— 40a3& + 22aW + Ziab^ 

Since the terms 10a* and — Sxfi are liTected with contrary 
signs, their quotient will have the sign — ; hence, 10a*, divided 
by — 5a^, gives — 2a* for a '.erm of the required quotient. 
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Aft 1 ui tt tl t 1 tl a 1 ily h 

t i tl d SI Ij t d bt t 1 1 1 t 

10 —&/) + ( b 
f m tl d d d Tl 1 ft« tl f t p t 

— 40 6 + S-a6+ 46 

Tl it pdfthpdlafealit fh 

d by 11 tl t t th q t t 1 h t b 

It dW ytb dtas wdddd 

P t pothpi dddd W -illthe- 
i ddtht — 406wliil tainthhltiw 

f bj tl t -5 fth d 
Tl + h 

t m f th q t t 1 1 wi tt tl It 

f th fi t M It plying h te n i th di 1 j tb t 

fthqtt d tmtlpdts d e.tlth cod 
diTid Id k g tl bt t fi d tl t tl e- 

mains. Hence, 

— 2(t2 + %ab or 8a6 — 2u^ 

IS the required quotient, and if the divisor be multiplied by it, 
the product will be the given dividend. 

By considering the preceding reasoning, we see that, in ea<^h 
operation, wa divide that term of the dividend whioli contains 
the highest power of one of the letters, by that term of the 
divisor containing the highest power of the same letter. Now, 
we avoid the ti'ouble of looking out these terras by arranging 
both polynomials with reference to a certain letter {Art. 45), 
which is then called tlio hading letter. 

Since a similar course of reasoning may be had upon auy two 
polynomials, we have for the division of polynomials the following 

RULE, 

I, Arrange the dividend and divisor with reference to a certain 
letter, and then divide (he first term on the left of tite dividend by 
the Jia'st term on, the left of the divisor, for the first term of the 
fltto(iew(; multiply lk« divisor hy this term, and subtract the pr» 
duct from the dividend. 
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f 
if « m f , 

d d d p he 

f i f , c , „ 

m d -q he fi 

d SI h Ji te f d 

n rs a*, ( h m ) li 

Ah d 

b p d 



- 4X1,/ + cSa^* + 25a:^y= + ^Ix^f — 18»V — 56»1 ISji^ — dxy — Sar* 



1st rem, 20a:y^ - S^x^y^ + 31z=i/= 


2d rem. - - ]5»«!/3 + 53^V 




3d. rem. ... - 35^^* 


— A2x*y — 56a^ 


Final remainder 


-0. 



57 Eemarf — In fcrfjimin^ llic d \ision it is i it ncf'^ssary 
CO biQig down all the terms f tiie dniduid to kim tlie fii&t 
remainder, "but they miy be biou^ht down m sicctssjon, as ni 
the example 

As it 13 important that begiimers sliould lender thLmThes 
lumilinr mtii algebraic operations, and aeqiiiie the habit of calcu 
Ijtin^ fiomptly, we will treit this list example m i diileienl 
imnnet it the sime time, indicating the simplification? which 
shfiild be mtioduoed These tcnsist in subtncting each pirtu) 
[iiudu t fum the duideiid as '. ii as th s product is ftniied 
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- 40!/* + GSxy* + 25a:'y? + 2] zY - i^^!/ - ^G-'^'l ''fif - '^-'^i/- 8^= 



rem. 20a:i/'-39KV + 2UV 


— : 


rem. - -^15.rV + 5atV ' 


-18:eV 


rem. ... - 35»'y^ ■ 


-42^/. 



8y^+ 4:xy^ — HJ'y +7^ 



Fmol remamder - - - 0. 

First, by dividing — 40y^ by Si/^, we ohtaln —8^' for .lie 
quotient. Multiplying 5^' by — 3ys ^^^ h^^'e —40^*, or, by 
charging the sign, + 40^', wbitli cancels the first term of tho 
dividend. 

In lilfe mjmner, — Gxy X — 8y^ gives + 4Sti/\ or, cbanginj, 
the sign, — 48xy*, which reduced with + 683:7/', gives 20.rj/' for 
El remainder. Again, — Sa:^ X — By^ gives +, and cSianging the 
sign, — iiix^y^, which reduced witli 25a^y^, gives — SO^y. 
Hence, the result of the first operati4>n is 20a:y* — SQx^y^ fol 
lowed bj those terms of the dividend which have uot been 
reduced with the products already obtained. For the second 
part of the operation, it is only necessary to bring down tlia 
nex.t tenn of the dividend, to separate this new dividend from 
the primitive by a line, and to operate upon diis now dividend in 
we opeiJ.ted upon the primitive, and so on. 



Divide i)5a - 73a2 + 50h^ - 25 - 50a' by -3a' 

+ 5-lla + 7a^ 

56a* — 69a' -~7Sa^ + flSfi — 25 | j 7a' — 3«= - lU + 5 
ist rem. — Sao^ + l"..-" -■■ '.a ~ 25 I 8a — 5, 



1, Divide 10(15+ XiMo by 5a. Aii^. 2 

2 Divide SOaa: — 54i; by Car. Aan. i 

3. Divide lOs^ — l^J/^ - "^V ""y ^V- -^''*- ^-^^ - ; 

4. Divide 12a + Saa:- 1 0ris'' by 3a. Ans. 4 + a 
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(8 ELEMENTS OF ALGEBRA. LCHA!'. 

5. Divide 6«.r= + 9a% + v?x^ by ax. Am. 6^ +!)'■/ -f (w 

fl. Divide a= + 2aa + a:^ by a + a:. Am. a + a 

7. Divide K^ — Sa^y + 3a!/^ — y^ by a — y. 

8. Divide 24a"fi - 12a=c62 — Qah by — 6<t6. 

9. Divide O.r' — 96 by ^x — 6. Ans. %x^ + 43:= + 8s + 16. 

10. Divide a" — 5u*ic + lOa^a;^ — lOa^a;^ + Bm 

h-^ u^ — 2ax + xK Ans. a^ — 3a\v + Sax^ - 

11. Divide 49a^3_7gaa;2_ 64a%+ 105a3 by 2^ — 3a. 

^ws. 24** — 2<!j; — SSa'^. 

12. Divide 'j" — 3;)%' + 3^^^^ — a^ by ^^ — St/^x + Hyx'^ — 

^ns. y= + Sfx + 3y*^ + le' 

13. Divide G4a*6= ~ SSa^Jf by 8a=5= + 5ai'. 

Alls. Sa.%' — 5a6' 

14. Divide Ca= + 23a=& + 22a&2 + Si^ by 3a^ + Aah + ft^. 

^Ivis. 2a + 56. 

15. Divide ij«^^ 4- CffaV + 42a%^ by oc + 5a;i'. 

16. Divide —lho.^ + Z'ta?hd — 1Qc?cf—'2,miP-\'AAbEdf—%e-'f 
by 3u= ~ ?>bd 4- e/. ^«s. - 5a^ + 44ci — 8c/ 

17. Divide ** + z^y^ + y* by s^ — ay + y^. 

A,^,. x^ + ^;/ + ,f. 

18. Divide ai* — y* by si~y. Ans. x'^ + xhj -\- xy'^ + y'^. 

19. Divide 3# - Sa^i^ + Sa^c^ + 5&+ - Si^c^ by o?- - bK 

Ans. Zai ~ 562 ^ 3^3^ 

20. Divide 63;^ — 5s=i/^ — C.rV + fia^'y^ + IS.t^yS _ g,^!,,, 
f lOi'V* + I5ys by 3a'3 + 3^;^^ + 3y\ 

Ans. Sar' ~ Sj-^y' H- 5y' 
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OF POLYNOMIALS. 

58. The exact division of ono polynomial by another is imposEible: 

Isl. WJien Ike fir&t term, of tke arranged dividend or ike firit 
term of any of the remainders, is not exactly divisible by the first 
term of the arranged divisor. 

It miiy be added with respect to polynomials that we am 
uften discover by mere inspection that they are not divisible. . 
When the polynomials contain two or more letters, observe the 
two terms of the dividend and divisor, which contain the highest 
powers of each of the letters. If these terms do not give an 
exact quotient, wo may conclude that the exact division is iin 
possible. 

Talie, for example, 

12«3 ~ 5a^ + lab-^ - 116^ Ma^ + Sab + &l'\ 



By considering only the letter a, the division would appear 
possible; but regarding tbe letter b, the exact division is impos- 
sible, since — llfi^ is not divisible by 36^. 

ad. When the divisor contains a letter which is not in lite dividend. 

For, it is impossible that a third quantity, multiplied by 
one ^vkic!l contains a certain letter, should give a product inde- 
pendent of that letter. 

3(i, A monomial is never divisible by a polynomial. ■ 

For, every polynomial multiplied by either a monomial or a 
polyaomial gives a product containing at least two terms whlcb 
are not susceptible of reduction. 

4Wi. If the letter, with reference to which the dividend in ar- 
ranged, is not found in the divisor, the divisor is said to be inde- 
pendent of that letter ; and in that ease, tke exact division is 
impossible, itnless the divisor will divide separately the co-ejkienls 
!ff the different powers of tke leading letter. 

For example, if the "dividend were 

S6a^ + 96a«+ 126, 
arranged with reference to the ietter a, and the divisor 36, tlie 
divisor would be independent of the letter a; and it is evident 
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that the exact divisioE could not "be performed unless the co- 
effidents of the different powers of a were exactly divisihle hy 3S. 
The exponents of the different' powers of the leading letter 
ill liie quotient would then be the same as in the dividend, 



1. Divide 18aV — 36aV— ISaa: hy Qx. 

Ans. Za^x — OciV^ ~ 2a. 

2. Divide 25o^6 - QOa'-h + iOah by 5i. 

Ans. 5a^ — Ga^ + 8*. 

Ficni the 3d remaik of Ait 46, it appcara tliat Hit tuti of 
the dividend contiimng the high st powei of the kidiiij; ktter 
jnd the term cuntiming thi^ lowi,st j ower of thu "onjih letter 
ire hoth derived, without reduction, horn the multiplic'fiun of a 
term of the divisor by a turn of the quotient TheiLforf, nothing 
preMEts oui commencing the opeiaticn at the light histeid of 
Ihe kft, since it might be performed upon the terms contiimng 
the lowest power of the letter, viith lefeience to which the ai 
rangeraent has been made 

Lastlj, so mdependi-nt aie the paitnl operations lei^uiied by 
the process, that after ha^mg euhtiocted the product of the divi 
i)Or by the fir&t t<im found in the quotient, we could obtam 
anotlier tetm of the quftient by aiianging the remamder ivith 
reference to seme other letter and then proeeedmg as before 

It the same letter ii pieser\ed, it is only because ffeere is no 
rcison for changing it , and because the polynoini<il^ ire already 
arranged ■with refeienee to it 

OF rACIORlNG 1'0!:YKOU1AL8. 

59. When a polynomial is the product of two or more factora, 
it' w often desirable to resolve it into ita component factors. 
Tlu5 may often he done by inspection and by the aid of the 
:foni: ulas of Art. 47, 

When one factor is a monomial, the resolution may be effected 
■liy writitig the monomial for one feetor, and the quotient arising 



,y Google 



from tho dmsion of tlie guen polynoiiiit.i oy this iastor ibr the 
o&er factor. 

1. Take, for example, the polynomial 
aS + «c ; 
in which, it is plain, tliat a is a factor of both terms : hence 
ab + ac^a{b + c). 

2 T'il"e f'r a second example the polynomial 

abc + 5 b^ + abHK 

It IS plam that o, and h aie fiet vs of all the terms: henee 

ahH + 56 + q6 c = ofi^ (e + 56 + c^). 

8 Tale the i alyncm al 2ja^ — 30^36 + 15a*62 ; it is evidenl 
that 5 and a ai e factors of each of the terms. Wc may, there. 
fore put the polynomjal under the form 
5i^ (^a - t +36=). 

4. Find the factors of 3^26 + ^a?c + Y&a^xy. 

Ann. 3a^ (6 + 3c + %xy') 

5. Find the factor^ of Bu^cj; - ISac*^ + %iifiy — 30a«c%. 

Ans. %ac (4(13; — 9a^ + c*y — loa^c^s). 

6. Pind the factors of 'IXa^V-cx — BOa%^e^y + SGci'b^cd + &abc. 

Ans. 6abc {iubx: — 5a^b*(fiij + Go^iV + I). 
By the aid of the formulas of Art. 48, polynomials iiaving 
aertaiu forms may bo resolved into their binomial factors. 
1. Find the factors of a^ + 2ab + b\ 

Am. (a + 6) X (« + b) 
3. 49^^ + 56xhj + 16a:=j-2 _ (7^2 4. 4^^) (7^2 ^ 4^;^,). 

3. Find the factors of a^ - 2a6 + b\ 

An^. {a-b) X{i~ b). 

4. 64a=S=cS ~ ASabc^d^ + Oc^t^' = (Sabc - SaP) {8abc — ScP). 
Ei, Find the factors of a^ -^ b\ Ans. (a + 6) x (a — b). 
lfiaV-9ii' = {iac ->- Sd'^) {iac ~ Sd^). 
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1. Pind tho factors of the poljnoiaial 6a^6 -f- 8a^6* — l(Jo6' 
-Sufi, 
S. rind the factors of the polynomial 15a5c^ — 'Sic^ + Qa^^tfi 

S. Find tlie factors of the polynomial 25a*5c^ — iiOa^bc''d 
— Sac' — QOa(fi. 

4. Find tie factors of the polynomial 42a^b^ — labcd + 7airf 

Am. lab {Gab - cd + d). 

5. Find the factors of the polynomial n^ + 2™* + "• 
First, ^3 ^ 2ji^ + n ~ n (n^ + 2n + 1) 

= «(». +1) X(«+1) 
= ™(,. +1)^. 

6. Find the factors of the polynomial Sa^fic + lOab'^c + 15obcK 

Ans. S.abc{a + 2b + 3c). 

7. Find the factors of the polyiiomisd a^x — x^. 

Ans. X (a -\- x) (a — xj. 
60. Among the different priEciples of algebraic division, there 
is one remarkable for its applications. It is enunciated thus : 

The difference of the same powers of any two quaniiUes h ixaetly 
divisible by the difference of the quantities. 

Let the quantities bo represeated by a and 6 ; and lei m, de 
note any positive whole number. Then, 

a™ — 6" 
will express the difference between the same powers of a liid S, 
iind it is to be proved that a" — b™ is exactly divisible bj a ■— & 
If we begm the ilvislon of 

a'"~b- by a - 6, 
vie have 

IbI rem. o-'-'fi — 6" 

M) by fectormg - - - 6(a'"-i — i^'). 
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Di\idmg o" Ijy a tho quotient i^ a""', by iie lult, fn the 
exponents Thi, product (i a — b I \ a°^' 1 ^ ng sul ti uUd from 
the dividend, the Inst remainder is a" '&■—&'", whi:!! nn ba 
put under the form, 

s(<.--i-) 

Now, if tho factor 

of the remainder, be divisible by a — b, b times (o"^' ~ S"""^)] 
must be divisible by a — f and cc nstquently o"" — t™ must 
aJso be divisible by a — S Hcnio, 

If the difference of the same powers of two quantities ii exactly 
divisible hy the diference of Hie quantities, then, the dijffeiente of 
the powers of a degree greater hy 1 !s aho divtitble by it 

But by the rul^ for division, w e knots' that a" — b" i& divis 
ible by a — h; hence, fiom what his just been pioved, u? — &* 
must be divisible by a — I and fiom. this lesilt wo conclude 
that a* — h' is divisible by a — & sind so on indefinitely : hence 
the proposition is proved. 

61. To determine the form of the quotient. If wo continue 
the operation for division, we shall fold aP'^^b for the second 
term of the quotient, and a'^%'^ — 6"" for the second remainder; 
also, «"~'6^ for the third term of the quotient, and a^^^h^ — b" 
for the third remainder ; and so on to tlie fli*" termcf the quo 
tient, which will be 

and the m"" remainder will bo 

Since the operation ceases when the remauider becomes 0, we 
sha.1 have m terms in the quotient, and the result may be ■writ- 
ten thus : 

"IszJ^ = a-^i + 0.'--% + a"-36s + H- 06"- + b^\ 



.sted by Google 



CHAPTER III. 



a 3 expiessiou of one or more 
equal parts of 1, 

One of these equal pai'ts is called the fractional ■unit. Thus, 

— is an algebraic fracJioii, and expresses that 1 has been divided 

into 6 equal parts and tliat a such parts are taken. 

The quantity a, written above the line, is called the numer 
ator ; the quantity 6, written below the lino, the denominalor ^ 
and both are called terms of the fraction, . 

One of the equal parts, as — , is called the fractional unit; 
and generally, the reciprocal of the denominator is the frasj- 
tional unit. 

The numerator always expresses tbo number of times that the 
fractional unit is talcen ; for example, in the given fraction, the 
fractional unit — is taken « times. 

63, An entire quantity is one which does not contain any 
fractioual terms ; thiis, 

a^b + ex is an entire quantity. 
A mixed quantity is one which contains hoth entire and frao 
(Jonal terms ; thus, 

a"h + -y i= a mixed quantity. 

Every entire qnancity can be reduced to a fVaclaonal form 

having a given fractional unit, by multiplying it by the dciionii- 

nator of the fractitnal unit and then writing the product ovci" the 

iiator; thus, the ijiiantit) c may be reduced l(i a fracl^onai 
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form "flith tho fractional unit — , by miihiplying hy 5 aud 

be 
dividing the product by 6 which gives -— 

64 I he nerator s ex t y d 1 le I he de o tor 
a tr t ona! e'cpres. on miy be reduced to an cut o o e "by sm 
lly p foinng the divis on indicated f tha uuuc ator 9 not 
etactly divi ble the app t in of t3 e r le fo 1 s will 
somet mes ed oe the fract OdJto amxlqunt 

65 I h n me to o of the f Ki on " be nu Id y 
any v ^ e r u i ~ e 5 nes 



MuU^ljt g the merato of a f wto hj a y qua y « 
equ ale t to n Itplj J} th f ac on by ike a eg ni ly 

66 It tie de oimnator be n It pi el 1 iny q antty q the 
value of th i a t u 1I iit vill be d n 1 ed g t e n the 

lesult g fracton — wll e».p e a u j 1 th n 

the g ven f a t o he e 

Miilliplyinff t!ie denominalor of a fraction by any qiian'dy, is 
equivalent to dividing tlie fraction by the same quantity. 

67. Since we may multiply and divide an expression by the 
same quantity w-ithout altering its value, it follows frim Arts 
05 and 66, that: 

Biitk numerator and denominator of a fraction may hs multiplied 
by the same quantity, without changing the value 0/ the fraction. 

In like maniiei it is evident that: 

Bolh nnmeratrr and denominator of c fraction nmy be divided 
by the same quantity mt/iout changing ilie value of the fi action. 

68. We shall now apply these principles in deducing rules 
for the transformation or reduo'ion of fractions. 
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I. A fractional is said to be in its simplest form when the mimer- 
ator aiid denomir.ator do not contain a common factor. Now, 
since both terms of a fractioa may be diflded by the same 
quantity without altering its value, we have for the reduction 
iif a fraction to its simplest form the following 
RULE, 

Resolve both mimeiator and dtitomuinCir i lic t. 
tors {Art. 59), then, suppress all lie fuUoi'^ c 
terms, and the fi action will be in tlA simplest Jbrm 

Ebmark.— When the terms oi the fraction cannot be lesolved 
into their simple factois by the aid of the rules already given, 
resort must be hid to the method of thn greatest common divi 
ior, yet to be explunoil 



iimph fac- 
<jn lo both 



1. Keduco the fraction 



■ t( 't^ simplesL form. 



We see, by inspection, that 3 and a s'f fncto^i of thf nu- 
nierator, hence, 

Zah + &ac = 3a (6 + 9,c) 

We also see, that 3 and a are factors \^ ih& <\d"iomicaf"'*, 
hence, 



6 + 



rf + 12a = 3a {d + 4). 

_ 3tt (i + gc) _ 6 + Pf 



^ad + 12a 3a (^ + 4) rf + 4 
6a=i + 3ac 



9a6 + 3a^ 

25fc -f ay 

■ibb^ + 15;- 



&■& k-o 



to its simplest form, 
to its simplest form. 
- to its simplest form. 
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to its simplest furm, 

Am. 



■*" It-' 

18aV — Sac/ 



'j3 its simplest form. 



■ 9<; - 2c=' 



11 Ir m what wis sli wii m Art 63 it lollovis ttit we miy 
lelucc the entire part of i mixed i^ mtitj tj a 1 actional form 
with the &ame fractional unit as the fractional part by multiply 
inj, ind d viding it by tl <■ denominator of the fi<witional part 
The two part-i having then the stme fractional unit may be 
reduce 1 by add i u tl en numerators auJ wi iting the sum obtained 
OTei the common dent mi Uor 

Hciifp to 1 dun, 1 iTTv 1 ] a tit\ to a fn,i,ti nil f m we 
hi^t. the 

KULE. 

Multiply the entire pari hij the denominator of the fiactlcn; 
then add the product to the numerator and write (he sum over tht 
dsnominator of the fractional part. 



1. Kcdiice X — ^— - — ~ to the form of a fraction. 
Here, x - '^^Z^ = tjzJ£^Z^ = ?^I 

2. Eeduce x ~ — to the foi-m of a frac'.ion. 

Ans. — ^ 
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"i. Keduce 5 H „ ■■■ ■ to the form of a fraction., 

ax 

An —^-^ 
1. Ileduce 1 — ■ — — — to the form of a fra^itioii. 



i«4-l 



6. Reduce 1 +2ic - 



Six 



to the form of a fraction. 
lOa:^ 4- 4? 4- : 



6. Rcduco 3.TT — 1 — TT"-,; to tKc form of a fraction. 
QaX! ~4a — 'ix-i-2 

Rbmaktc. — We shall hereafter treat mixed quantities as though 
they were fractional, supposing tLem to have been reduced to a 
fractional form by the preceding rule. 

III. — From Art, 64, ■we deduce the following rale for reducing 
a fractional to an entire or mixed quantity. 

EULE. 

Divide the numerator by tlie denominator, and continue the o^er 
ation so long as the first term of the remainder is divisible hy the 
first term of the divisor: then the entire part of tlie quotient found, 
added to the quotient of the remainder by tJie divisor, leill he the 
mixed quaniily required. 

If the ismainder ia 0, the division is exact, and the quotient 
is an entire quantity, equivalent to the given fractional expres- 



to a mixed quantity. 
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2. Ileduoe ~ to an entii.e or mixed cfuantity. 

Atii. a-n. 



4. 


Reduce ■ ■ to an entire quantity. 




Ans. a 


5. 

6. 


Reduce i^l^li^ to an entire quantity. 

Ans. x^ + x>j 
Eeduce —^ — ^ — — to a mixed quantity. 




Ans. 2^ ~ 1 - 



IV, To reduce fractions having different donoininators to ei^uiv 
alent fractions liaving a common denominator. 

Let — , —r and — r, be any three fracfjons whatever, 
b a f 

It is evident that both terms of the first fraction may be mill 



change the value of the fraction (Art. 67), 

In like manner both terms of the second fraotion may be 

multiplied by */, giving ~ ; also, both terms of the fraction 

-— may be multiplied by bd, giving — . 

If now we examine the three fractions ^-^i r^ and -t-ti. 
bdf bdf hdf 

we see that thoy have a common denominator, hdf, and that 
each nnmerator has been obtained by multiplying the numerator 
of the corresptnding fraction by the product of all the denom- 
inators except its own. Since we may reason in a similar 
raiumer upon any frsctiora whatever, we have the following 
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RULE. 

Multiply each num-erator into the product vf all the denomina- 
tors except its own,, for new numerators, and all tie denominalorM 
together for a common denominator. 



1. Reduce -r- a^tl — to equivalent fractious having a 
non denominator. 



\ the new numerators, 
<, c = be the common deno: 



. aa . c,h + Ifi 
moil denomniator. Am. j- ^'i*^' ' — i • 

3, Eeduee — , — and d^ to eouivalent fractions having 



L denominator. 

4. Reduce — , — and a -f , to equivalent fractions hav- 

.ng a common denommator. Ai^s. ^^j Y()37 ' 



Oflc ' ^ao 

12a2 + 24a; 
■ 13^' 12^ ™ ■ \%J. '" 



— , to equivalent fractions hav- 
ing a com men denominator. 

3a 4- 3« 3aM-_2a^j; 6a^ -i- 6.r^ 
'^"*' &r+&' 6« + Cx ^ 6n + 6.^ ■ 

6, Reduce -, ■ and — , to equivalent fractions ha? 

ing a common denoniiuator, 
, aHx ai? - aba — Sc^ + ct^ , a%^ — alfix 
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V. To add fractions together. 

Quantities cannot be added together unless they have the 
same unit. Hence, the fractions must first be reduced to equiv- 
alent ones having the same fractional unit; then the sum of 
the nuinCL'atora will designate the number of times this unit 
is to he taken. We have, therefore, for the addition of frno- 
u\iU3 the following 

RULE. 

Reduce the fi-arJions, if iteeissary, to a comraon denominator : 
then, add the numerators together and place their sum over the 
denominator. 



.. Find the sum of —, -^ and -r. 
b d f 

Here, - a x d xf — adf\ 

c X b xf = elif\ the new numeratorg, 

e Xbxd=ebd) 

And - b X d xf ^ bdf the common denominator, 

adf cbf ehd adf -\- cbf + ebd , 

Hence, ^ + -^ + —- •" ^ . j, the sum. 

bdf bdf bdf bdf 

3^' .., . , 2aa. 



2. To « p- add h + — . Ans. ■ 



be 

3. Add — , -^ and -r- together, Ans. x + —. 

19« ~ 14 



4. Add ■ - acd -=■ together. 



5. Add X + — ~ to 3.1; -\ -■--. Ans. ix + — -^ — . 

6. It is required to odd ix, '-^ and —^ — ■ together. 

Am. 4a; -| — - — — -. 

Hax 

1. It is required to add — , -— and ■ ' ■ - together, 

.... o. . iO' + n 



i^'.OOglf 



ELEMENTS OF ALGEBRA. 



8. lb is reijUired to add 4x, — and 2 -|- — together, 

44:i: + 90 
Ans. Ax -\- - ■■■ ^^- : 

9. It is required t« add 3s + — and ^ — -^r- together. 

Ans. So: -\- -- . 
45 

10. Whiit is the sum of ^-^, — ^ and — f— . 

a^ _ «jj3 ^. a2J — i^a + o^c + oca; — «ic — bcx + a^rf — b^d 

_ flS 4. a2 (6 ^ C 4-'^) - a (^' — cx + be)-b{x^ + c:i: + I d) 
~ a3 + a'^K — afi^ — 6% 

VI. To subtract one fraction from another. 

Reduce the fractional quantities to equivalent ones, having the 
Bame fractional unit; the difference of their numerators will 
express how maiiy times this unit is talten in one fraction more 
thftn^in the other. Hence the following 

ItULE. 

L Reduei the fractions to a common denominator. 

IL Siibtract the nUTiieratgr of the mbtrahend from the numer- 
ator of the minuend, and place the difference over the 
denominator. 



1. From - . 



And, Qb X Sc ^ Qbc the common denomiriatci 

r^ &cr, — Sac tai — Sb.v Sex — Sac — iab + 84a 

Hence, -—pr, ■ — ■ — 7^ — - = ^r ■ 

64c tbc 60c 

„ ^ 13a: , 3s ^ 3S>at 

% From - - ~r- subtract — . Ans, ~-^. 
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f: 


3. Prom 


- 'oy 


subtract 


3y 
8' 


^vis. 


8 ■ 


4. Trom - 


1 


subtract 


9" 


Ms. 


63* 


5. From - 


x + a 
b 


subtract 


3- ^"- 


dx-\-ad 

bd 


~hc 


C. From . 


3.r + 


- subtract 


Zx + l 
8 ' 










An 


a4ic + 8a 


- lOi^K - 


-mh 






406 




7. From . 


. 3a + 


— subtract 


^_^. 












J»s. 2.1; 4 


ej; + &3i 


-ab 



VII. To multiply one fractional quantity by another. 

Let r represent any fraction, and -j any other fraction; and 
let it be required to find their product. 

If; in the first place, we multiply -j- by c, the product will 
be -7-, obtained ty multiplying the numerator by c, {Art. C5) ; 
but this product is d times too great, siice we multiplied 
^ by a quantity d times too great. Hence, to obtaJn tlie, t.nie 
product we must divide by <?, which is effected {Art. 60) bj 
multiplying the denonainator by d. We have then, 

K , - — ; hence 



T. Cancel all faclors common to (he numeraior ami denjuii 

II- Multiply the numeralws togetlier for i/ie numeraior of tU 
prodih.:t, and the denominatora togetkm- for the denominaicer of thu 
nrGditr.t. 
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I . Multiply « + — by — . 



4, Find the conUnued product of 



"2b' 
Ans. — . 
2a! Zab Z,o.c 



6. It is required to find the product of h -\ and — . 



and ■ 



n? + ab 

8. Required the product of a + — and - — — -^. 
Am. 
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VIII. To divide one fraction by another. 

Let -r represent tlie first, and —j- the second fraction; then 
lio di'skion may be indicated thus. 



If noiv we multiply both numerator and denominator of tliis 
«omplex fraction by — , which will not change the value of the 

(Vaction (Art. 67), the new numerator will be — , and the new 

deuominator -- , which i,^ equal to 1. 



"(i)' 



This last result wo see might havo been obtained hy invertnig^- 
Lhe t«rm9 of ihe divisor and multiplying the dividend by llie 
resulting fraction. Hence, for the division of fractions, we have- 
llie following 



rnverl ike terim 


! of 


the a 


'.ivinor and mnlli^ 


>;y Hie dividend 5y ( 


suiting Jraction. 










1. Divide - 




. a 


b 2oc - 6 
2c 2e 




Hence, a - 


b 
2c 


3 


Sac — 6 a 




•Ji. Let -^ be divided 


, 12 


^"- -m- 
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4.1-'' ix 

3. Let -~- ha divided by 5x. Ans. — , 

4. Let ^4^ be divided by '^. Ans. ^-^. 

6 ^ & ix 

5 Let T- be divided bv - — . Ans, - — — -, 

a; — 1 ■'2 X — I 

„ , 5a: ,,..,,, 2a , 5kv 

0. Let -rr oe divided by — r. Ans. -r— . 

3 ■'36 2a 

7. Lflt ■ ^ , be divided by —-;, Ans, -~r-x — , 

Serf ■■ id Qc^x 

- 2bx + Jfi 



10. Divide ^-±i by |-ij^. Ans. - (1 4 «)- 

69. If we have a fraction of the form 



wc may observe that 

- = — c, also -• = ~c and y — c ; that is, 

The dgn of the quotient will be changed by changing the sign 
iiiifter of the nvm,erator Of denominator, hut will not be affected by 
changing &e signs of both the terms. 

10. We will add two propositions on the subject of fractions. 

I. If the same nwnber he added to each of the terms of a proper 
fraction, the fraction rcmliing from t/iese additions will he groata 
than the frst ; hut if it be added io die terms of an inipropa 
fraction, the resulting fraction will be less than l!ie first. 

Let the fraction be expressed by -y. 

Let wi represent the number to be added to each term ; IIk'^j 

the new fraction will lie, 



h + in 
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l:i order to compare the two fractions, thoy ni.ist te rtiduceiJ 
tJie same denominator, which gives for 
a ab + nm 



the first fraction, 
B d f tH f 



6 6= + bni 
t + m ^ cb-i-lm 
b+ b +b 

^ W th d m to b ^ tl tl t f t wll iift 

tl g t h h h th g t t B t th t o 

m I CO m u p rt 6 and th p S f 1 

d th tl [ t f til f t h 6 >^ 

hence 

o6 -|- Swi > oS + am, ■ 
that is, when the fraction ii proper, the second fi Action is greatei' 
than the first. 

If the given fraction is improper, that is, if a > b, it is plain 
that the numerator of tte second fraction will be less than that 
of the first, since bm would then he less th.in am. 

II. If the same number be subtrae/ed front ^i^ek term of a proper 
//■action, the value of the Jraclio/i will be dimmished ; but if it he 
evbts'ocled from, the terms of an improper fraction, the vahte of the 
fraction will he increased. 

Let the fraction be expressed liy — , and demote tlie number 
to be subtracted by m. 

Then will denote tliG new fraction, 

' (} —m 

By reducing to the same denominator, we have, 



="1^ JZr^ - -ETZJm- 

l\ijw, if we suppose « < S, then am<,lin\ and 'f urn < fmt, 

then will 

ab — am > ai — bni, : 

that is, the new fraction will be le^ than the first. 

if a > 6, that is, if the fraction is imprciper, then 

am > Jm, and ai — am -Cab — bra, 

that is, file new fraction will be greater than the first. 
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i ~ x^ 1 + X 



. Add 

■ T^ "+* 



1 1 






6. Multiply 







1 -*'■ 




Am 


a 




Am. 


4«i 




A>ii 


'■ 1 - ^' 


«!'- 


~ 13^ + 42 





^ + 3*3; + i^ ■^ a^ - 6 ■ 



a + x a. — x a + x 

. Divide — — — 1- ■ -■■■■■ by — — — 



8. Divide 1 + -— -^ oy I - 



i--^ + i, + = =S?j + 3£i + ? 



_ adfip' + bcfx + hde 
~ bdfx3 -— 

^ , ^ £__ 9_ _ <^yh3? hcfhx^ bedkx' hdfgsf 

" bx ^ dx^ p^ hx* ~ bdfhx^" '^ bdfj^^ ~ bdfk^" ~ b^h^' 
_ad fAx3 ^-bcfkxi- -heihx —hdfg 
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'^Sl C+'V I ('-■')' 

2(1+'*) 





(1 + ,)(!-.) 


(1 + .)(1_T) 

2 




(« + !)'-(« -6)' 








(1 + x')' 


(l-.v 


(1 -,'){! +.-) 


(1 -.'){! + ^ 


1 - :r ' ' 


) 


1 + .t> ,_ 1+ «^< 


(1 - ''?' 



k2 — 26i + P x^~bx 

(.»■ - i') (»- + i') (j! - i) 
~ (.-S)> 1(^ + 4) 

(^ + t)(.-t)(,-+i')(,-i) 
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11. The syrabo. is called gcro, which signifitis in ordinary 

limguage, nothing. In Algebva, it signifies no quantity: it i^i 

iilso used to espres a quantity less iJian any assignable quantity. 

Tlie symbol oo is called the symbol for infinity ; that is, it ia 

used to represent a quantity greater than any assignable quantity. 

If we take the fraction -7-, and suppose, whilst the value of 
a reniains tie same, that the value of 6 becomes greater and 
greater, it is evident that the value of the fraction -vrill become 
less and less. "When the value of b becomes very great, the 
value of the fraction becomes very small ; and finally, when 6 
l>ecomes greater than any assignable quantity, or infinite, the 
value of the fraction becomes less than any assignable quantity. 

Hence, we say, tliat a finite quantity divided by infinily is 
equal to zero. 



If m the fame fiaction -j-, we suppose, whilst the value of u 
lemima the same thit the ^ilue of i lecomea less and less it 
19 plam that tl e ^ alue of the fi iction becomes gi eater and 
gi eater, and finally, when b btr-omes less than any ii^gnable 
quantity, or eio, the Tilue of the Izaction becomes gieatei than 
iny ossigeable quantity, 01 tiijiiiite 

Hence, we say, that a finite quantity divided by zero is equal 
to infinity. 

We may then regard — and aa as equivalent symbols: Zert 
mid infinity are reciprocals of each other. 

The expression --^ is a symbol of indeterminalion ; that is, it 
is employed to designat'i a quantity which admits of an infinite 
number of values. The origin of the symbol will bo explained 
in the next chapter. 
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It should lie observed, however, that tlie expression ~ is not 

always a symbol of iiidetemiinafion, Lut frequently arises from 
tlie existence of a common faelor, in botli terms of a fraction, 
wliich factor becomes zero, in consequence of a particular hypo- 
thesis. 

1. Let us consider the value ot x in. the expression 

*" ^ a2 _ 1-2.- 
if. in this formula, a is made equal to b, there results 



-P = {a~/>) {a^ + ab + b^-) 



and - - a^-b^^{a-b)ia + ft). 




hence, wc have, 




(a-S)(a' + .S + J-) 
- (.-6)(a + i) ■ 






Now, if we suppress the common factor a — 


ft, and then sup 


I>ose a = h, we shall have 




3(1 




2. Let us suppose that, in .inothcr example, « 


fc have 


o3 —fts 




If we suppose a = b, we have 





_ 

If, howovcr, we suppress the factor coinm.on to the r 
and denominator, in the value of x, we have, 
{a + b){a~b) a+b 
-(a-b)(a-b)~a-b- 
If now wc make B = ft, the value of x beoonaes 
2ft 
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3. Let us suppose iii another example, 

ill ivliich the valuo of x becoraes -r- when ive malic a i^ 5. 

If we strike out the coiiimon factor a — 6, we sliall find 
_ a-h 
" - a^ ^ ab -V !>-'' 
If now wo make a = 6, the value of x becomes 

Therefore, before pronouncing upon the natuj'i! of tht cxprci 
sion -—, it ia necessary to ascert^iiii -wheiher it doe? not ari&t 
from the exl'stence of a common factor in both numerator and 
denominator, which becomes under a particular hypothesis. 
If it does not arise fi^om the e.\i&tence of such a factor, we 
conclude that the expression is indeterminate. If it does arise 
from, the existence of such a factor, strike it out, and then make 
tlie particular supposition. 

If A and B represent finite quantities, the re'.ulthig Yaluc of 
the expression will assume one of the three fyi7n= ; that is : 

i" """ ^ ' 

it will be eitliL^r finite, ,nt!nite, or zew. 

This j"eniarl( is of much use in the discussion of problenas. 
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B^ntTltSS Of THB flEtST DEGREE INTOLTINQ BUT ONE UNKNOWN QIIANTIH 

72i An Equation is the algebraic expression of equality be- 
tween two quantities. 

Thus, a:=a + h, 

19 an etjuatjon, and expresses that the quantity denoted by x w 
eqnal to the sum of the quantities represented l>y a. and b- 

Every equation is consposed of two parts, connected by the 
sign of equality. The part on the left of this sign is called tbo 
first member, that on the right the second vtenibtr. Tlie second 
member of an equation is often 0. 

73. An equation ma^ contain 07ie unknown quantity only, or 
it may contain more than one. Equations ore also classifieii 
according to their degrees. The degrees are indicated by tht 
exponents nf the unknown guantilies which enter them. 

In eiivalions involving hut one unknown quantity, the degree is 
denoted by the exponent of the highest power of tliat quantity in 
any term. 

In equations involving more than one nnhnown giiantity, tht 
degree is denoted by the greatest sum of the exponents of tlie unknount' 
quantities in any tei-m. 



For example; 
ax -^ h ■= ex ■{- d 
ax + 36;^ + cz + Srf = 
ax^ + 'Zhx + c = a 
ax^ + bxy + cy^ + d = <3 
t?x^ + 'idgx'^ = ahx ~ <? 
4axy^ — 2c)/^ -1- abxy = 3 
and so on. 



are equations of the Jirst degree, 
are equations of the second degree, 
are equations of the third degree, 
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74. Eq^uations are likewise distinguished as numerical equations 
and literal equalions. ITie first are those which contain mimbers 
only, witli the exception of the unknown quaiitity, which i-i 
Bhvays denoted by a letter. Thus, 

4.r — 3 = 2,1; + 5, Zx^~x-%, 
are numerical equatiom. 

A literal equation is one in which a part, or all of the known 
quantities, are represented by letters. 'ITius, 

hx^ + ax — Zx = b, and cx + dx^ = c+f, 
are literal equations. 

75. An identical equation ia an equation in which one member 
is repeated in the other, or in which one member is the result of 
certain operations indicated in the otlicr. In either case, the 
equation is true for every possible miIu;; of the unknown quan- 
tities which enter it. Thus, 

a: + b = ax+b, {}:-i-ay = x^+2ax+a\ '^~^- =x-y, 
are identical equations. 

76t From the nature f>t an (.quati n, ■«l p uc \ th t it must 
[ jssess the three following jropeitie', 

Ist The two members mu^t be composed t qninlities of the 
Kame kind 

2^ Tiie two menibeis must be eqnol to each o^hei 
"1 The essentiil sign uf the two memleis must le the same. 
76.* All a\iom is a selfeiideni, proposition AVe may here 
cmimcrate thi, foUowmg, which aic einpbjel ju the transfonna- 
t i i ind 1.0I tion of equations 

1 It equal quaatities be addrd to both n enibeis of an equation, 
the equality of the members will net be destiojed 

2 If equal qwantitiei be subtracted from both n embers of an 
equatirn the equalitj \^dl not be destiOjed 

3 If both members of an equation 1 e m ilt pi 1 1 by equal 
qmntities the piodicts wdl he equil 

4 If both members cf an equUion le duided by equal quan 
tjt es the quotients will be equal 

5 I ko powers cf the two men bcra of in eiuation are equal 
C Lil e 10 t'^ uf th two 1 c ibers ot ui tq ition are eauak 
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iSolutmt of Equations of the First Degree. 

77. The solution of an equation is the operation of finding a 
value for the unknown quantity such, that when substituted for 
tne unknown quantity in the equation, it will satisfy it ; that is, . 
make the two members equal. This value is called a root of 
Iho equation. 

In solving an. equation, we make use of certain trans/ormalions. 

A transjbrmatioii of an equation is an operation by which we 
jhange iti' form without destroying the equality of its members. 

First Transformation. 

78i The object of the first transformation is, to redact «» 
equation, some of wliose terms are fractional, to one in vhich all 
of (lie terms shall he entire. 

Take tlie equation, 



Pirst, reduce all the fractions to the same denominator, by the 
known rale ; the equation then be''omcs 



If now, both members of this equation be multiplied by 72, 
the equality of the members will be preserved (axiom 3), and 
lie common denominator will disappear ; and we shall have 

4S3r — 543! + laB = 792 ; or by dividina; 
boh m be b 8 + 

Th q d h b d 
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Take the last equation, 

^„l.a; + — = 11 
3 4 G ~ ' 

We see tiiat 12 is the least common multiple of the de- 
nominators, and if we multiply each term of the equation by 
la, reducing at the same time tc entire terms, we obtain 

8x — 9x + 2a:= 133, 
the same equation as before found. 

Hence, to transform an equation involving fractional terms to 
one involving only entire terms, we have the following 

RULE. 

Form, the least common multiple of all the denominators, and 
then mttltiply both members of the equation by it, reducing fracdvnai 
to entire terms. 

Tills operation is called clearing of fractions. 



1. Reduce — + -j 3 — 20, to an equation involving only 

entire tei-ms. 

We see, at once, tliat the least common mnltiplt is 20, by 

which each term of the equation is to be multiplied. 

X 20 

Now, — X20^xx -r = 4.-C, 

,r 20 

and —- X 20 = X X -r ~ 5x; 

4 4 ' 

that is, we reduce the fraetionil to entue teimi, bif multifhjin^ 

the numerator by the quotient of the common multiple dmidtil by 

the denominator, and omitting the denominators 

Hence, the tiinfformed equation is 

4x + 5x~C>(i = 400. 

9. Reduce — += 4 = 3 to an equation involving or.ly 

entire terms. A'ls. 7z + 5.c - 1 40 = 10.5. 
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S. Redi.ce —-{-f=g to an equation involviug only 

entire terms, Ans. ail—hc~\-hd/=hdg. 

4. Ecduoe lie equation 



to one involving only entire terms. 

Ans. a^bx ~ 2a^be^ii 4- 4a*b^ = 4bVx -5a^ + %aWc^ - ZaW. 

iSeco;id Transfdrmation. 

79i Tlie object of tho &£<»nd transformation ia to chawjt. 
9-ny term from, one mewier of an equation lo the other. 
Let us take the equation 

ax -i- b -j^ d —ex. 
If wo add ex to both membois, ths equality will not be do- 
»troyed (axJom 1), and wc shall i!f>TG 

aQ: + c3; + b = d-cx-\-cx; 
ur by reducing, ax -{- c^ -{- b = d. 

Again, if we subtract b from botJi members, the equality 
will not be destroyed (axiom 2), and we shall have, after 
reduction, 

ax + cx^d-b. 
Since we may perform similar operations on any other equation, 
we have, for the change or transposition of terms, the following 

RULE, 

An^ term of an equation may be transposed from one memhe? 
to the other by changing its sign. 

80i We will now appi/ the preceding principles to jhe sola 
tion of equations of the first degi'eo, 

"For this purpose let na assume the equation 

«+S . , a+d 
x—-d=bx — ■— ■. 

Clearing of fractions, we have, 

« (a + 5) ij: — acd = obex — c {« -|- d). 
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It', now, we pei'for];! ;he operatioiia itidiuLil";il io both, inembeifi, 
we sliall obtain tlie equatiou 

(^x + <if>^ — tct^ = abac — ea — cd. 

Transposing all the terms containing x, tn the fii-st member, 

and all the known terms to tlie second member, we sball have, 

a'x + ahx — ahcx = iicd — ac — cd. 

Factoring the fii'st member, we obtain 

(a' + ab — abc) x — ac:l — ac — cd: 
If we divide both members of ihia equation by the co- 
efficient of X, we shall have 



a* + 06 — ttbc 

Any other equation of the first degree may be sclved in a 
Bimilav manner : 

Hence, in order to solve any equation of the first degi'ee, 
wo liave the following 

RULE. 

L Clear the equation of fractions, and perform in both menilm-s 
tflt the algebraic operations indicated. 

II, Transpose all the terms containing the unkiiovm quantity to 
Vie first member, and all Ute known terms to the second member, 
and reduce both members to their simplest form. 

IIL Resolve ilie first member into two factors, one of wkick shall 
be the wnknovm. quantity ; ike other one -will be the algebraic sura 
if its several co-ejjicients. 

IV. Ditdde both members by the co-efficient of the vnhnovm. quati' 
tity ; the second member of the resullinff equation wilt be the rf' 
quired value of t/ie unknown quantity. 

1. Take the numeiical example 



Clearing of fractions 

10.r — 3 
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79 



IraEspoaiiig and lediiciiig 

30^ = S33 ; 
.^Whence, by dividing both meinbei-s of the equation by 30, 

If we substitute this value of x, fof x^ ia the given equation, 
il will verify it, that is, make the two luembers equal to eacJi 
other. 

Fiiid the value of 3^ in each of tlie folio img 



1. 3^-2 -I- 24 = 31. 

2. .-s -1-18 = 3a — 5. 

■J. G - 2« + 10 = 20 — 3r- 



a + - 



1 



1 



x = 11. 



Ans, X ^ 111. 






1. ■ 



- + --- = 20 - 



-oogle 



ELEMENTS OF ALGEBEA. 



« — 6 a + S & 

_ a* + 3a 3 ji + iaW -~ GaP + 2 t* 

Ptoblffnis yiving rine to liquations of the First Degree, involv 
mg but t-T^ Unhiown Quantity. 

81. The stiliition of a problem, Ijy means of algebra, consists 
of two distjuct parts — 

1st. 'ilie statorneiit of the problem ; and 

2d, The soliitiDO of the equation. 

We have already explained the methods of solving the equa- 
tion ; and it only loruains to point out the best manner of making 
the statement. 

The statement of' a problem is the operation of expressing, 
algebraically, the relations between tbo known and unknown 
quantities wliieh enter it. 

This part ciiiniiit, like the second, be subjected to any well- 
defined rule. SuLiK'times the enunciatiua of the problem furnishes 
the ecjuation imniediiitely ; and sometimes it is necessary to dia- 
"over, from the enunciation, new conditions from which aa equa 
liuii niiiy lie formed. 
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eUAi: IV. EQUATIONS OF THE FIKST DKGKEE, 81 

Tho conditions enunciated are called explicit conditions, ntul 
tkose which af'o deduced from them, implicit conditions. 

In almost all cases, however, we arc enabled to discover tie 
equation bv- applying the following 

RULK 

DetwUi the tinimown quanlity by one of the final letters of t!i£ 
u/pkalict, aad then hidicatc, hy means of algebraic signs, the same 
•operations on the knoxon and unknown quantities, as would he 
I'.ecessarij lo verify the value of the tmlmown quanlity, were such 



1. Find a mimhcr such, that the sum of one half, oiiy third 

aid one fourth of it, augmented by 45, shall be ei^uiil to 448 

Let the required number be denoted by x. 

Thea, one half of it will be denoted by — . 

one third of it bv — 

i a' 

one foiiith of it bv — 

■^ 4 

and by Hie conditions, "YT "i" ^ H + 45 :^ 448. 



Tr.insposI 


"g- - ^ + 


3 


+ 


— = 448 - 45 = 403 ; 


■■learing of fraotiona, - - 






& + 4s + 3:.=4836; 


! -educing, - 








13a; = 4830; 


hence, - - 








3^ = 372. 


i,et Its se 


-.a if this valui 




rill 


verify the equation. We have, 


?. 


^4^. 


45 


= ■ 


186+ 124 + 93+45 1=448. 
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2. What number is tliat whose third part exceeds ita fourlli 
by 16? 

Let ths required aumbcr be denoted by x. 

Then, -^ x will denote tlie tliird part ; 

and ^iK will denote tho fourth part. 

Ity the coiiiiitioiis of the problem, 

dealing of fractions, - ix — Sx - 192; 
reducingj x ^^ 193. 

Fcnficaiion. 



or, - - - IC - 16. 

3. Out of a cask of wine which had leaked away a third parl^ 
SI gallons %s'ere afterward drawn, and the cask was then half 
full : how much did it hold 1 

Suppose the cask to have held x gallouH. 

Tlien, - - - ■ -^ ^viil denote what leaked away ; 

and .... —-\-21 will denote what leaked out and 

also what was drawn out. 

By the conditions of the problem, 

Clearing effractions, - 2x -i- 126 = 3a; ; 
reducing - « ^ - 126 i 



dividing by — 1 


a = 126. 




Verijlcaiion. 




3 + 2 ' 


Ot, ' • ' 


63 = 63. 
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CHAP. IV.l EQUATIONS OF THE YIRSV DEGREE. 83 

4. A fish was caught whose biH weighed Qll>. ; his htad wcigked 
OS much as his tail aud half his body ; his body weighed as much 
us his head and tail together : what was the weight of the fisJi 't 

Let - - 2x denote the weight of the body ; 

then - .. 9 h a will denote weight of the head ; 
*nd since the body weighed as much as both head and tail, 
aE = a+ Q-\-x 

or, 2a; — a; = 18 ; whence, a: ~ 18, 

Verification. 

2x18 -18 ^18; or, 18^18. 

Hence, the body weighed dGlbs ; 

the head weighod - - - - 27ifis ; 

the tail weighed ^Ihs ; 

and the whole fish 72lbs. 

5. A person engaged a workman f-ir 48 days. For each day 
tbat he labored he received 24 cents, and for each day that ha 
was idle, he paid 12 cents for bis boarJ. At the eud of the 48 
days the account was settled, when the laborer received 504 
cents, Sequired the nwnMr of working days, and the number of 
days he was idle. 

If these two numbers were known, by multiplying them re- 
spectively by 34 and 12, then subtracting the last product from 
the first, the result would be 504. Let us indicate thes€ 
operations by means of algebraic signs, 

Let - - X denote the number of working days ; 

then 48 — if will denote the number of idle days ; 

24 X a: =^ the amount earned, and 
12 (48 — x)= the amount paid for his board. 
Tlicn, from the conditions, 

^x - 12 (48 - «) = 504 
or, 24j; — 576-^ I2a:= 504. 

]''.educing 36x = 504 -{- 576 = 1080 

whence, a: =: 30 the working tiaya, 
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64 ELEMENTS OP ALGEBRA. [CHAF. IV. 

Yerijication, 

Thirty days' labor, at 34 cents a day 
amouTits to ' 30 X 24 = 720 ets ; 

and 18 days' board, at 13 cents a day, 
ttjaounts to 18 X 13 = 21G cts ; 

and the amount received, is their difference, 504 cts. 

The preceding ia but a particular case of a general problem 
which may be enunciated as follows. 

A. person engaged a workman for n days. For each day 
that he labored, he was to receive a cents, and for each day 
(hat he was idle, he was to pay b cents for his board. Ai 
the end of the time agreed upon, he received c cents. Re- 
ijuLred the number of worldiig days, and the numbei' of idlp 

Let . • X denot* the number of working days ; then, 
n ~ X will denote the number of idle days ; 

ax will denote tSio number of cents he received; and 
b (n — x) will denote the number he paid out. 
Prom the conditions of the problem, 

Performing the indicated operations, transposing and factoring, 
we find, 

whence, x =. "—t^t-, tlie number of working days; and 
u — X = 7", the number of idle days. 

iC we make m = 48, a = 2i, £ = 12 and e = 504, we obtain, 

304 + .576 
ar-~.X = 30; and 48-:k = 18; as before found. 

y. A fox, pursued by a greyhound, has a start of 60 leaps. 
He. makes 9 leaps while the greyhound makes but 6 ; but 3 
leaps of the greyhound are equivalent to 7 of the fox. How 
iiiauy leaps must the greyhound make 'o overtake the foj ' 
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CHAP. IV,] EQUATIONS OF THE FIRST DEGBBB. 85 

Let Uj titke tne nt the fu\ It^ips la the unit cf di-.t'uifi,, 

then, 3 leaps of the greyhound being e(lu^l to T Vips of the 

7 
fox, one of the greyhouad leaps will be er[uil to — 

Let X denote the numhei of leaps the greyhound must j ilie 
before o-vertiking the fot 

■Rien, since the fox mikes leaps wliile the hiund iml cs 
9 ^ 

ivill denote tlie nura"ber of leaps the fox makes in the same time. 
7 
-^x will denote the whole distance passed over by the houndj 

— x will denote the whole distance passed over by the fox. 
Then, fiom the conditions of the problem, 

Qearing of fractions, lAs: = 360 4- S*, 

transposing and reducing, 5^^ ~ 300, 
whence, a; = 72 ; 

and ~x=z— X 72 = 108, the iiu.v.'ior of fox leaps, 

Verification. 

7X72 .„ , 3 X 72 

or, - - . - 168 - 168. 

7. A o.m do a piece of woik alone in 10 days, and I? in 13 
(Jays: m ishat tinie can they do it if Ihey voi'k tog"tl>ui:? 

Denote the number of dj\s bv >; and tbe vvork to '■ '"ue 
ly 1. Then, in 

1 day A can do --- of the work ; and In 

1 day !5 can do — of the work ; hennu, ii- 

X days A can do — of the work ; and if 

X days B can do — of the work : 
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clearing ol' friiotioiis, ISx + lO.r — J80 : 

litsncc, ^^5^^, the nudilier of dnys. 

8. Divide $1000 beUveon A, B and C, so that A shall hai-e 
$72 more than IS, and G SlOO more than A. 

Aks. A's siii-iiM = $334, B's - $352, C's =^ ^24. 

0. A iiiid B play togethei' at cards. A sits down with J84 
and B with $48. Each loses and wins in tuni, when it ap. 
pears that A has five times as much as B. How much did A 
win^ Ans. 1S2G. 

10. A person dying, leaves half of his property to his wile, 
one sixth to eaeli of two daughters, one twelfth to a servant, 
and the remaining ^000 to the poor : what was the amount 
of hia property ? Aiu. ^7200. 

11. A father leaves his property, amounting to $2520, to four 
sons, A, B, C and D. C is to have $3C0, B as much as C 
and T) together, and A twice as much as B less $1000 : how 
much do A, B and D receive? 

Ans. A 1760, B SiSSO, D $530. 

12. An estate of $7500 is to be divided between a widow, two, 
sons, and three daughters, sc thai each son shall receive twice as 
much as each daughter, and the widow herself $500 more than 
all the children- what was Jicr sliare, and what the share of 
"ach child 1 I Widow's share, $4000. 

Ans. ) Each son, $1000. 

I Eacli daughter, $500. 

13. A company of If^O persons consists of men, women and 
.■hilclren. The men are 8 more in numher than the women, and 
.he children 20 more than the men and women together; how 
many of each soit hi the company 1 

Am. 44 men, 3G women, 100 children. 
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14. A father divides $2000 among fivo sons, so that each elder 
should receive |40 more than his next younger brother ; what is 
the share of the youngest? Ans. $320. 

15. A purse of |2850 is to he divided among tlii-ee ptTsoiis, 
A, B and C; A's share is (o be ^j of B's share, and C is to 
tiave $300 more than A, and B together: wliat is each one's 
share 1 Am. A's $450, B'a |825, C's $1575. 

16. Two pedesti-ians start from the same point ; the first steps 
twice as far as the second, but the second raaltes 5 steps while 
Ihe first maltes but one. At the end of a certain time they are 
500 feet apart. Now, allowing each of the longer paces to Le ii 
feet, how far wUI ea«h have traveled 1 

Ans. 1st, 200 feet; 2d, 500. 

17. Two carpenters, 24 journeymen, and 8 apprentices, re- 
ceived at the end of a certain time $144. The carpenters 
received $1 per day, each journeyman half a dollar, and each 
upprentiee 25 cents ; how many days were they employed 1 

Ans. 9 days, 

18. A capitalist receives a yearly income of $2940 ; four fifthfj 
of his money bears an interest of 4 per cent., and the remainder 
of five per cent : how much has he at interests 

Ans. $70000. 

19. A cistern containing 60 gallons of water has three unequtil 
liocks for discliarging it; the largest will empty it in one hour, 
Ihe second in two honra, and tiie third in three: in what time 
wiU the cistern be emptied if they all run together 1 

Ans. SSjj- mill. 

20. In a certain oreliard ^ are apple-ti'ees, J peaoh-ti'oes, 
I plura-treas, 120 cherry-trees, and 80 pear-trees : how many 
trees in the orchard? Ans. 2400. 

21. A farmer being asked how many sheep he had, answered 
that he had them in five fields ^ ia the 1st iie had \, in the 
2d I, in the 3d j. In the 4th -^j tnd in the 5th 450 : how 
n^any had he? Ans. 120C». 
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88 ELEMENTS OF ALGEBRA. [CHAP. IV. 

22. My horse and saddle tojether are worth ^132, anil the 
liorse is worth ten times as ar.uch as tho saddle ; what is the 
value of the horsol Ans. §120. 

33. The rent of an estate is thl.s year 8 per cent, greater than 
it was last. This year it is §1890: what was it last year'! 

Ans. $1750. 

24. ^^ h t nun b tkvt from wliieh, if i5 be subtracted, | of 
llie lenand 11 fa 40 ^ Ajis. G5. 

25. Apt n the raud, -J- in the water, and ten. feet above 
tlie wat It t! c whole length of tho post 1. 

Ans. 24 feet. 

26. After paying -J- and } of my money, I had 66 guinea.-. left 
ill my purse ; how many guineas were in it at lirbt ? 

A„s. IW. 
27.. A person was desirous of giving 3 pence apiece to &ome 
beggars, but found he had not money enough in hb pocket by 8 
pence ; he therefore gave them each two pence and had 3 jicnce 
remaining: rei^iiired the number of beggars. Ans. II. 

28, A person in play lost \ of his money, and then won 3 
shillings ; after which he lost ^ of what he then had ; and this 
done, found that he had but 12 shillings remaining; what had 
he at first ? Ans. 30s. 

29. Two persons, A and B, lay out ei^ual sums of money in 
trade; A gains $126, and B loses $87, and A's money is now 
double B's : what did each lay out ? Ans. $300. 

30 A ptihon ESoes to a tavern with "v oertaiti sum of moni,y 
in his pheket, where he spends 2 shillrngs, he then borrows 
us much money t- he had left, auJ going to anothei tj( tn, 
he theio spends 2 shillmgs also, then boiiowng igini i^ 
much mjney is was left, he went tt a third tavern, whL.re, 
likewise, he spent Z shillmga and boiiowui is much is he 
fiad left and again spending 3 shillmg-i at i touith f i^crii, 
he thi-i had jcthing reina,imii£; What had he at fir^t i 

Ans, Bs, Sii. 
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31. A farmer bougtt a basket of eggs, aud oiFered tliem at 7 
cents a dozen. But before he sold any, 5 dozen were broken 
by a careless boy, for wbich he was paid. He then sold ilie re- 
mainder at 8 cents a dozen, and received as much as he wiiuld 
have got for the whole at the iirst price. How many eggs had 
Ufl in hb basket ■! ■ ^Jiis. 4^ 'hzen. 

JiJquations of the First Degree iiivolvivg more tlian one 

Unknown Quaniitij. 
S3. If we lirii'e aii equation between two unlmown quantities, 
we may find an expression for one of them in terms of the 
other and known quantities ; but the value of this unknown 
quantity could only be determined by assuming a value for 
the secoiid. Thus, from the equation, 
:e + 22- ^ 4, 
we may deduce 

3^-4 —21/, 
but cannot find a value for cr without assiiming one for v. 

If, however, we have another equation betweer, the two un 
known quantities, the values of these quantities being the same 
in both, we may find, as before, an expression for x in terms 
of y, and thia expression placed equal to the one already 
found, will give an equation containing but one unjmown quan- 
tity. Let us take 

ar + 3y ^ 5, 
from which we find 

x= 5 — 3i/. 
If we place this expression equal to that before found, we 
deduce the equation 

4 - 2y = 5 -- 3y, 
from the solution of wliieh we find, y ^= 1. 

This value of y, substituted in cither of the given equaliotjs, 
gives X =:^ : hence, 

x — fl and y = I satisfy both equations. 

We see that in order to find detenninate values for two 

unknown quantitiea, we must have two independent equations 

Simultaneous equations are those tn which the values of tbfi 

"ultnown qLumtities are the same in Ihcm all at tie same lime 
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In the, same manner it mtj bt, &liown Uiit tc dcteimine ihe 
values ot tluee unknown quantities we mu t hi\o tliiee equa- 
tions , tnd gcneially to dctumiue the values ii n unknown 
quantifies w;. must hue n ^.^uatuns 

LliminaUon 

6^1 ShmtniiUon. is ihe operation (f comhmifig seieral eqttationM 
involving several uiiknowit, quant t e , and deducmy theref>om a lets 
ntimbm o/ ejualums tnvoJviiig a /eas number of unkaown quanliUes. 

Theie lie thiee prmoipal mothoJa of eliminaticn 

1st By addition or subtnction 

2d By substituticn 

31 By comparison 

We shiU explaui these mcthcils sepantely 

Lh lunatxm hj iddUion oi Subtraction 

84. Let US talte tlie two equations 
4a — 5y 3i 5, 
3z + 2y = 21. 
If we multiply both members of the first equation by 3, 
the co-efficient of y in the second, and both members of the 
second equation by 5, the co-effioient of y in the first, wo obtain, 
Sa^-lOy^ 10, 
15^ + lOy ^ 105 ; 
in which the co-eflicients of y are numerically the same in botii. 
If, now, we add tbese equations member to member, we find 

233: = 115. 
In this case y has been eliminated 6y addition, 
Again, let us take the equations 

ar + 3y = 12, 

If we multiply both members of the first equation by 3, 
the co-cffieient of te in the second, and multiply both mem- 
bers of the second equation by 2, the co-cfficicnt of x in t.hs 
first, we shall have, 

6a -t- 9y ~ 3S, 
Qx + 8!/ = 34 ; 
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m which the co-iifficients of x are the same in hotii. if, now, 
wc suTitfiLPt the second equation from the first, memlier from 

J =3. 

Heif, X has been eliminated by subtraction, 

III a aiinilar manner we may eliminate one unknown quantity 
ii.-twcen any two equations of the first degree containing any 
uuinbcr of unknown quantities. The rule for oliitiinatiun by 
adJitioii and subtraction may be simplified by using the leasl 
cummon multiple. Hence, for elimination by addition or sub' 
tract iun, "tve have the following 



I p k t q I n ] r that the eo-e^dents 

f tl g t tj I I t ] II he numerkally equal 

hi! th n f tl tw fftc t I ntrary signs, add tlu 

j emb t n nb f tl j ha Ike same sign, sub- 

t 1 ^ fi S "^ " ulting equation mil 



El I 1/ S bit t on. 

85 L t k h q 

+ j^iB 1 11 + -69. 

find, from tlie first equation, the value of ^ in terms of y, 
ivhieh is, 

4.3 - 7y 
''" 5 ■ 
Substitute tins value for x in the second equation, and we 
shall have 

■iJl_(f:zW+9, = 69, or, 

reducing, - - - 473 - Try + 45y = 345. 

hi a similar manner we may eliminate one unknown quantity 
between two equations of the first degree containing any numhei 
of unknown quantities. 

Hence, for eliminating by substitutior, we have the following 



A>ogIe 
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Find from one egvalion the vahte of the unkno^m quanlily to 
be eliminated in terms of the olhers: suhHitnte this value in the 
other equation for the unknomn quanlily to he eliminated, and tk» 
resV'Uing equation will be tndepeinl'nt of iliat quantiti). 

Elimination by Comparismi. 



lU + 9i/ = G!). 
Finding the value of x in terms of ji, Irom both cc[uatio 



!f, now, we place these values equal to each other, we shall have, 
43 — 7 y 69 - Oy ^ 
' 5 " 11 ' 
tediiciiig, - . . 473 — 77y = 345 - 45)/. 

Here, 3: has been eliminated. Generally, if we have two 
equations of the fii-st degree containing any number of unltnown 
quantities, any one of them may be eliminated by the following 

RULE, 

I nd t e 111 !> J ilf } aU J w ti. h t) el n iite m teims 
of lie oilers from each eq at on and tl en ]Ja e il e^e lal ea 
eqial to eaih other I e lesullng equation vnll he tndejendeni 
of the quant (j ukose wlies wee found 

Tlie new equations ^^koh aiise fioii the two la^t method' 
of elimination contam fiictionil teim This incjn^en cnce is 
avoided m the fiist method The metlod hi sibi/t tton is, 
however il antageou'.lj employed whenevei the co effic ent of 
either of the unl no^n quantities m one of the equatu as 1^ equal 
to 1 b cau'^e thpn the mco v e 0(, of \ I h w t. bai " )ust 
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f-pokeii doe. uot oxur. We shall sometimes have occasion to 
employ this method, hut generally the method by addition and 
iviirmiion is preferable. When the co-efEcienta are not too 
gruat, the addition or subtraction may be perfbniied at tlie 
same time with the multiplication that is made to render tho 
EO-efficicnts of the same unknown quantity equal to eai.li other. 

Thore is also a method of eliminiition by mean? of the 
greatest common divisor, which wili be explained in its appro- 
priate plaee. 

87. Let us now consider the case of three equations involving 
three unknown quantities. 

r5x-<i!/ + 4e^ 15, 

Take the equations, }'!i)! + 4.ij — &z — 10, 
(32;+ y + e,? = 40. 

To elimjimtc z from the first two equations, multiply the first 
equation by 3 and the second by 4 ; and since the co-efficients 
of e have contrary signs, add the two results together ; this gives 
a Eew equation, .... 43a; — 2y — 121.'' 

Multiplymg both members of the second 
equation by 2, a factor of the co.efficient of 
X in the third equation, and addmg tliem, 
atember to member, we have ■ - - l&x + 9i/ = 84,, 

The question is then reduced to finding the values of x and y, 
wliich will satisfy these new equations. 

Now, if the first be multiplied by 9, tho second by 3, and 
the results ho added together, we find 

419;c = 1257, whence af = 3. 

By means of tJie two equations involving x and y, we may 

determine y as we liave determined « ; hut the value of y may 

oe determined more simply, since by substituting for x ite 

value found above, the last of the two equations becomes, 

48 + 9)/ = 84, whence y=i. 

In. the same manner, by substituting the values of x and y, 
the firet of the three proposed equations becomes, 
15 - 24 + 4« = 15, Thence 2 = 6. 
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If we have a group of rn simultanftoua eqiialloiis ctntaintng m 
(mknown quantities, it is evident, from principles already ex- 
plained, that the values of these unltiiowii qaantllics may hn 
found by the following 

ItULE. 

I. C^mLme one of the m equations udh eaik of Ike m — 1 olhcri 
iepaiatehj, ihimnatmy t/ie same unknoun qu<j.nUt'j , ikeit will tenth 
m~\ eguattons contaimng m — 1 unknown quaniiUes. 

II. ComJtne one of these with each of the m — 2 others, lepa 
rately, ehmmating a second unknown quantity, there tiill le&uU 
m — 2 equations containing m — 3 wninoum guantiUei 

in Continue fliis opemtioit of comlinateon and tlimniatton til 
we olitaiii, Jmally, one equation con'.aining one unknown quant ty 

IV Fmd the lalue of this uninj <n quantilij by the rule for 
solving equations of the Jii'^t deyne \0'ilaininff one anknuum quan- 
tity suhstitiite this lalae in ei'her if tlf two piecedmq equations 
containing two unknown quantities, and detetmme the talue of a 
second unknoum quantity s-ubitcl'ii.le thttc tiDO valuer m either of 
Ike three equations mvohmg thiee unlii-Wn quantities, and 'o on 
till wc find the values of them all 

It often hippens that aonne of the pioposed equations do lie 
contain all tlie unknown quantities lu this case, with a littlt 
addiess, the tJiniination is veiy quickly peiformed 

Take the four equations miohing tout unknown quantitiis, 

2a; - 3(/ + 22 = 13 - (1 ) 4^ -[- 2^ :^ H - (3). 

4m — 2^ = 30 - (9) &y + 3a ^ 33 - (4). 

By examining these equations, we sec that the elimination of 
z ill equations (!) and (3), will give an equation involving r 
and y ; and if we eliminate « in' the equations (2) and (4), w€ 
shall obtain a second equation, involving sc and ly. hi the first 
pliice, the eliminatiouof 2, in (1) and (3) gives 7y — tiir ^ 1 ■ (5), 
that of w, iu (2) and (4), gives - - 20y -|- fij: = 3£ - (Ij). 

From (5) and (0) we readily deduce the values of y =- I and 
1 = 3; and hy substitution in (2) and (5), we also tind ^ « 9 
«id 3 = 5. 
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1. Given at + 3y=lG, and Sx—2]/=ll to find the i-uli 
»f X and y. Ans. x = 5, y = 3. 

2a! St/ _ 9 3» 2i/ _ 61 



2. Given ^ + ^ 



20' 



- + 



Tftlui 






to fiad the 



3. Given 
uf ar and y. 

4. Given -^ — 13 = -^ + 8, and 

2 4 

to find the values of x and y. 

a!+ y+ S-. 



7;/ = 99, and y + 7i = 51 to find liie values 
Ans. m^l, y = 14. 



_-H-27 
= 00, y — 40. 



5. G!v 



x-\- 2y + 33 r^ 63 



1 



Am. a: = 8, y ^ £), s = 12. 
2a: + 4y — S« = 23 j 

ix— 2y + 5z = 18 j- lo lind x, y, and a 
6^ + 7y - 2 ^ 63 J 

Jw. a: = 3, y = 7, s = ^. 



^+-^y + v^ 



il 



2 + -—!/ + -- 2^15 V to find s, y, and i 



. Ins. 2=13, J = 20, : = 30. 
7a; - 22 + 3m = 17 -| 
43/- 22+ (- 11 I 

5jf — 3a— 2m = 8 I to find ^, i/, s, t 
4j/— 3u + " 2( = 9 and t. 

3s + 8m = 33 J 
^»M. a = 2, y = 4,. B = 3, w = 3, ( = 1. 
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).. What fraction is that, to the numerator of which, if 1 be 
»ddcd, its value will he one third, but if 1 be added to vs 
ienominator, its value will be one fourth ? 
Let a: denote the numerator, and 

y the denominator. 
From the conditions of the problem, 
x + l 1 



CHejiring of fractions, the first equation give; 

and the 3d, 4.t = y + 1, 

Whence, by eliminating !/, 



Substituting, we find, 

= 1 

a d tl e i ed f d t on 3 — 

*> To find ton mbers such Ih t their sum shall 'le equa! 
» a an! ther diffe ence e^ al to 6 
Let X de ote tic gieater n ber and 

y tl e lesser n m ber 
i n tl e cond t oi a of t! o p bl n, 
^ + y :^ a, 

Eliminating y by addition, 

3r ^ a -i- i, 



r + - 



By substitution, 
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3. A person possessed a capital of 30000 dollars, for whidi 
:ic drew a certain interest per annum ; hul he owed the suin 
of 20C00 dollars, for wMcli he paid a certain interest The 
interest that he received exceeded tiiat ■whicli he paid "by 800 
dollflj's. Another person possessed 85000 dollars, for wUicli 
he received interest at the second of the above rates; hwb he 
owed 24000 dollars, for which he paid interest at the first 
of the above rates. The interest that he received exceeded 
that which he paid by 310 dollars. Required the two rates; 
of interest. 

Let X denote the first rate, and 
y the second rate. 

Then, the Interest on $30000 at x per cent, for ona year will be 

^WT ""^ ^^™'^- 

The intcj-cst on $20000 at y per cent, for one year will be 
$SO0O0y 
100 

Iluioe, li-om the first condition of the pi-oLlem, 
300a; - SOOy ^ 800 ; 
or,- - - - . Sx— 2y= 8 - - - (1). 
In like manner from the seetmd condition of the problem we find. 

35y- 24:X= 31 - - - (2). 
Combining equations (1) and (2) we find, 

!/ = 5 and a; = 6. 
Henee, the first rate is 6 per cent, and the second rate 5'. 
[ler cent. 

Yerijwoiion. 

§30000, placed at (J per cent, gives $300 X = ^1800. 

$20000 do 5 do §200 X 5 - glOOO. 

And we have 1800 - 1000 = 800. 

The second oondition can be verified in the same manner. 
4. There are three ingots formed by mixing, together three. 
metals h\ different proportions. 



or gSOOy. 
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One pouiul '>f the first contains ^ ounces of silver, S ouneea 
of copper, and ti ounces of pewter. 

One pound of tho second contains 12 ounce of silver 3 ouneeB 
f copp d 1 un f p w 

p 1 f tt th d t 4 11 



It 



PI 



1 5 im 
^ d t f I 
vh I ti 11 CO t 
d 4 f p 

d h 

/ 1 t tl 
I t tl 
1 1 d 



Ih 



1 I 



! f t 
tl d 

1 th th d 



ounces will contain — r ounces of silver, 
16 

■ ounces will contain ^-r- ounces of silver. 



since 1 pound of tho 



v/ill contain --^ ounces of silver, 
10 

;ot ia to contain 8 • 



7^ 12y 43 _^ 



r^ + 



^16- 



8; 



or, clearing of fractions, we have, 
for the silver, 7.r + ISy + 43 ^ 128 ; 

for tke copper, 9x + 3y + 7^ = 60 ; 

and for the powter, Oj: + y H- 5s z^ 68. 
Whence, finding tlie values of x, y and g, 
x = 8, the number of 






2 = 3 " 

5. What two 1 
(Sifierenoa a 7 ? 



taken from the first. 
" " " " second. 

" " " " third, 

liey, whose sum ia S3 and who* 
An$. to and IS. 
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1 Lo d and 

York, whose dbtanoe apart is 150 miles; they travel toward 
each other; one of them goes 8 miles a day, and the other 
7; in what time will they meet? Ans. In 10 days. 

10. At a certain election, 375 persons voted for two candi 
dates, aiid tho candidate chosen had a majority of 91 ; how 
many voted for each I 

Am. 233 for one, and 142 for tho otiier. 

11. A's age m double B's, and B's is triple C's, and the sum 
!>f all their ages is 140 ; what is the age of each ? 

Am. A's = 84, B's — 42, and C's = 14. 

13. A person bouglit a chaise, horse, and harness, for £00 ; 
the horse came to twice the price of the harness, and the chaise 
to twice the price of the horse and harness ; what did he give 
for each ? ( £IS 6s. 8d. for the horse. 

Ans. J £ 6 13s. id. for the harness. 
( £40 for the chaise. 

13. A person has two horses, and a saddle worth £50 ; now, 
If the saddle be put on the back of the first horse, it will make 
hia value double that of the second ; bnt if it bo put en the back 
of the second, it will make his value triple that of the first 
what is the value of each hovso ? 

Ans. One £S0. and the other £40. 
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14. Two fjoTsi as, A and B, have each the sanio income. A 
aavua J of his yearly ; but B, by speading £50 per annum more 
than A, at iha end of 4 years finds himself £100 in debt; wlial 
ia the income of each'! Ans, £125. 

15. To divide the number 36 into three such parts, that ^ of 
iLe first, J- of the second, and f of the third, may be all equal 
to eaci other. Ans. 8, 12, and 16, 

16. A footman agreed to serve his master for £8 a year mid 
d livery, but was turned away at the cud of 7 months, and re 
seived only £2 13s. id. and his livery; what was its value"? 

Ans. £4 16s. 

17. To divide the number 90 into four such parts, that if the 
first be increased by 2, tho second diminished by 3, the third 
m.ultiplied by 2, and the fourth divided by 2, the sum, difference, 
product, and quotient, so obtained, will be all ecjvial to cacb other. 

Ans. The parts are 18, 22, 10, and 40. 

18. The hour and minute hands of a clock arc exactly together 
at 12 o'clock ; when are they next together ? 

Ann. 1 h, 5j\ mill. 

19. A man and his wife usually di'ank out a cask of beer iii 
12 days ; but when the man was from honae, it lasted the woman 
30 days; how many days would the man be in drinking it 
alone? Ans. 20 diiys. 

20. If A and B together can perform a piece of work in 8 
days, A and C together in 9 days, and B and C m 10 days; 
how many days would it fake each person to perform the same 
work alone? Ans. A Hf-^ days, B 17||, and C 235'j-. 

31. A laborer can do a certain work expressed by o, in a time 
espresssd by 6; a second laborer, the work c in a time d; a 
tliird, Ihe work e in a time / Required the time it would take 
t!ie three lo'iorers, workirg together, to perform the work g. 

b&fg 
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22. If S2 poimds of sea water contain 1 pound of aalt, how 
miicli fresh water must h& added to these 33 pounds, in order 
that the quantity of salt contained in 32 pounds of the new mix- 
ture shall be reduced to 2 oimees, or | of a pound'? 

Ans. 224 lbs. 

23. A Eiiniber is expressed by '.ni-ee figures ; tlie sum of theso 
figures is 11; the figure ia the place of units is double that In 
the place of hundreds; and when 297 is added to this number, 
tlie sum. obtained ia expressed by the figures of tliis number re- 
versed. What is the number 1 ' Aiis. 326. 

2'i. A person who possessed 100000 dollars, placed the greater 
part of it out at 5 per cent, intei-est, and the other part at 4 per 
cent. ITis interest which ho received for tbe whole amounted 
to 4040 dollars. Bequirod the two parts. 

„ Ans. $64000 and ^36000. 

25. A person possessed a certain capital, which he placed out 
at a certain interest. Another person possessed 10000 dollars 
more than the first, and putting out his capital 1 per cent, more 
advantageously, had an income greater by 800 dollars. A third, 
possessed 15000 dollars more than the first, and putting out his 
capital 2 per cent, more advantageously, liad an income gi-eater 
by 1500 dollars. Required the capitals, and the three rates of 
interest. 

Sums at interest, 8S30COO, $40000, 845000. 

Rates of interest, 4 5 per cent, 

2fl. A cistern may bo filled by three pipes. A, B, C By 
the two first it can bo filled in 70 mimitcs ; by the first and 
third it can be filled in 84 minutes ; and by the second and 
third in 140 minutes. What time will each pipe take to do 
it in? What time will be require!, if the three pipes run 
together 1 

/Am 105 minutes. 
Alls. } B in 2i0 minutes. 
( C "n 420 minutes. 
All ^-iJl fill it in one hour. 
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\. ]-a i) I e ch coEtanmg a t j 6U i ej 

h $ be tal en out ol the tir t and put to tl e secu d I 
will c t-i 1 fou timea as 1 as rema i tho f rst It ^("O 

be 1. 1 en i on tl e seuind aal i ut Lo tl e t! d t! en tl s ^ I 
CO la Ij tiTies as nuch is le renans n the s cr> d Aga 
f i40 be taken from the tiu 1 a d p t into the (irst th 
he 1 rl vll cent, n 2| t a es is cl w tl ! I WHt 
e le tn 1 i ,11 

1 s ] d ifr^^O 
(3d ■'-o 

23. A banker has two kinds of money ; it takes a pieces of 
the fii'St to make a crown, and h of the second to make the 
same sum. Some one offers him a crown for s pieces. How 
m^ay of each kind must the banker give him ? 

Ans. 1st kind, ° ^°~P J Sd l"nd, ^-^^^-■ 

29. Find what each of three persons, A, B, C, is worth, 
knowing, 1st, that what A is worth added to I times what B 
and C are worth, is equal to p ; 2d, that what B is worth 
added to m times what A and C are worth, is equal to </ ; 
3d, tliat what C is worth added to n times what A and B are 
worth, is equal to r. 

If we denote by s what A, B, and C, are worth, we iiitro- 
dnco an auxiliary quantity, and resolve tlie question In a vcrj 

30. Find the values of the estates of six persons. A, B, C, D, 
E, F, from the following conditions : 1st. The sura of the estates 
of A and B is equal to a ; tbiit of C and D is equal to !• ; and 
that of E and F is equal to c. 2d. The estate of A is worth m 
limeg tliat of C ; the estate of D is worth n times that of E, and 
the estate of F is worth p times that of B. 

Tliis problem may be solved by means of a single equation, 
involving but one iniknown quantity. 
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Of Indeterminate Equations and Indeterminate Problems. 

88. Aa equation is said to be indetermiwi/e when it may lie 
satisfied for an infinite number of sets of values of tlie unknoivu 
quantities which enter it. 

Eoery single equation containing two unknown guantiiies is itulu' 
ttrminnte. 

For example, let us take the equation 
5.« — 3y ^ 12, 

' . 12 + 3y 
whence, - - x = — ■ . 

Now, by malting successively, 

y=\, 2, 3, 4, 5, 0, &c., 

IS 21 24 27 ,. , 

and any two corresponding values of x, y, being substituted in 
the ^it n equation, 

5j! — 3w = \1 
Will satisty it hence, theie are an vafimte number of lalues fur 
X and y which will satisfy the equation, ind consequently it vs 
\whterm.\naU , that la, it admits of an mfinite number of solutions 

It in equation contams more than two unknown qu'mtities, wc 
may hnd an expression foi one of them in terms of the other 

If, then, we assume values it pleisuic for these otheii, we 
(MU find fiom this equation the corre^pondmg values of the first, 
and the tssumed and deduced values, lJ"ken together, will satisfy 
the gi\en equition Hence, 

Every equation tniuhin more tnai one uiKnoiii piu itilv i 
tndetermtnate 

In general, if we have n cquitions in^ohitig mrrc thin ii 
unknown quantities, these equations are indelenninate , lor i>e 
may, by combination and elimma'jon, reduce them to •\ singk 
equation (nntammg mote tjan one unluiown quantity, iilieh we 
lia\e already seen la ludctcrminate 

If on the Lonti iij \ie have a sjieitii number of equxtiou- 
thin we h-i\o unknjwn quanUties, th v cannot nil be sati'-ii' ' 
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unless same rf them are dependent ti| m the others If we 
M>inbiiie them, we may elmimite ill the i.nl(novm C[\iantitii,s, and 
the resultmg equations, wlucn will then contain only known 
ijuantities, will be so many iguations of condiHon, isloch mast be 
ittisficd m order thit tht, gi\i,n equations n i> Init ul solution, 
Tor e-xiunple, if we have 

x + y^a, 

xy —d\ 
we may combine the first two, and find, 

'=1 + 1 «.a !/ = |-|-; 

and by substituting thtise in tlie third, wfc s-baji find 



winch expresses the relatioa between a, e and d, that must exist, 
iti order that the three equations may be simultaneous, 

88*. A Problem is indeterminate when it admits of an infinite 
iiamber of solution'! This will alwaja be the case wbjn its 
eiiundation im olves more unknown quantities thin the?e are 
jjiven conditions , since, in thit oaie, the stitement of the problem 
will give rise to a les5 number of equifions than thei'e are 
unknown quant fips 

1st. Let it be requii'cd to find two numbers sucli that 5 
times the first diminished by 3 times the second s^all be 
equal to ] 2. 

If we denote the numbers by x and y, the conditionj cf th® 
problem will give the equation 

5j! - 3y = 13 
which we hiYc "een is indi, terminate : — Hence, the ^..ohlein 
admits ot an iiJiiute numbu- of solutions, or is indete'frflate. 

2 Find a quantity such that if it be multiplied by a aiicl 
the product increased by 6 the lesult will te equal to c tJmH« 
the quintity incitascii by d 
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Let X denote the reijuired quantit/. Tlien from the GOndiJipn, 
ax-\-b=cx + d, 

■whence, - - - a: = — . 

If now wo make the auppositions that d = h and a =- c, the 

value of X becomes -, which is a symbol of indotera^ (nation. 

If we make these substitutions in tlio first ecLuatio*^, it be 
comes 

ox + b^ax + b, 
an identical equation (Art. 75), wMeh must be satisfied for all 
Yalues of X. These suppositions also render the conditions of 
the problem, so dependent upon each olher, that any quantity 
whatever will fiilfd them all. 

Hence, the result ^ indicates that the jToblem admit ■ of an 
infinite number of soliitioni. 

3. Pinil two quantities such Ih.tt a times the first im reased 
by b times the second shall be equal to r, and tliat d time^ 
the first increased by / times the second shall be equal to g. 

If we denote the quantities by x and y, we bhall have ft'om 
the cunrlition^ of the problem, 



ur + iy = <■, - 

cd ~aq 
whence - y ~ -^ -, and ; 


- - (1) 
. . - (2) 

~ hd- af 


If now we make 

cd = Off, {3} and 
we shall find by multiplylHg tlieso 
by member, 


af=hd, (4) 
equations tog< 


These suppositions, reduce the values of both e i 


PiOTO (3) we find, 




dz=^, and frora (4) 


,f=Ax.= 
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whioli u'ostif jteiJ in equation (3), rcduee it t 



h <i ti whi h li 

m Th pp d d 

p h dpiJ hh pd 



G n a y h 



n A 71 a 

ate mg p b ' 
dp d h 



ua n 



dtpbman batep das 

p d fi n mb of 



Interp-etaiion cf Negative Results. 

89. From the' nature of tlio siyns + and — , it is clear that 
'.ho operations which they indicalo are diametrically opposite to 
each other, and it is reasonable to infer that if a positive re- 
sult, that is, one affected by the sign +, is to he interpreted 
=n a certain sense, that a negative lesult, or one affected by 
.he sign — , should be inter pri- ted in exactly the contrary 

To show that this uifcrsnce is correct, wo sl.'.all ctl^euss ona 
or two problems giving rise to both positive and negative 

!. To find a mimber, which added to t5ie ninnbe? 6, will 
give a sma equal to the number a. 

Let X denote the required mimber. Then from tho unidiliona 
a + S = a, vhcBce, x = a-b. 
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Tiiis formvla w"ll give the algebraic value of x in al! the 
jiarticular cases of the problem. 

For example, let a — 4? and b^2&; 
then, E = 47 - 29 =: 18. 

Ag^, let a = M aad 6 = 31 ; 

then, «: ^ 34 — 31 = — 7. 

Tliis last value of a;, is called a negative solution. How ia it 
to be interpreted % 

If we consider it as a purrlj arithmetical result, (hat is, aa 
arising from a aeries of operations in which all the q^nantilies 
are regarded as positive, and in which the terms add and sub- 
tract imply, respectively, augmentatioa and diminution, the prob- 
lem will obviously be impO'!''iUe for the last values attributed 
to a and 6; for, the number h vi alitady greater tlian 24. 

Considered, however, algebraically, it lo not so, for we have 
found the value of a: to be — 7, and this number added, m tlie 
algebraic sense, to 31, gives 24 for the algebraic sum, "ind there- 
fore satisfies both the equation and cnunciition 

3, A father has lived a number of jears expre^td by o, his 
son a number of years expressed by b Fmd in how many jeara 
the age of the son will be one lourtli the age of the father. 

Let K denote the required number of years. 

Then, a + a; will denote the age of the father i at the end of the 

and b + S: will denote the ago of the son j required time. 

Hence, from the conditions, 

a+x_ „"— i^ 

54 „ 3(5 19 
Suppose a — 54, and b = Q; then x ~ ^ — = -^ -= fl, 

llie father being 54 years old, and the son 9, in 6 yeara '.lie 
ffuber will be 60 years old, and his son 15; now 15 13 the 
6 urth of 60 ; hence, x = & satisfies the enunciation. 

Let us now Buppooj a = 45, and h = \^>; 
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substitute this value of x in the i 



r 10 = 10 

llei e — 'i -iiilstitutei I r ,r %ci hi.'^ the eju t i and there- 
fore lo 1 truL answer 

N w the positue le^ult whi h wis ubUineJ h «« that tho 
age of the fathei 'wiU be fjui times that of the son at tie 
expuafion of 6 years from thfi tune when tliLir a^jes ireri. 
eoaaidered, while the negative result indicates that the age of 
the fither was (our times that of hio srn 5 itars prcwom to 
the tme when thui ages were compel f,d 

The question takt,n m its general oi alj,eLiac sense demands 
the Ume, vi hen the age of tl e t ithci is iuur times that oi the 
son In tatmg it 'wi, supposed thit tlie time ww yut to 
cone, anl o it was by tht. first supposition But the con 
ditions imposed by the second su]iposition required that the 
tune should ha■^e alieody pa jed and the algebiaio leault con 
formed to this condition ly appealing with a negative sigii 

Htd we wished the result undei tlio second suppoation to 
have a fos t ve sign we mi^ht have alteied the enunciation 
by dcminli^ how mai y yean airee the a le of the filke> was 
four times that o/ the son. 

If X denote the number of years, we shall ha m from the 
conditions, 

lr_l = j_^.' hence x =^^^^ 
4 ■ ' 3 ' 

If a = 45 and i = 15, x will be equal to 5. 

From a careful consideration of the preceding discussion, we 
may deduce the following principles with regard to nefjatjve 
resulls. 

1st. JEvery negalive value found for i!ie unkwawn qwfmdiy fiv* 
an equaHo;t of the Jirst degree, ivill, when taken with 'U propei 
sign, satisfy the equation from which it was derived. 
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Zl Tl s ne/alue lalue biken wilh ih pioptf sigi , v II aho 
sa'f^ the condihons of /he problem, tmlen^tood tn its algthiaie 

&i Jf a positne reiuU is mlerpreiei m a certain, serine a neja 
U\e result must be interpreted m a directly contrail/ sense 

4th The negaine remit, with its stgn changed, may le xe/vdel 
as the answer to a prohkm of whioh the enunciation only dijeis 
from the one jyriposed in this that certain quantities uhich were 
additive haie become aubli a':lii-e, and the reverse 

90. As a further illustrafaoa of the extent and power if tlie 
algel 1 ^ic laiigiiago, let ua resume the general pruUem oi the 
laLorci, al^e^dy coasidert,d 

Under the supposition that tlie laborer receives a sum e, we. 
hiYe the eijuatniis 

x+ y^n) , bn + c an - c 

ax — by = c ) a + a+6 

If, at the end of the time, the laborer, instead of receiving 

a sum c, owed for his board a sum equal to c, then, by would 

l)e greater than ax, and under this supposition, we should have 

the equations, 

x-\-y=.n, and ax—by=~c. 
Havi, since the last two equations differ from the preceding 
two given equations only in the sign of c, if we change the 
fiign of c, in the values of x and y, found from these equa.tIons, 
the results will be the values of x and y, in the last equa- 
tions : this gives 

bn — c (Ml + c 

The results, for both enuniiiations, may be coniprehe.iidod in 
the same formulas, by writing 

The double sign ±, is read plus or minus, and ip, ia read, 
minus or plus. The tipper signs correspond to the case ia 
which the laborer received, and the lower signs to the case iu 
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which ho owed a >-:^:-a c. Theiiu t'ormulas also comprehend the 
ease in which, in a settlement between the laborer and hi^ 
employer, their accounts balance. This supposes c~0, which 
gives 

Discussion of Problems. 
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Let a denote the distance AB, between the oonriei's at 12 
o'clock, and suppose that distances measured to the right, from 
K. are regHrdod hs povltive quantities. 
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Let i denote the numbor of hours iK »n 12 o'clusjk i'> tlie 
time when they are together. 

Let s denote the distance traveled hj the forwai'd courier 
'w t hours ; 

Tlien, a + x will denote the dirtance trftyel-id by the other 
m the same time. 

Now, since the rate per hour, multiplied by the number of 
hours, gives the distance passed over by each, we have, 
lXm = a + .x - - - - (1) 
txn=x (2). 

Subtracting the second equation from the first, member from 
member, we have, 

We will now discuss the value of .' ; u, m aJid n, bciiig 
arbitrary quantities, 

i'trst, let us sxippc'^i' m i 

The denommator m the viluc of t i4 then positivt and sjnt« 
« is a positne quantity the value of t h il&o pisitue 

Xhii result v inter] leted ai mhcatm^ that the time wh n 
I'ley •we togethei is (fter 12 oclj'.k 

The c luditions of the problem confirm this mterpretation 

For if iM > n the cornier fiom A will travel fester than the 
courier from B and will therefore be i,mtmualiy gainmg on 
him tlie intervil which separates them will dimmish more and 
iDort until It becomes "^ ind then the "ouncrs will be found 
up'in the sime point ol iia Ime, 

In this case the tiiue i which elapses mu t be added to 13 
f'clock to obtain the timi, when tl cv aio tf„ethtr 

StCOid bippiSC TO < « 

The denommator, m— \ 11 then b- i g tie ind the value 
cf ( wiU also be negative 

Tills result i mterpietel m a f.ense exactly contrary to the 
interpi etition ot the po itive lesult, thit ii it indicates that 
the t me tf th r re n^ tf ^eth i v c mi ti 13 dock 
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This interpretation is also son firmed by considering tlie 
nireunistanoes of the problem, For, under the second suppo- 
sition, the courier which ia in advance travels the fastest, and 
therefore will continue to separate . himself from the other 
OTuri.er. At 13 o'clock the distance between tiem was equal 
bi a : after 12 o'clock it is greater than a ; and as the rate 
of travel has not been changed, it follows that previous to 13 
o'clock the distance must have been less than a. At a certain 
hour, therefore, before 12, the distanc* between tliem must have 
bpen equal to nothing, or the couriers y^c together at some 
point E'. The precise hour is found by subtracting the value of 
( from 12 o'clock. 

Third, suppose m = n. 

"Die denominator m — « will then become 0, and tho value 

of I will reduce to -r, or co , 

This result indicates that the length of time that must elapse 
before tJiey are together is greater than any assignable time, or 
in other words, that they T.vill never be together. 

This interpretation is also confirmed by the conditions of the 
problem. 

For, at 12 o'clock they are separated by a distance a, and if 
m- = n they must travel at the same rate, and we see, at once, 
that whatever time we allow, they can never come together; 
hence, the time that must elapse is infinite. 

Fourth, suppose (( = and m > n or m < «, 
. The numerator being 0, the value of the fraction is oi 
( = 0. 

Thia result indicates that they are together at 12 o'clock, 
or fKit there is no time to be added to or subtracted fi'oin 
13 o'clock. 

The conditions of the problem confirm this interpretation. 
Because, if a = 0, the couriers are together at 12 o'clock; aiid 
since they travel at different rates, tliey could never have been 
together, nor can they be together afl;er 12 o'clocJt; hence, i can 
have no other value than 0. 
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Fifth, suppose a — and in = n. 
The value of t becomea -, an indetermmate result, 

Ttija mdicates that t may have any value whatever, or in 
ntier words, that the coui'iers are together at any time e'ther 
before or atier 12 o'clock; tmd this too is evident from the cir 
funistt,nces of tlie problem, 

For, if a ^ 0, the couriers are together at 12 o'doclt ; and , 
since they travel at the same rate, they will always l)o together; 
lience, i otiglit to be indeterminate. 

The distances traveled by the couriers in the time ,' are, 
respectively, 

Doth of wKlch will be plus when m>«, both minus wliensji < n, 
and infinite when m. ^= n. 

In the first case t is positive ; ih the second, negalive ; and in 
the third, injinite. 

When the couriers are together before 12 o'clock, the distances 
are negative, as they should be, since we have agreed to call 
dbtances estimated to the right positive, and from the rule for 
interpreting negative results, distances to the left ought to be 
?cjiarded as negative. 

Of Inequalities. 

92. An inequality is the expression of two unequal quantities 
connected by the sign of inequality, 

Tims, a > 6 is an inequality, expressing Uiat the quantity a 
is greater than the quantity h. 

The part on the left of the sign of inequality is called the Jirxt 
member that on the right the second member. 

The operations which may be performed upon equations, may 
in general be performed upon inequalities; but there are, never- 
tlicless, some excepiions. 

hi order to be clearly understood, wc will give examples of 
the different ti'susforjiiations to which ircqualities may \q sub 
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jectecl, tttking care to point out the exceptions to whicli tliose 
transfcraiationa are liable. 

Two inequalities are said to subsist iu the same sense, when 
the griiater quantity is in tlie first member in totli, or in the 
seiOTid member in botli ; and in a, contrary sense, wlieii (hi; 
greater quantity is in the first member of one and in Iho stronil 
member of tke other. 

Thus, 25>20 and 18 > 10, or f><8 ar.d 7 < 0, 
are inequalities which subsist in the same sense; and the in 
equalities 

15 > 13 and 13 < 14, 
subsiMt in a contrary sense, 

1. // we add ike same quantity to both members of an inequaliiy, 
or subtract the same quantity fioni, both rnemhers, the resulting 
■inequality will subsist in the same sense. 

Thus, take 8 > 6 ; by adding 5, we still have 
o-t-5>0 + 5; 
and subtracting 5, we have 

8 - 5 > 6 - 5. 

When the two members of aa inequality are both, negative, 
that one is the least, algebraically considered, which contains the 
greatest number of units. 

Thus, — 25 < — 20 ; and if 30 be added to both members, 
we have 5 < 10. This must be understood entirely in au alge 
■braic sense, and arises from the convention before established, to 
'lionsider all quantities preceded by the minus sign, is aubti-active. 

Tlie principle first enunciated serves to transpose certain terms 
C'om one member of the inequality to the other. Take, for ex 
ample, the inequality 

there will result, by transposing, 

2. If two inequalities siibsist in the same sense, and we add thetn 
number to member, the resuUiity inequality will also subsist in the 
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Thus, if we add a>6 and c > rf, member to member, 
there results a + c > 6 + rf, 

Jiul this is not always the case, -when we suhlract, memler fiwn 
member, two inequalilies estahluhed in Ike same sen^c. 

Let there be two ineri'ialitieg 4 < 7 and 2 < 3, wc have 
4-2 or 2<7-3 1 4 

Bit if -no l■\^p the ii l luilities <) < 10 ind ( < '^ Iv ilv 
tiact we 1 \ 

9 (j I 1 lu — s ci ' 

We should then a\o d this transfot mation as n uch is possible, 
or if we employ it dctemime in which sense the le nlting iti 
equalitj subsists 

3 1/ the two members o/ an meqvMhty he multiplied hj a 
positive gaanlily the leiuUintj inequality will exist m the hamt 
tense. 

Thus, - - - a<6, will give 3a<3&; 
and, - - - - — (t < — S, — 3a < — 3&. 

This priiiciplfl serves to make the denominators disappear. 
a2 _ j2 fi ~<P 

From tho inequality — ^ — > — — — , 

we deduce, by multiplying by Gad, 

3a{a.^-b^) >2£;(=2_rf2), 
and the same principle is true for division. But, 

When the two members of an inequality are imiUipUed at 
divided by a negative quantity, the resulting inequality will sub- 
sist in a contrary sense. 

Take, for e.xample, S > 7 ; multiplying by — 3, we have 
- 24 < - 21. 

In like maimer, 8 > 7 gives ■;;;^, or — -5- < — -r. 

Therefore, when the two members of an inequality are multi- 
plied or divided by a quantity, it is necessary to ascertain 
whtither the taulliplier or divisor is negative; for, in, that case, 
the inequality will exist in a contrary sense. 
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4. It Is r.oi permitted to change the signs of the two inemhen 
of an inequality, unless we establish the resulting inequality in a 
contrary sense; for, this transformation is evidectly the same as 
niilliplying the two members by — 1. 

5. £otk members of an inequality between positive quantiltes 
(a« he squared, and the inequality will exist in ike ' same sense. 

Thus, from 5 > 3, we deduce, 25 > 9 ; from o + 6 > c, we 
find 

[a + hf > e\ 

6. When the signs if li/th members of the iiictjw/Uly are nol 
known, we cannot tell before the operation is perforineJ, in which 
sense the resulting inequality will exii^t. 

For example, — 2 < 3 gives { — 2)^ or 4 < 9. 

But, 3 > _ 5 gives, on the contrary, (Sy or 9 < ( —5)' 
or 25. 

We must, then, before squaring, ascertain the signs of the two 
members. 

Let us apply these principles to the solution of the following 
examples. By the solution of an inequality is meant the oper 
ation of findmg an inequality, one member of Mhich is the 
unknown quantity, and the other a known expression. 



5a - 6 > 19. 


Ans. 


«>5. 


Sx + ^z^SO>lO. 


An,. 


»>4 


■ i-T-f + ¥>?- 


Am. 


«>C 


~ + bx -ab-:>^ 


Am. 


.>« 


1. ^-«+..<l. 


Am. 


»<» 
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93> Tub square or second fiower of a numher, !9 the product 
which arises fioin multiplying that number by itbelt once; for 
example, 49 19 the &quaie ot 1, and 144 is the squire of 12. 

ITie square root of a number, 13 that nuniber which multiplied 
by Itself once will produce the gneu number Thii^, 7 is the 
square root of 49, and 12 the square root of 144 ; foi-, 1x1 — 49, 
aiid IS X 12 = 144. 

TJie square of a number, eitJier entire or fractional, is easily 
found, being always obtained by multiplying the number by itself 
once. The extraction of the square root 13, however, attended 
with some difficulty, and requires particular esplaiiation. 

The first tea numbei^ are, 

1, 2, 3, 4, 5, 6, 7, , 8, 9, 10, 
a d th ir q 

4 30 4 (>4 00 
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la its square root. If the number falls between any two num 
bers in the sei-ocd line, its square root \vill fall between the 
corrospon cling numbers in the first line. Thus, 55 falls between 
49 aiid 04 ; hence, ita square root is greater than 7 and less 
tlian 8, Also, 91 falls between 81 and 100; hence, its square 
root is greater than 9 and less than 10. 

If. now, we change the units of the first l!nc, 1, 2, 3, 4, &c., 
into units of the second order, or tens, by amicxliig to oaoh, 
wo shall have, 

10, 20, 30, 40, f>0, GO, 70, 80, 00, 100, 
and their corresponding squares will be, 

100, 400, 900, 1600, 2500, 3C00, 4000, 6400, 8100, 10000; 
Hence, the square of any nuinbet tf tens will contain lo und of 
a. less denomination t!ian kundndi 

94. We may regard every nninbei as ccmpo ed ct iht sun' 
of its ttns and unit'*. 

^ow, if we represent any number by N, and denote the 
tens by c, and the units by b, we shall have, 

N^a + h; 
whence, by squaring both members, 

N^ z=a^ + 2ab + i^ : 
Hence, the square of a number is equal to ike square of thi 
lens, plus twice tlte product of the tens b'j the units, plus the square 
of tlie units. 

For example, 78 :^ 70 + 8, hence, 

(78)2 _ (70)3 + 2 X 70 X 8 + (8)^ = 41)00 + 1120 + C4 =■- G084. 

95. Let us now find the square root of 60S4. 
Since this number is expressed by more than two i 

ligures, its root will be expressed by more than one. (50 S4 

But since it is less than 10000, which is the square | 
of 100, the root will contain but two places of figures ; thai 
is, t;uit3 and fens. 

Now, the square of the number of tens must be found in the 
number expressed by the two lefl-hand figures, which we will 
separate from the other two, by placing a point over the plao« 
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ts inl a tl iir o tl lU e ot 1 11 Ihose parts, 
ro f ^ ea ei 1 a e calkd ■per ols Tl e part tiO is coni- 
I 1 et veea the twu sr[Uires 49 i 1 C4 of vl ch the roots 
J 8 he ce "" t He nan ber of ie s sn hi; and the 
d lo t b conf ed 1 7 t flus act iiimbor of 



fi0 8-l|78 
49 
2 -14S|!T84 

11184 



The lumhtr 1 Ling tounl 
et t on the 1 ght of the g ve 
ber f 1 vl c!i Tve eparat 
t by a ve t al 1 ae then 
■iubtvact its square 49 from 00, 
which leaves a remainder of II, 
to which we bring down the two 
xt f g re. 84 Tie le^ult of th 9 op ton 11S4 and tha 
u ler s nale p of ( c the i oduct ft! n by the umla 
^l s the sgua e of tlie un t 

But ce tens mult j 1 ed 1 y im ta caanot g ve a p od ct of a 
1 wer o de t! n t s t to!lo\ss that th la t n nler 4 cau 
to n no ] art of lo ble the \ oil ct of tl e tens by the n ts 
Is lo lie p oduct s th refo e fo nd n the p t 118 

Now t -ne 1 ble tie nb r of ten 1 g es, 14 and 

She d le 118 by 14 tl q t fa s tie ft ber of u its of 
the roof o a greiter nu 1 er Ti s ^uot ent ca never be too 
snail since the ja t U8 ill 1 e at i t ej I to tw e the 
1 odu t of tie n il r of teas bj 1 n ts b t t u y be too 
I ^e 1 r th US 1 e& des tie lo bl \ duct of the uun ber 
of tens ly tl nt maj lie se ti te s t mg fion 
the q a e of th un ts 

To a eert f tl e quot ent 8 exj e^ s the numl e ot un ta 
>ve il t!a 8 t th ght of the 14 1 h „ cs I4S nd then 
we m It ply 148 by 8 Thus ve ev dently f r 
1st, the square ot the units ; and 
Sid, the double product of the i,ens by the units. 
This multiplication being affected, gives for ji product 1184, 
the same mimbcr as the result of the first operation. Having 
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r equal to : honce 
erelj subtracted from the 



i or ut 70 
1 p ottuct f "'0 by 8 a 
e of & tl t s th thi 
1 ot the SQ are of 7S 



3 "which cuter into 



sul t a t 1 1 o X 1 ct we finl the le naindei 
78 ? tl root eijo 1 

Indeul tl e oj e t 
g en number 0084 

Ist the sj e of " t 

31 tvco thi 

3J the SCI *i 

Ii the s me n i ner to "iy 
ambe expressed by fo r fig r 

OS Let us now extra t the &q 
by ore ti ■«! fo r figures "^ 

Let 06821444 bo tl e n he 

II e con de the root as the 
>, of 1 oe tl n ber of tea' 

a i a certi umber of un ts the 
g ve n mber 11 as belore be 
equal to the sqiiaie of the tens plus 
twice the product of the tens by 
the units plus the square of the units. 
If then, as before, we point off 
a period of two figures, at the right, the square of the tens of the 
required root will be found in the nulnber 568214, at t!io lefi;; 
and the square root of the greatest perfect square in this number 
will express the tens of the root. 

But since this number, 568214, contains more than two figures, 
its root will contain more thau one, (or hundreds), and the sqjare 
of tiiB hundreds will be found in the figures 5C82, at the left, of 14 ; 
honce, if we point off a second pei'iod 14, the square root of tl;; 
greateet perfect square in 5683 wili be the hundreds of the requiroil 
root. But since 5682 contains more than two figures, its root will 
contain more than one, (or thousands), and the square of the thousands 
will be found in 56, at the left of 82 : hence, if we point off a third 
period 82, the square root of the greatest ^'erfect square in 50 will 
be the thousands of the required root. Hence, wo place a point 
over 56. and then uroceed thus ; 



t the square root of any 

oot of a number expressed 

5G 83 14 44 [7538 
49 
14 5] 78 3 
1 72 5 
150 31 57i 4 
1 450 9 
1B06 8| 12054 4 
12054 4 
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Pliioing 7 on the jight of the given number, ar.d ^ubteacting 
Its square, 49, from the left hand period, we find 7 for a remain- 
der, to which we annex the aext period, 82. Separating t!ie last 
figure afc the right from the others by a point, and dividing tlie 
Humher at tho left by twice 7, or 14, we have 5 foe a quotient 
figure, which we place at the right of the figure already found, 
and also annex it to 14. Multiplying 145 by 5, and snbti'acting 
tho product from 782, we find tlie remainder 57. Hence, 75 ia 
the number of tens of tens, or hundreds, of tiie required square 

To fiad the number of tens, briiig down the next period and 
annex it to the second remainder, giving 5714, and divide 571 
by doiible 75, or by 150. The quotient 3 annexed to 75 gives 
753 for tho number of tens in the root Bought. 

We may, is before, find the number of units, which in this 
ease will be 8. TherePjre, the required square root is 7538. A 
■■ similar course of reasoning may be applied to a number expressed 
by any number of figures. Hence, for tho extraction of the 
square root of numbers, we liavo the following 

RULE, 

1. Separate (Jte ffiven nuviber into periods of two figures each, 
beginning at the right hand: ike period on the left ibUI often con- 
tain htit one figure. 

n. IPind the greatest perfect tqnare in the first period on the 
left, and place its root on the rif/ht after the manner of a qxiotient 
in division. Sabtrait the square of litis root from the first 
period, and to the icmnindei bung down the second period for a 
\iividend, 

III. Dovble the root already found and place il on the left fir a 
divisor. See how many times tlie divisor is contained in Ike 
dividend, exclusive of the right liand figure, and place the qvo/iea. 
ill the root and also at the right of the divisor. 

IV. Multiply tliB divisor, thus augmented, by the las! figur6 
ef Hie root found, and mbtract the product from the dtvidstui 
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and to ihe rema'.',der brini; -Jowii the next 2)eri,nd Jar a new 
dividend. 

V. Double the iv/iole root already found, for a new divisor, 
and continue the operation as before, until all the periods are 
broiiglit down. 

Remark I. — If, aftei' all Lho periods are brought down, tliore 
is no remaJiider, the proposed number is sv perfect square. BiK 
if there is a remainder, . we bave only found the root of the 
greatest perfect square coiitamed \i\ the given number, or the 
entire part of the root sought. 

For example, if it were required to ettract the square root of 
168, \ve should find 13 for the entire pait of the loot and a 
remainder of 24, ■which shows that 168 is not a perfect square. 
But is the square of 12 the greatest perfect square contained 
in 168? That is, is 12 the entiie part of the root? 

To prove this, we will first show that, the difference between 
the squares of two consecutive mimhers, is equal to twice the lest 
number augmented by 1. 

Let a represent the less number, 

ami a -f- 1. the sjrcatcr. 

Then, {a -{- If = a^ A- 2a + I, 

and {af = a^ 

their difference is 2ii + 1 as enunciated : hence, 

The entire part of ihe root cannot be augmented by 1, unless 
the remainder is eqml to, or exceeds twice the root found, phis 1, 

But, 13x2+1=^25; and since the remainder 24 is less 
than 25, it follows f.iat 13 cannot lie augmented by a number 
as great as unity : hence, it is the entire part of tlie root. 

The principle demonstrated above, may be readily applied in 
finding the squares of consecutive numbers. 

If llie numbers are large, it will be much easier to apply the 
alwve pi/ncipio than to square the numbers separately. 



.Sled by Google 



CHAP, v.] SQOAEE ROOT OF NUMBBBS, 128 

For exan.ple, if ^vo have (051)^ ^ 433801, 
nnd vr.sh to find the stpm-o of C52, we \iAve, 
(<>5lY - 423801 
+ 2 X Col ^ 1303 

+ 1 = 1 

and (552)= ^ 425104 . 

Also, (653)2^425104 

+ 2 X 652 = 1304 

+ 1 1 

and (653)^ ^ 436409. 

IIemakk U.— ITie numlior of places of figiires In the root 
will always be equal to the number of periods into which the 
given number is separated. 



i. Find the square root of 7235. 

2. Find (.lie squai'e root of 17C89. 

3. Find the square root of 994000. 

4. Eind the square root of 8567S973. 

5. Find the square root of 67812675. 

6. Find the square root of 2793401. 

7. rind the square root of 37450043. 

8. Find the square root of 3061097049. 

9. Find the square root of 918741672704. 

Rbuaek III. — The sc[uare root of al^ imperfect square, ii 
commensurable with 1, that is, its Yalue eaimot be 
in exact parts of 1, 

To prove this, we shall first show that if -r- is an irredud- 
lile fraction, fts square -r^ must also bo an irreducible fraction. 

A number is said to be prime wlien it cannot be exactly di- 
vided by any other rmmber, except 1. Thus 3, 5 and 7 are 
prime number u 
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It is a fundamental principle, that every number may be re. 
solved into prime factors, and that any number thus rfisolved, 
is equal to the continued product of all its prime factors. It 
often happens that some of thes^ factors are equal to each 
other. For example, the number 

50 - 3 X 5 X 5 ; and, 180 = 2 X 2 X 3 X 3 X 5. 

Now, from the rules for multiplication, it is evident that the 
square of any number is equal to the continued product of all 
the prime factors of that number, each taken twice. Hence, we 
see that, the sq-uare of a nvmher cannot contain any prime facUn 
which is not contained in the number itself. 



IJut, s 



. by hypothesis, an irreducible fraction, 



and b can have no common factor: hence, it follows, from 
what has just been, shown, that a^ and i^ cannot have a com- 

inon factor, that is, — is ar irredtioible fraction, which was 

to be proved. 

For like reasons, — , jr-' ' ' T^> ^''® ^^"^ irreducible fractions. 

Now, let c represent any whole number which is an imper 
feet square. If the ' square root of c can be expressed by a 
fraction, we shall have 

in which -r- is an irreducible fraction. 
b 

Squaring both members, gives. 



absu d h ce V^ 



isowe 
of 1. 



p J 



m y be 
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Extraction of the Square Root of Fractions. 

96. Since the second power of a fraction is obtained by 
squaring tha numerator and denominator separately, it follows 
that the square root of a fraction will he equal to the square root 
of the numerator divided hy the square root of the denommator. 

For CKaniple, v 7^ ~ ~/~' 



But if the numerator and the denominator are not hotli per- 
fect squares, the root of the fraction cannot be exactly found. 
We can, however, easily find the root to within less than the 
fractional unit. 

Thus, if we were required to extract the square root of the 
fraction — , to within less than y-, multiply both terms of the 

fractions by b, and we have 7^. 

Let r^ represent the greatest perfect square in ab, then will 



ab be contained between r^ and {r + 1)^, and — will be 



tained between 

and the true square root of — ^ — , will be contained \ 
tween 

^ and 



- 1 



but the diiference between — and — 7 — 's -^-i lience, either 

will be the square root of -^, to within less than -^. We bave 
then the following 
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RULR. 

MuUijily Ike numerator bij the denominatot , and extract the 
s'jiiare root of the product to within less than 1 / divide the 
resvlt hy the denominator, and the quotient will be the approxi- 
mate root. 

For cxaJiiple, to extract the square root of -^, we miiltiplj 

3 by 5, which gives 15; the perfect square nearest 15, is 10, 

and its square root is 4 ; honco, — is the square root of -— 

to witthi less than — . 

97« If we wish to deterniiiie tile square root of a whole 
number which is an imperfect square, to within less tiia.n a 

given fracfdonal unit, as -r, for example, we have only to jilace 
the number uiuler a fractional form, having the given fractional 
unit (Axt. 63), and then we may apply the preceillng rule: or 
what is an equivalent operation, we may 

Multiply the gioen number by the square of the denominator 
of the fraction mhich determines the degree of approximation ; then 
extract t?ie square root of the product to the nearest uriit, and 
divide this root by the denominator of the fraction. 



1. Let it be required to extract the square root of 59, u 
*Ithin less than -^. 

First. (12)^ = 144 ; and 144 X 5'J = 8490. 

Now, the square root of 8400 to the nearest imit, is 92: hcR'.s 

92 1 

— -= 7y^5, which is true to within less tBan — ■ 

2. Find the yn to witliin less than --. Jns. Cj-'^. 

3. Find the ^^23 to witliin ie^ than — . Ans. 14JJ. 
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[■ of determining the approximate root in depj. 
mals, is a consequence of the preceding rule. 

To obtain the sq^uare root of an entire number wiLhlti --, 

Tivi' lAA/i ' '^'^■' ■'' ^^ '^'^'y necessary, according to the preceding 
rule, to multiply the proposed number by (10)^, (100)^, (1000)'^; 
or, which is the same thing, 

Annex to the number, two, four, six, &c,, ci^yhers: then extract 
the root of the product to ike nearest wait, and divide this root 
b'j 10, 100, 1000, &c., which is effected hg •pointing off one, two, 
three, (£c., decimal places from, the right hand. 



48 1 300 
I 276 
.241 2100 



1, To find the square root of 7 to within loss than 

Having multiplied by (100)^, that is, 
.laving anixesed four ciphers to the right 
hand of 7, it lecomes 70000, whose 
root extracted to tlie nearest unit, is 264, 
which being divided by 100 gives 2.64 
for the answer, and this is true to within 



ess than -j^. 304 Rem 

2. Find the ,^29 to within less llian r— -. Ans. 5.33. 

3. Find tlie ./a^y to wifliiii less than tt^tht;.. Ars. I5.00C5. 



10000' ■ 

llEMAiiK. — The nmii^ier of ciphers to be annexed to the whole 
number, is always dcuble the numlier of decimal places requiroii 
to Tie found in tie root. 

98. The maimer of extracting the square root <if a number 
containing an entire part and decimals, ia deduced immediately 
from the preceding article. 

Let us take for example the number 3.425. This is equiva- 
lent to ■ Now, 1000 is not a perfect square, but the dp- 
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nominator may be made such without altering the valua of iha 
fraction, by multiplying "both terms by 10 ; tliia gives 

34250 34250 

10000 ^^ (IWf' 

I'hen, extracting tJie square root of 34250 to the nearest unit, 

ffc find 185 ; hence, — --j or 1.85 is the rot^uirBiI root to with- 
in less than — ---. 

If gi eater e\aLtness be required it will be n ce -iiry to annex 
to the nu ibcr 3 4^5 a? n lay ciphera as shil! lu ke tht. iium 
ber of per ods of decimals ejual to th? nlpr ut decimal 
places to be fund m the r ot Hence to (U ict tJt, a| ire 
root of a mued decimal 

Annex ciphers to the proposed niiiber ii til the whole numher 
of decimal placet, shall be eq nl to double the nunher required m 
t^e root Tie- extriet tie root to the earest w i end po nt off, 
tiom, tl e 1 1 1 avl tl e req ired number of dt i I jlu fi 

ES AMPLE a, 

1. Find the V 327 1.4707 to ^¥ithIn less than .01. 

Am. 57.19. 

2. Find the V 31.027 to within less than .01, Ans. 5.57, 

3. Find the V 0.01001 to within leas than'.OOOOl. 

Ans. 0.10004. 

99. Finally, if it be required to find the square root of a 
vulgar fraction in terms of decimals : 

Change the vulgar fraction into a decimal and continue &e di- 
vision imtil the number of decimal places is double the number 
required in the root. Then, extract the root of the decimal by the 
last ride. 



1. Extract the square root of ^ to witMn less thau .001 

'fhis number, reduced to decimals, is 0.785714 to within less 

t.haii 0.000001. The root of 0.785714, to the nearest unit, is 
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886 ; hence, 0,886 is the root of vr to within less tlian Oftl. 
' 14 

2. Find tlie V2}| to withm less than 0.0001. ^j»s. 1.6931. 
Extradion of the Sq^uare Moot of Algebraic Quardities. 

lOOi Let us first consider tho case of a monomial. 

In order to discover the proeesa for extracting the square 
root, let us see how the square of a monoinial. is formed. 

By tho rule for the multiplication of monomials (Art. 42), 
wo have 

{ha?hhf = haWc X ^aWc = SSa'i'c* ; 
iLat is, in order to square a monomial, it is necessary to 
square iis co-efficient, and double the exponent of each letter. 

Hence, to find tiie square root of a monomial, 

Extract the square root of the co-efflcietit for a new co-efficient, 
and write after this, each letter, with an exponent equal to its 
.iriffiftal exponent divided hy two. 

Thus, y64a«&* = BaW ; for, Ba%'' X Sa^b^ = 64a«i*, 

and, y625d^AV = 25a¥e> ; for, {^ab*c^y = 625tt^6«c«. 

From the preceding rule, it follo^vs, that, when a monomial 
IS a perfect square, its numerical co-efficient is a perfect sqitare, 
■tnd every exponent an even number, 

'.flius, 25a^&' is a perfect square, but 98aS^ is not a perfect, 
'-juare ; for, 98 is not a pei-fect square, and a is affected witlli 
,ni uneven exponent 

Of Polynomials. 

101. Let us next consider the case of polynomials. 

U;t iV' denote any polynomial whatever, arranged with refer- 
ence to a certain letter. Now the square of a polynomial is 
the product arising from multiplying the polynomial ly itself 
euee; hence, the first term of the product, arranged wim refer- 
ence to a particular letter, is the square of the first term of 
the polynomial, arranged with reference to the same letter. 
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IVreforo, llio F'[iiare root of the first t«rm of Kiich a product 
will be the lirst term of the required root. 

Denote tfiis term by r, and the following terms of the root, 
arranged with reference to the leading letter of the poljTomlal, 
by r', r", r'", &c., and wc shall have 

N = {r + r' + r" + t'" + &.'i.;Y 
or, if we designate the sum of all the terms of tlio root, after 
tho first, by s, 

=,r^+2r {r' + r" + r'" + &o.) + s\ 
If now we subtract r" from N, and designate the reraaiiidei 
by a, we shall have, 

2V~ r^ = R = 2r {r' 4- r" + r'" + &c.) + s^ 
which remainder will evidently be arranged with reference to 
the leading letter of the given polynomial. If the indicated 
operations be performed, the first term 'Hrr' will contain a 
higher power of the leading letter than either of the following 
terms, and cannot be reduced with any of them. Hence, 

If ike first term of the first remainder he divided by twice the 
first term, of the root, the quotient will be the second term of 
-the root. 

If now, we place r + r' = w, 

■ and designate the sum of the remaining terms of the root, 
r", r'". &c., by s', we shall have 

N={n + ,y ^n^ + 2,is' + s'^. 
If now we subtract m^ from JV, and denote the remainder 
by M', ' we shall have, 

N ~ 7i^ z= R- = 2m' + s'^ =^ 2{r -h r') {r" + r'" + &a.) + s''; 
iu which, if we perform the niultiplioationa indicated in the 
second member, the term 2r/' will contain a higher power of 
the leading letter than either of the following terms, and fan- 
not, consequently, be reduced with any of them. Hence, 

If the first term of ike second remainder he divided hy twiet 
lite- first term of the root, the quotient mil he I'ke third term 
vf the root. 
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II' we make 

r + r' + r" — n', and r'" -f r" + &o, = s". 
we shall have 

JV= (n' +s"Y = n'2 + 2mV' + s'"^ ; and 

Jf - n'a = B" ^2(r + r' + r") {r'" + r" + &c.) ^- s"* j 

ia which, if we perfonn the operations indicated, the term 

Hrr'" will contain a higher power of the leading letter than 

any following term. Hence, 

If we divide t/te first term of the third remainder hy tmce 
the first iei-m of the root, the quotient will be tJie fourth term 
of the root. 

if we continue tlie operation, we shall see, generally, that 

The first term ■ of any remainder, divided by twice the first 
term of ike root, will give a new term of the required root. 

!t should he observed, that instead of subtracting rfi from 
the given polynomial, in order to find the second remainder, 
that that remainder could be found by subtracting (Sr + r')r' 
from the first remainder. So, the third remaoider may be found 
by subtracting {2m + r")r" from the second, and similarly for 
the remainders which follow. 

Hence, for the extraction of the square root of a polynomi.il, 
we have the following 

RULE, 

I. Arrdn'je the jmlynomial with reference to one of its letters, 
tnd tlten extract the squo.re root of the first term, which mil give 
the first term of the root. Subtract the square of this term from 
the given polynomial. 

II. Divide the first term of the remainder hy twice the first term 
tf the root, and the quotient will he the second term of the root. 

in. IVom the first remainder subtract the product of tmce the 
first term of the root plus the second term, by the second tei-m. 

IV. Divide the first term of the second remainder hy twice the 
fy-st term of the root, and the quotient will be the third term of 
the root, 
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V, Frma the second remainder subtract the product of twice the 
sum, jif the first and second terms of the root, plus the third 
term, by the third term, and the result will he the third remaiu- 
de* from which the fourth term of the root may he found as 
i,J«r,. 

VI. Coniiime the operation till a remainder is found equal to 
0, or till the first term of some remainder is not divisible by 
twice the first term of the root. In the former ease the root found 
is exact, and the polynomial is a perfect square; in the latter 
ease, it is an imperfect square. 

EXAMPLES. 

1. Extract the square root of tlie polynomial 

iQa^lfl — 34a6» + 25 a* — SOa^fi + 166'. 
First arrange it with reference to the letter a. 



25a*- 


- SOaSfi + 49a^^ - 


- 24aS3 + 165* 


R = 


~ SOa^b + 49aW- - 
-30o=S+ 9a^^ 


-24ai3+ 165' 


W = 


+ 40a=i2 - 
+ iOaW - 


- 24ab^ + I6f>* 

- 24a63 + 16i* 


R"^ 







5a2- 


- 3ai + 4i» 


lOa^i- 


-%oh 


- 30o=Z' + 'dd'-b^ 


IOa«- 





40«=i^ - 24b65 + 16&* 



2. Find the square root of 

a* ,+ ^a--£ + ^a^-x>- + Aax'^ + .v'. 

3. Find the square root of 

a* — ^aH -h SaV - 2a^ + xK 

4. l'"ind the square root of 

4l* + 12:=-* + 5^'' - 2:i;' + 7.^"- - 2k + 1. 

5. Knd the square root of 

9a' - 12a^S + 28a=i' - ICaS^ + 16i'. 
ti. Find the sqvarc root of 
■!X%a%^ - Afia^bH + TOn^iV - iAab^f? + 3CiV - 30(t'6c ■{- ^Mhi^ 
- ma%<? + 9ii'c'. 
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liemarha on tlie .Extraction of the Square Hoot of Polynomials. 

1st A limoimal c.n never be a pe t t sj a e F oot 

cannot b mono n a! since the ia e ot i n onom al w 11 
lea no on al nor c n ts root be a polj omi 1 su e the 
fcqu of the n pie t polynomi 1 viz a binom 1 will con 
u t 1 t ti t Thu a p n ot th fo m 

a ±i 
ca. n b p f I 

Zi A t no 11 1 howe e ay be a p f t qua e If io 
wl en 1 Tang 4 ts two e t eme t mi t be e ^ a BJid the 

n an te n doulle tl i ol tof ti qu r t of th other 
two he efo etohnth ] it lilwl 

t a pe t et squ 

E t at tl qaeootfiltBcxiTteten nd g th t 
root the a e o o t a j n a ord ng a tl m Idle i » ts 
BO I lejatve To fy t ftledouU ]. d t of the 

too ool J I t II Ml t n. f tl t al 

Tl *> ~4S 4 +01 1 p f t I 

fur, J~^ = ^a? ; an J, J Ma-b" = ~ %ah- , 
also, 2 X Sa^ x{— 8(ii^)=;— 48a'fi=, the middle term. 

But 4a^ + liab + 96= 

Is not a perfect square : for, although 4a' and + 9i^ are per- 
fect squares, having for roots 2a. and 3i, yet 2 x 2a x 3S is 
not equal to 14ai. 

0/ Radical Quantities of the Second Degree. 

102i A radical quanta^/ is the indicated, root of aa Iniperfeel 
power of the degree indicated. liadical quantities are some- 
times called irrational quantities, sometimes stirds, but mors 
commonly, simply radicals. 

The indicated root of a perfect power of the degree indi 
cated, is a rational quantity expressed under a. radic'l form. 
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An Jndi.at«d squave root of an imperfiict sijuare, in called 
a radical i>f the second degree. 

An indica.ted cube root of an imperfect cube, is called a radi- 
ual of the third d^gi-ee. 

Generally, an indicated n"" root of an impei-fect n'^ power, . 
Is called a radical of the li''' degree. 

Thus, ,y/%, .J'S' and .V^, are radicals of the second degree ; 
^4, 2/1F and ?/~ll, are radicals of the thii'd degree; 

and "/4^ lj~^ and 'l/TT, are radicala of the «'* degree, 

llie degree of a radical is denoted by the index of the 

The index of the rorft is also called the index of the radical. 

103. Since like sigiia io both factors give 0, plus sign in the 
product, the square of — a, as well aa that of + a, will he 
u^ : hence, the square root of a^ is either + a or — «. Also, 
the square root of 35a^6' is either + 5(ii^ or — hoJfl. Whence 
we may conclude, that if a monomial is positive, its square root 
may be affected either with the sign + or — ; 

thus, .^/yo* = ± Sa^, 

for, + 3(t^ or — 3(i% squared, gnes 9ii* Thi^ do iblc ■^ ^u :t 
with which the root is affected is lead })lus 01 minui 

If the proposed monomial weie negative, it would hive nta 
square root, since It has just been shown that the square of tiiry 
quantity, whether positive or negative, is essentially positive. 

Therefore, such expressions as, 

are algebraic symbols which indicate operations that cannot he 
perfjrmed. They are called imagina^ qwintilies, or rather, 
imaginary expressions, and are frequently met with in the so- 
lution of equations of the second degree. Generally, 

Every indicated even root of a negative quantity is an imaginary 

An odd root of a negative quantity may oflen be extracted^ 
To- example, ^'^^^ = - 3, since (-3)== -27. 
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Radicals are similar when they are of tho same degree and 
the quantity umler the radical sign is the same in both. 

Tiius, a ,JH and c -/^ are similar radicals or llie SDCoat 
degree. 

Of the Siraplijicaiion of Radicals of the Second Degree. 

104. Radicals of the second degree may often he aimplifieii, 
and otherwise transformed, by the aid of tlie following prin- 
ciples. 

1st, Let the -fa, and -/6, denote any two radicals of the 
second degree, and denote their product by p; whence, 
/^x/b=.p ... - (1). 

Squaring hotli members of eijuation (1), (axiom 5), wo have, 

or, tf6=j3^ .... (2). 

Extracting the square root of both members of eq^iiation (2), 
(axiom <>), we have, 

but tilings which are equal to the same thing are equal to eacli 
other, whence, 

^X^ = .,/ab; hence, 

The product of the square roots of two quantities is equal to 
Ike square root of the product of t/iose quantities. 

2d. Denote the quotient of y'a by ^/&7 hy q ; whence, 

Squaring both members of equation (1), wo find, 

or, ±^.,1 . . . . (2). 

Extraetiiig the square root of botli members of equation (2), 



HosLdb, Google 



136 ELEMENTS OF ALGEBHA. [CHAP. V. 

Things whkh are equal to the same thing a- c equal to each 
(rther, whence, 

^ — —,/ -■ hence, 

The quotient of the square roots of two quantities is equal le 
the aqvare root of the quotient of the iame quantities. 

105. The square root of 98u6'' may be placed undBr the foruj 
^mab* =^ y'496^ X 3o, 
which, from, tho Isfc principle above, may be written, 

In like manner, 

^ibaVj^c^d —^*MWc^ xbbd = Sabc^iSbd. 
y864ci^6^i;" =.^/1a4^%V x dbc - 12atVy0ic. 
The quantity which stands without the radical sign is called 
the co-efficient of the radical. 
Thus, 76*, 3a5c, and 12(16^0", are co-efficients of the radicals. 
In general, to simplify a radical of the second degree ; 
I. Mesolve the quantity under the radical sign into iwofasttrra, one. 
of which shall be the greatest perfect square which enters if as a factor, 
11, Wnte the square root of the perfect square before the radiciii 
sign, under which place the other factor. 



!. Reilucfi ^"i'la^bc to its simplest form 



S. T'.educe ^ 128i^a^ to its simplest fona. 
!t. Reduce ^^a%''c to its simplest foi-m. 
4, Reduce J'Z5Gci^b*c^ to its simplest form 



5. Reduce ^ im,U^b\^ to its simplest form. 
«. Reduce jTMa'b^cH to its simplest ibrm. 
If Uie quantity uHder the radical sign is a polynomial, 
may ofleii simplify the expression by the same rn!e, 
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Take, for exatSple, the expression 



The quantity under the radical sign is not a perfect square ; 
but it ran be put under the form 

a6,{a3 + 4a6 4-462). 
Now, tlie factor within the parenthesis is e ndeiitly the squaro 
of a + 2i, whence we have 

y'a=6 + 4a^62 4-4a63" ^ (o + 26) ^'ab. 
105*. Conversely, we may introduce a factor under the radical 

Thus, ./r=y7'/j; 

which hy article 104, is equal to yHS-^ Hence, 

TAe co-efficient of a radical may be passed under Ike radical si(/u, 
as a factor, by sguarinff it. 

The principal use of this transformation, is to find an ap- 
proxinriate value of any radicaJ, which shall differ from its tnie 
value, by less than 1, 

For example, take the expression O^TS- 

Now, as 13 is not a perfect square, we cj.n only fmd an ap. 
pioximate value for its square root ; and when this approximate 
value is multiplied by 6, the product will differ materially from 
Che true value of OVTs! But if we write. 



eyH =i^&'-A 13=^36 X 13 =y^468, 
re find that the square root of 468 is the whole number 21. 
a within less than 1. Hence, 

6_/T3=:21, to within less than 1. 
In a similar manner we may find, 

12 V7 —31, to within less than 1. 

Addition and Svhtradion. 
106t In order to add or suhstract similar radicals; 
Add or suhtract their co-efficients, and : the sum or difer- 
<ru:e annn: lliA <:omnioii radical. 
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and Qa/T -6c^T =. (iia - 5c) /T. 



In like 

7/2a + 3 ,/2^ = (T + 3)y^ == 10/2^ ; 

and 7y2a - 3 ^20 ^ (7 — 3)y^ ^ 4^^. 

Two radicals, which do noC appear to be similar, may beccim) 
») by simplification (Art. 304). 

For example, 

yiS^H- b^/lE^ ^-. 4*^3^+ 56^3^^ i>b^/&^; 

AkQ, 2^45 -3y"5"^6 /T -3 ^ =3 /b. 

When the radicals arc not similai-, their addition or subtrac- 
tion can only be indicated. 

Thus, to add 3y^ to R^, we write. 

Multiplication of Radical Quantities of tlie tSecond Degree. 

107. Let a.yb and cJ~d denote any two radicals of the second 
degree ; their product will be denoted thus, 

which, since the order of the factors may be changed without 
altering the value of the product, may be written, 

ttXc x/i x/X 

The product o' the last factors from the 1st principle of Art. 

104, is equal X) J hd; wc have, llierefore, 

./i X f/J= afy«. 

tluiice, t multiply one radical of tho second degree by ai. 

(AhcT, we hav-e the following 



Multi})ly the co-efficients together for a new co-e;§icient ; after this 
tffrite the radical sign, and ■under it tlie product of the jua»iitiet 
under both radical signs. 
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1, SySoS X 4^/^20^ - ISyiOOa^fi = I20a^b. 

2, 2ay6c X 3ay^ ~ Ga^.^/~K^ = 6a^Sc. 

3, 2a ^^ + i^ X - 3«ya^ + i^ = — 6a? (a^ + 6=). 
Division of Madieal Quaniiiks of the Second Degree. 

108. Let a.JT and Cy^ I'epresent any two radicals of the 
Becond degree, and let it be required, to find tlie quotient of thd 
first by the second. This 'quotient may be indicated thus, 

«/' V I, ■ , . » /^ 

—5-—, which IS equal to — x -'- — ; 

but from the 2d principle of Art. 104, 

yj- V i ' ""^ ,^ oV i 

Hence, to divide one radical of tJie second degree by anothcF, 
we have the following 



Divide ilte co-eff.cient of the dividend by the eo-effieieat of i!ie 
divisor for a new co-efficient; lifter this, write the radical sign, 
placinff under it the quotient obtained by dividing the quantity under 
the radical sign in the dividend by that in the divisor. 



For example, 5a^ b ■ 26 V7"— — W — ; 



And. I2ae^lbc'^ 4c^b - ^^ V "sT ~ ^''a,'^"''' 

109, The following transformation is of frequent appUoation b 
finding an approxiniite value for a radical expression of a par- 
ticular form. 
Ilavina gi ?en aii expressLon of the form, 
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in which n and p aro any numbers whatever, and g ncit a per 
feot square, it is the otjeet of the transformatiijii to render the 
denominator a rational quantity. 

Tiiis object is attained by multiplyuig both terms of tlio fiaa 
tion by p— -/ff^ when the denominator is p-\-y/q, and 'jj 
p-f-^/T) when the denominator is p—.,/q; and recoliccting 
Uiat the sum of two quantities, multiplied by their differecce, is 
ei^ual to the difference of their squares : hence, 

« „ «(P — y^) _ <^{l> " V ^) „ ap — a Vq _ 

p-\-ypl {f ^ ■/~i) {P ~ yf l) f--1 f--<i 

" ^ <P + ^^<l) ^ "{p + -/g) ^ "i' + ^/j 
p-y/~s (j'--/?)(p+-/s) i'^-s i'^-s 

in which the denominators are rational. 

As an example to illustrate the utility of this method of ap 

proaimation, let it be required to find the approximate value of 

7 
the expression — -^=. "We wiite 

7 ^ Z(i±V^ ^ 2 1+7/5 

a-y'T 9-5 ■ ' 4 

But, 7^5"- ^49 X 5 = ^245 = 15 to within la^B 

than 1. Therefore, 

7 21 + 15 to within less th^m 1 



3-/5" 4 

less than — ; henoe, 9 differs from the true value by less than 
om fourth. 

If we wish, a more exact value for this expression, eatracl the 
square root of 245 lo a certain number of detimal places, add 21 
to this root, ana divide the result ,by 4. 

Talce the expression, ~ '~l=' 



and find its value 
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We have, 

7-/5 _ 7-/5 (-/n - -/3) __ 7v^-7-/l5 
/Tr+y3~ 11-3 ~ 8 

Now, Ty^sy'OS X 49 =y/2ti95 = 51.91, within less than 0.01, 
and 7y^=yi5x49=:y''735 ^27.11; - ; 

therefore, 

7-/5" _ 51.01 —37.11 __ 24.80 _ ., 

yn-F/s^ 8 " 8 ~" ■ 

Henee, we have 3.10 for the rcq^uircd. result. This is true to 

within less than g-r-r. 

By a similar process, it may he foMnd, (hat, 

^ '^ - =2.123, is exact to witliiti less than 0.001, 

5/13 -6^5 

Eemark. — The valne of expressions similar to those above, 
may be caleulateil by approximating to the value of ea^h of the 
radicals w!uch enter the numerator and denominator. But as 
the value of the denominator would not be exact, we tould 
not determine the degree of approximation whit3h would be 
obtained, whereas by the method just indicateil, the denomina- 
tivr becomes lalional, and we always know t'i what degree of 
H('.:Tiiacy the approximation is made, 

pnoMiscuoira examples. 

Ans. 5/5] 




the perfect square 4S will divide 14", 

fY' I 2 5 /F 
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Divide tlie coedii-ii-i.i of tlio nuliwil by ii, and mi: tiply tlio u 
ber under the radical by Ac square of 3 ; then, 
5. /? ~ 



3, Reduce -/ &8a^x to ' 



mple foi-m 



■«/a 



4. Reduce ^ (a;^ — «^) to ita most simple form. 

5. Required the sum of ^'72 and y/128. 

G. Required the sum of .^27 and y 147, 

^,,.-. loya: 

/^ /27~ 

7. Required the sum uf W "^ '"^'^ v/ FTi' 

8. Required tlie sum of 3^^ luid 3,^/645^ 

6. Required the sum of 0^/243 nnd 10^363: 

10. Required the difforenec of \/— "'"^ v 97' 



n. Required the product of SVs" "and 3^/5. 

3 AT' 3 /T 

12. Required the product of — v/ -3- »"d -tX/tTj- 

An. i/B. 

lis. Divide G^ Ly :-]y^ 

i4. What is the sum M' ^ISoP and &y75a." 

15. What is tie sun: cf ^ISa^i^ and ^50aW 
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CHAPTER VI. 



110. Equations of the aecdnd degree may involve hut ont 
UJilinown quantity, or they may iiivoSve more thou on*. 

We shall first consiiler the former class. 

111, An equation containing but one unknown quantity is 
Bald to be of the second degree, when the highest power of 
the unknown quantity in any term, is the second. 

Let us assume the equation, 

b ~ ' d ' 

Clearing of fractions, 

adx^ — iedic + hd^ = bedx^ + b'^x + abd 
transposing, adx^ — bcdx^ — bed): — b''x =^ aid — bd^ 
factoring, (ad — bcd)x''^ — {icd + b^'jx = abd — bd^ 
dividing botli members by the co-efficient of a;', 
^ hcd+b^ __ ahd- bd^ 
aJ — bed ad — bed 

If we now replace tlu co-cffieieiit of x by 2p, and the 
second member by y, we shall have 
a^ + 2ys ^ g ; 
and since every equation of tlie second degree may be reduced, 
Ic like manner, we concljdo that, every equation of the second 
degree, involving but one unkiiovFii quanVlty, can be ' 
tiie form 

x^ + 2px = q, 
by the following 
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RULE. 

! CUar 1/ e (quatwn, cj- fractions , 

U TloKsjjj'ft all thf known terms t} ihe ■second member, and 
«/( Ihe -anhuiwa terms to (he Jinl 

III Seduce the terms tniolvmff the square of the unknown 
qiianhty to a single term of tuo factors, one of which is ihe 
tquare of the unknown quantity, 

IV Then, divide both memli.} ■< hi/ ihe c effii.ient of the square 
pf the iintniwn quantity 

112. If 2^, the algebraic &um of the eo-effioients of the first 
powers of x, hecomes equal to 0, the equation, will taJce the 

and this is called, an incomplete equation, of the second degree. 
Hence, 

An incomplete equation of the second degree involves only the 
second power of the unknown quantity and known, terms, and may 
be reduced to the form 

x' = q. 

Solution of Incomplete EguoMons. 

113, Having reduced the equation to the required form, we 
have simply to extract ihe square root of both members to find ihe 
value of the vnknown quantity. 

Extracting the square root of both memhers of the equation 

-? 1 ^^/T' 

It q J 1 t q tl If 1 f 1 

by t t n th 1 t f ff a d tt 1 1 II tl 

I p es d tl lb aieally in nun b 

Ifg- anl{,b qnttyndntajftq tmt 

beludt pltfmbytl ilf In d 

ca fth ^Idgre Ifgisannb adnt I f t 

q t 1 t t 1 d t n d opp m t ly by 
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CHAl*. VI.i EQUATIONS OF THE SECO.ND DEGEEH. 145 

But the square of any iiumL':r is -j-, whether the iiumbeJ 
iUelf havo the + or ~ sign: hence, it follows that 

(+-/?? = ?. and {"^/qf^q; 
and therefore, the unkno-'wn q^uantity ic La susceptible of two dis- 
li'ict ■vuluos, viz: 

X — + y^, inid X ^ ~ yVi 
iijd either of these values, beuig substituted for a, will satisfy 
Ihc given equation. Por, 

and j.^ = ~.yfq A —-/q — q; hence, 

Every incomplete tquaitoa nj thf second degree has tioo roots 
uikich are numeucalhj equal to cick other; one having the sign 
plus, and the other the sign minus (Art, 77). 



1. Let us tako tiie equation 

g a "^ 12^^ "24 ^24' 

which, by making the terms entire, becomes 

8x^ - 72 + lOa:^ :zz 7 - 24^^ + 299, 
and by transposing and redudng 

42s^ :^ 378 and a^2 ^ ^ = 9 ; 
42 

hence, a:^+^=+ 3; and K=-.y^=-3. 

2. As a second example, let ns tako the equation 

Bx^ — S. 
dividing both members by 3 and extracting tlie square root, 



\si which tiie Talues of x must be determiiied approximately 

3. "What are the values of x in the equation 

11{.'k2— 4) =5(3:^ + 2). Ans. x= ±3. 

4. Wiiat are the values of x in the equation 



Ans « = ± — ■ ■- 



.OOglf 
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Solution of Equaiions of the Secsad Degree. 
114. Let us now solve the equiition of the second dogi'oe 

x^ -\- Qpx —q. 
If we compare the first member with the square of 
X -j- p, which, is x^ -\-2px +p*, 
we sec, that it needs but the square of p to render it a perfect 
square. If then, p^ he added to the first member, it will 1» 
oome a perfect square ; but in order to preserve the equality of 
Ihe mtmbcrs, p^ must also be added to the second member. 
Makiiig these additions, we have 

a^ + 2px +p^ = q + p^; 
this is called, completing the square, and is done, iy adding >>>« 
square of half tlie co-eficient of x to both members of the equa 

Now, if we extract the square root of both members, we have, 
x+p — ±^3 +p% 
and by transposing p, v/a shall have 

X ~ —p +^q +j?^, and x=—p—^^-p'^. 
Either of these values, being substituted for x in the eriimlion 

a? + 'ipx =^ q 
will satisfy it. Por, substituting the first value, 

^^ — (— p+yT-Kp^}^=p^ — 2pyT+P^ + 5-t P'- 

2px = 2p x{~p +y/V+P^) = — 2jf= + ^p^q+p', 
by adding x'^ + 2px = q. 

[Substituting the second value of x, we find, 

x''~i—p —y/V+p^y — P^ + %'y'T+P^4- 3 +' r*, 

2px — 2p{ —p —^1 -Vp^') — — 2/1^ — 2pJ q-Vp"^ ; 

by adding x^ -\- 2px z= q ; 

and consequently, both values found above, tro roit^ of the 
equation. 
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CHAP, VI.] EQUATIONS OF THE SECOND DEGHEE. 147 

In order to refer readily, to e'ther of these -values, wc shall 
call the one which arises from asiiig tha + sign hefore the 
radical, the first value of x, or -the first root of the equation; 
Kid tho other, the swond value of a, or the second root of the 
e*] nation. 

Ilavhig reduced a complete eq^uation of the second degtoe to 
tlic for]H 

a* + 2px ^ J, 
wc can write immediately tho two values of the unknown quan 
tity by tlio following 



I, The first value of Ike unknown quantity is equal to half 
Ike co-efficient of x, taken wilk a contrary sif/n, plus the square 
root of t/ie second member increased hi/ tlw square of half this 
co-efficient. 

II. The second ralue is equal to half the co-efficient of x, 
taken witli a contraiff sign, minus the square root of the seconit 
member increased by the square of half this co-efficient. 



1. Lot lis take as an e.xfimple, 

K^ - 7* + 10 = 0. 

Keduciiig to required form, 

a:= - 7a: = - 10 ; 



7 f~' ~^ 

whence by the rule, a — — - + W — 10+ — = 5; 

«id, ^ = — - \/ - 10 + ^ = 2. 

2 V 4 

2. As a second example, let us take the equation 
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Reducing tt the required form, we have, 

"^ ■"" 23^ ~ 22 ' 
whence, , = _ ^ + ^/^7(J)' 

It often occurs, in the solution of equations, that jf' and j 
ttre fractions, as in the above example. These fraction? most 
generally arise fvom dividing by the co-efficient of x^ in the 
reductioa of the equation to the required form. When thi9 is 
the case, we readily discover the quantity hy which it i"* neces- 
sary to multiply the tprm 5, in order to reduce it to the 
same denominator with jfl; after which, the numerators may be 
added together and pl^^ced over the comnaon denominator. 
After this operation, the denonainator will be a perfect square, 
and may be brought from under the radical sign, and will 
become a divisor of the square root of the numerator. 

. To apply these principles io reducing the radii^al part of the 

values of a:, in the last example, we have 



-v^f^^ 



and therefore, the two valt 







either of which being substituted for x in tlie given cqualioii, 
will satisfy it. 
3. What ai'e the valuts of x in the equation 
ax^ — ac = cx ~ Ix^ 
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Reducing to required form, we have, 



and, 31=: -\ 



;(«+&) Wa + b 



"^ 3(a+i) V a + b '''l{a+bf 
Reducing the terms under the rjidiwil Bign to a cuiniiion 
doiiominator, we find, 



_ c ±: ■sfW'<: + 4ofe + ^ 

4, What are the values of ,r, in the equation, 

Oj;3 _ 37^: ^ — 57. 
By reducing to the required form, we have, 
, 37 57 



37^ r^iTTTSTY 



Reducing the quantities under the radical sign to ) 
denominator, we have, 



13 V (12)= , (12P' 



(12)= 7(12)-- 
But, 114 X 12 = 1309 ; and (37)^ ^ 13C9 ; 



, 37 f^ 13<i8 -I- 13(!!) 37 , 1 

h»ce, ' = + Jj±V fj5„ = +a±l2i 



"=+T 



(12)' 

, ^ , J_ _^ 
' 12 13 ~ "O"' 

md, ,= + ___=8. 

5. What are the values of x, in the eqimtien, 
ia? — 2x" + 2ax =; ISui — 1«6». 
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Reducing to tlie required form, we have, 
i= - aj; = 2a= ~ 9q6 + 9i» ; 

whence, a ~ ~ ± WSa* — 9ab + 9IP +^ 
The radical part is equal tn — — 36 ; hence, 
Find tho values of x m the foUowiiis 



4 <;■ 



flO 00 ^ 



-7+'' = 







^ns. 


"" y 








^ns. 


a: =4, 




J 




jln«. X = 


7, 


:. 


= + !.. ^. 


5. r^a 




= 


6 + ^ 


-? 


b^ 






^.io 


^ ^ = 


6 +« 


ar 
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=y^-y^' ys:+y-„- 



11. 



- 2i^ 3n^ 
2« - 6 



-flras. 



^ — 1. 

6-3" 



12. 2^+ 2 =24 — 5» — 2^^ -^ks. a: — 2, x = — ~. 

13. a:^ — a: — 40 = 17'). Jras. x = 15, and ^ = — 14. 

14. 33^2 + 2^ — 9 ^ 16. ^»s. a: = 5, aad a: = — 5§. 

15. a= H- i^ — 2ix + a^ = ^^. 

Prd)lems giving rise to Equations of Hie Second Degree involv 
ing hut one unknown quantity. 

1. Find a nuiiber such that three times the number added to 
twice its square will he equal to 05. 

Lei X denote the numlicr. Then from the conditions, 
2si + 3j:=C5 - - - (1) 
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Both 0/ tliese roots verify tho equation : for, 

2 X (5)^ + 3 X& = 2xa5 + 15^fi5; 
„/ J3V , „ 13 169 39 130 ^. 

The firsi. root satisfies the concUions of the problem iis enaa 
<riatei 

The second root will also satisfy tlic conditions, if we regard 
ils algebraic sign. Had wc denoted the unknown quantity by 
— x, we should have found 

2^= — 3s; = 65 - - - (2) 

iVoni ■which x ^^ —■ and a =z — 5. 

We see that the roots of this equatioa differ from, those of 
uquatjon (1) only in their signs, a result which was to hav6 
been expected, since we can change equation (1) into equation 
(2) by simply changing the sign of x, and tlie reverse. 

2, A person purchased a number of yards of cloth for 240 
isenta. If he had received three yards less, for the same sum, it 
would have cost him 4 cents more per yard. How many jai'ds 
did he purchase? 

Let s: denote the number of yards purchased. 

Then will denote the number of cents paid per yard. 

Had he received three yards less, 
X — 3, would have denoted the number of yards purchased, and 

-^ would have denoted the number of cents he paid per yaid. 



"litions i: f Iho pi ohlem, 
; for, If yards for ?40 



From the 


conditions of the problem 




240 240 ^ 


hy roduciui 


a:=-3a;-!S0 


whence. 


^ = 15 and ic 


The value 


« — 15 satisfies the con 




1 their arithmetical sense; 
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3 of one yurd, and 

12 yards for 240 cents, gives 20 cents for the [rrice of one 
yard, which exceeds 16 by 4. 

The value + a; = - 12, or - x ^ -h 12, will satisfy the 
conditions of the following problem : 

A person sold a number of yards of chih for 240 -.cms .- 
if kc had received the same sum for 3 pords more, it would 
have hrwigkt him 4 cents less per yard. How many yards did 
he sell? 

If we denote the number of yards sold by x, the statement of this 
last problum, and the given one, both give rise to the same equation, 

x' -Zx= 180, 
hence, the solution of this equation ought to give the answers 
to both problems, as we see that it does. 

Generally, when the solution of the equation of a problem , 
gives two roots, if the problem does not admit of two solu- 
tions there \» always another problem whose statement gives 
rise to the same equation as the given one, and in this case 
the two roots form answers to both problems. 

3. A man bought a horse, which he sold for 24 dollars. Al 
hJie sale, he lost as mucli per cent, on the price of bis pur- 
chase, as the horse cost him. What did he pay for the horse? 

Let X denote the number of dollars that he paid for the horse : 
then, ;b ~ 24 will denote the number of dollars that lie lost. 

But as he lost x per cent, by the sale, he must have lost 

upon each dollar, and upon x dollars he lost a mimbei 

100 ^ ' <- 

of dollars denoted by -—-^ ; we have then the equation 

-^ = ir - 24, whence «= — 100s = - 2400 ; 
Therefore, « =r CO and « = 40. ■ 

Both of these values satisfy the conditions of the problem. 
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Por, ill the first place, suppose the man gave 60 dollars for 
the horse and sold him for 24, he then loses 30 dolhirs. But, 
from the enunciation, he should lose 60 fir cent, of GO, that is, 



therefore, CO satisfies the proljlom. 

If he pays 40 dollars for the horse, he loses 16 by tlie saJci 
for, he shunld lose 40 per cent, of 40, or 
40 

therefore, 40 satisfies the conditions of the, problem, 

4. A grazier bought as many sheep as cost him £60, and 
after reserving 15 oat of the number, he sold the remainder 
for £54, and gained 2s. a head on, those he sold: how many 
did he buy! Am. 75. 

5. A merchant bought cloth for which he paid £33 15s., which 
he sold again at £2 8s. per piece, and gained by the baa^ain 
as much as one piece cost him. ; how many pieces did he buy % 

Aas. 15. 

6. What number is that, which, being divided by the product 
of its digits, the quotient will be 3 ; and if 18 be added to 
it, the order of its digits will be reversed "i Ans. "24. 

7. Pind a number such that if you subtract it from 10, a»d 
multiply the remainder by the number itecif, the product will 
be 21. Ans. 7 or 3. 

8. Two persons, A and B, departed from different places at 
the same time, and traveled towards e^ch other. On meeting, 
il appeared that A had traveled 18 miles more thau B; aad 
that A could have performed B *. | mey in 15| days, but B 
would have been 2S dajs in poitoiming A's journey. How 
far did each travel 1 1 A 73 miles. 

' ] B 54 miles. 

9. A eompany at a taverri liad £8 15s. to pay for their 
reckoning ; but before the bill was settled, two of them left 
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tho room, and tlien. those wlio reraalnod nad 10s. apiece uiore 
lo pay iban before: liow many were thoie m the company? 

Ans. 7. 

10. Wh.at two numbers are thosn whose difference Is IT), ani] 
of wliich the cube of the lesser is equal lo half their pidijiicli 

Am. 3 and 18. 

11. Two partners, A and B, gained $140 in trade: A's iiioni,')' 
was S months in trade, and his gain was SCO leas ihan his 
-tock : B's money was $50 moi'e than A's, ind was in trade 5 
months: what was A's stoelt ? Aus, $100, 

12. Two persona, A and B, start from two different points, and 
travel toward each other. Whoa they meet, it appears that 
A has traveled SO milea more than B, It also appears thai 
it will take A 4 days to travel the road that B had come, 
and B 9 days to travel the road that A had come. What was 
their distiinoe apart when they set out? Ans. 150 miles. 

Discussion of EijualioTis of l/ie Second Defjree involuing but 
one unknovm quantity. 

115. It has been shown that every complete equation of the 
second degree aui be reduced to the form (Art. 113) 

, x^-\-2px = q - . . (1), 
in which p and q are numerical or algebraic, entire or frac- 
tional, and their signs plus or minus. 

If we make tho first member a perfect square, by completing 
the square (Art. US'*), we have 

which may be put under the form. 

(x+pY^q + p\ 

Now, wha'aver may be the value of q+p^, its square root 

may bo represented by m, and the eouatlon put under the form 

(x-\-py = m.% and consequently, (c + js)^ — m^ = 0. 
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But. as the first member of the last equation is the dlffprcncs 
between two squares, ifc may be put under the form 

(^^ + p~m){x+p + ni) = Q . . . (2), 
in which the first member is the product of t^o faetors, and the 
second 0. No.v, we can make this product eq-. ol to 0, and 
consequently satisfy equation (2) only in two different wayis . 
riz,, by making 

,r + 7? — TO = 0, whence, x= -—p + m, 
or, by itijikiiig 

x + p + nt ^ 0, whence, x = — p — m. 

Now, either of these values being substituted for x in equa- 
tion (2), will satisfy that equation, and consequently, will satisfy 
equation (1), from which it was derived. Hence, we conclude, 

1st. Thai every equation of the second degree has two roots, and 
only two. 

2d. That the first member of every equation of the second degree, 
vihose second member is 0, com he resolved into two binomial foe- 
tors of the first degree with respect to the unknown quantity, having 
the unknown quantity for a first i 
signs changed, for second terms. 

For example, the equation 

a:^ + 3^ - 28 = 
being solved, gives 

x = 4: and ^ = — 7; 
either of which values will satisfy the equation. 
(,r _ 4) {s + 7) ^ ^s + 3^ _ 28 = 0. 
If the roots of an equation are known, we co 
the binomial factors and deduce the equation. 



1 and the two roots, with theit 



> have 



.adiiy for 



1. What 


are the factors, and what i 


.s the equation; of whicL 


e roots ai 


■e 8 and -9? 




^7i,'. 


a; — 8 and x + 9 arc 


1 the bincmial factora. 


md 


■r» + :c-72^0 is 


^he equaton. 
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2. What are the factors, and what is the equaiion, of which 

the roots arc — 1 and + 1 ? 

X + I and X — 1 are the factors, 

and ic' — 1 ^ is the equation. 

S. What are the factors, and what is the equation, 'wliose 

aiots are 

7 + r/ - 1039 , 7 - V - 1039 „ 
JIT— and — ^g-__^ 

Ar.. (---^30 -J "''' \^-~ To ) 

di-e tlie factors, 

and 8x^ — 7jr + 34 — is the equation. 

116. If we designate the two roots, found in the preceding 
article, by x' aad x'\ we shall have, 

or substituting for m its value y/ q + p^, 
x' = -~p-^-y/q + '/\ 

Adding these equations, memLer to member, we gel 
x' + x' = ~^p; 
and multi}dyii]g them, lucrabcr by member, and reducing, 
we find 

x'x" = ~q. 

Ilcncc, after an equation has been reduced to the form of 
x'^ + 2px ^^ q, 

1st. The Tjgebraic sum, of its two roots is equal to the co-effi- 
cient of the first jmoer of the imhwicii qvantity, viith its sign 
clmnged. 

2d. Tlie product "f the 'wo roots is equal to the neeond member 
with its sign chan^-ed. 
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If the sum of two quantities is given or known, their pro- 
duct will be the greatest possible whcu they are equa?. 

Lot 2p be the sum of two quantities, and denote their dilTejv 
ence by 2d ; then, 
p -\- d will denote the greater, and p ~ d the less quantity. 

If we represent their product by i?. we shall have 
p'^ — d^ — q. 

Now, it is plain that q will iLiorease as d diminishes, and 
that it will be the greatest possible, when rf = 0; that is, when 
the two quantities are equal to each other, in which case the 
product becomes equal to p^. Hence, 

3d. The grealest possible value of Oie product of the two roots, 
is equal to tlie square of half the eo-ejjicient of the first poiuer 
of the unknown quantitij. 

Of Hie Four Forms. 

117. Thus fiir, we have regarded p and q as algebraic quaii- 
titics, without considering the essential sign of cither, nor havo 
we at all regarded their relative values. 

If we first suppose p and q to be both essentially positive, 
then to become negative in succession, and after that, both to 
become negative together, we shall have all the combinations 
of signs which can arise. The complete equation of t!.o second 
degree will, therefore, always be expressed under or e of the 
fo-jr following forms ; — 

x-' + 'Upx^ q (1), 

x^ — 2px = q (2), 
!fi + 2px= - q (3), 
s? — 2px — — q (4). 
These equations being solved, give 



' = ~r ±V '' + !•' P). 

' = +?*• t+p' (2), 

' = -p ±V-«+y' (3), 

« = +y±y=Fr? (4). 
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In the first and second forms, the quantity under the radical 
sign will be positive, whatever be the relative values of p and g, 
since q and p^ are both positive ; and therefore, both roots 
will be real. And since 

q +p'^ >i'^ it follows that, ^ 9 + p' > P, 
and consequently, the roots in both these forms mil have the same 
aiffTts as ilie radicals. 

In the first form, the first root will be positive and the 
second negative, the negative root being numerically the greater. 

In the second form, the first root is positive and the second 
negative, the positive root being numerically the greater 

In the third and fourth forms, if 
P'^>(1, 
the roots will '.t real, and since 

P>'J-'i+P'^> 
they will have the same sign as the entire part of the root 
Hence, hotli roots ti>ill he negative in ilie third form, and both 
positive ill the fourth. ■ 

If p^ — q, the quantity under the radical sign becomes 0, 
and the two values of x in both the third and fourtli forms 
will be equal to each other; both equal to — 2> iu the third 
form, and both equal to + ^ in the fourth. 

If p"^ < q, the quantity under the radical sign is negative, 
and all the roots in the third and fourtli forms are imaginary. 

But from the third principle d6monstraE«d io Art. ll(i, the 
greatest value of the product of the two roots is p^, and from 
the second principle in the s;ime article, this product la equal 
to q ; hence, the supposition of p^ <ig is absurd, and the values 
of the roots corresponding to the supposition ought to be i'wi- 
possible or imaginary. 

When any particular supposition gives rise to imaginary re- 
sults, we interpret these results as indicating that the suppo 
■ation Is absurd or impossible. 
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If jO = 0, the roots in each form become equal wiLli con- 
trary signs ; leal in the; first and second forms, and imaginary 
in the thi 1 1 f tl 

' If g = tl f t d tl d f b m tl 1 , 

Uie se d d f h 

In th f OB tl tl t t i 1 t d c 

flscond t i 1 - _? tl ] tt t> h t t 

is equal to + 2p, and the second to 0. 

If p = and g = 0, all the roots in the four forms reduce 
to 

In ill jiCLcdmi:; dis iisifinn we have mide 
I>^ ></, J>'< q, an 1 i»" = 3 , 
wp have also niadu ji and q separately equil to 0, ^lld then 
botli equal to at the same time 

These suppositions embiace every possible hjp>thesis that can 
be made upon p and g 

118. The results deduced m aiUcle 117 might hivo Tic^n ob- 
tained by a distussion of the four forms them-jehes, instead of 
their luots, making use of the principles demonstrated in arti- 
cle lie 

In the fi)<.t foim the pr )diiet of the two loots is equil to 
— q, hence tlie loots must hi^e contiaiy signs, thrir sum is 
~2jj, heme the negative root is nuraeiically the gieatei 

In the second form the pioduct of the loots is equal to — g 
and then sum equal to + 2p , hence, their signs arc unlike, 
and tie positive root is the j-reater 

In the third foim the pioduct of the roots is equal to +g; 
hent.e, their signs aie alike, and their sum bem^ ej^ml to —2p, 
thfj are both negative 

In the fojiTlh tuim the piuluit of the roots is equ d to 'r h 
ind their sum is equal !"> - 2/) hence, then signs an. alike 
and both jiositne 

!f p — 0, the sum ot the iodIs must be equal to , or the 
roota iimst be equil Milh contnij 'iigiis 
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If J p d f lie qu e one 

oh mu ba and the oh ilbeatotleci>- 

effiu e fi t J we of t e unknowa q nt j ta t th 
a c y 

IfiJOadyOhes sn u 

oOadlipdunulje n h L 
L cm nu t bo b 

119 i e a a sn^ ea e s ^ 

u opobm^n <{ f d 

decree, wJilch needs explanation. 
To discuss it, take the equation 

ax'^ + hx = c, 






If, now, we suppose a = 0, the expression for tlie value of 



But the supposition a = 0, reduces the given equation to 
fjj: = c, which is an ec[uation of tho Jlret degree, 

^*he roots, found above, however, admit of interpretation. 
The first one reduces to the form --- in consequence of the^ 

existence of a factor, in both numerator and denominator, which, 
factor becomes for the particular supposition. To deduce the. 
true value of the root, in this case, take 

— b + 'i/W+Jai 
X = -^-— — — , 



and midtiply both tenns of the fraction by — & — VP"+5a^! 
aAor striking out the common factor —2a wo shall have 
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m which, if 'fl make a^zO, the \ ilue of i leduLCS tu -7-j 

Ine =ain.e value that we shoull jbtim by solving the simpia 
oquiticn 6x=^ <: 

The other root co, k tha \alue towaiila which the expression, 
li>i the scooud vilue of r, LontinjiUy approaches as o 19 made 
smaller and smallei It indicates that the ey^uation, under the 
-iippo'iition, admits of but one root in finite terms ITii-, should 
be the case, since the equation thi,ii becomes of tho first degioe 

120. Tlio discussion of the toUowmg problem piesenta most 
ot the Lircumstanees usually met with in problems giving rise 

o (C[uitioiis of the second degree In the ^iolution ot this 
problem, we employ the tollowing piinciple ot optics vi? — 

The tnten'tly of a lijlit at any ffiien distance, iS equal to its 
nitensity at the dtslance 1, divided by the square of that dialance 

Pnhlfm <j tilt. Itjhh 

"(T' A C B 5" 

121. Fiad upon the line which joins two lights, A and B._ d 
different intensities, the point which is equally illuminated by 
tho lights. 

Let A be assumed as the origin of distances, and regard all 
distances measured from A to the right as positive. 

iLet c represent the distance AB, between the two lighis ; 
a the intensity of the light A at tlie distance 1, and 6. the in- 
tensity of the light B at the distance 1. 

Denote the distance AC, frona ^ to the point of equal iUu- 
mination, by x; then will Iho distance fi'ora B to the fiame 
point be denoted by c ^ x. 

From the principle assumed in this last article, the intensity 
of the light J, at the distance ], being «, its intensity nt ihe 

distances 2, 3, 4, &e., will bo — -, --, — -, &c. : hence, at lb>i 
4 9 lb ' 

dJHliince x it v/ill Ije expressed ny — , 



,y Google 



CHAP. Vr.] EQUATIONS OF THE SECOND DEGREE, 16S 

hi like manner, tho intensity of B at thu distance c — x, ia 

■7 rj ; but, by the conditions of the problem, these two 

iateiisities are equal to each other, and therefore we l.ave Iho 




Since both of tliese values of x are always real, we conclude 
ihafc there will be two points of equal illumination on the line 
AB, or on the line produced. Indeed, it ia plain that there 
should be, not only a point of equal illumination between. thQ 
lights, but also one on the prolongation of the line joiniug tlie 
lights and on the side of the lesser one. 

To discuss these two Yalues of it. 

First, suppose a ^ b. 

The first value of x is positive; and sineo 

this value will be less than c, and consequently, the first point C, 
will bo situated between tho points A and £. Wo see, moreover, 
that tho point will ho nearer B than A; for, since a > S, -ws 
have 

/^H-/« or, 2ya>{/^+/6); whence 

—-z^ — —=> — ; and consequently, — ; — - — t= > — . 

ij,„ii,,v..oogk 
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TLe second value of x is also positive ; but since 

it will bo greater than c; and consequently, the secor.d point 
wil. bo at some point C, on the prolongation of AB, and at 
tbe right of the two lights. 

This is as it should be; for, since the light itt A is most 

intense, the point of equal illumination, between the lights, ought 

to be nearest 'tJic light B; and also, the point on the prolonga- 

UoE of A£ ought to be on the side of the lesser light £. 

Second, suppose a < &. 

The first value of x is positive ; and since 

this value of x will be less than c; consequently, the first point 
will fall at some point C, to the right of A, and between A 
snd £. 



C" A OB C 

We see, moreover, that it will be nearer A than B\ for, 
since a < 6, we have 



/»+/*'> 2/^, and consequently. 



The second value of « is essentially negative, ^ince the nume- 
rator is positive, and the denominator essentially negative. 

We have agreed to consider distances from A to the right 
positive ; hence, in accordance with the rule already established 
for interpreting negative results, the second point of equal illu- 
mination will be found at G", somewhere to the left of A. 

This is as it should be, since, under the supposition, the light 
at B is most intense; hence, the point of equal illumination, 
between the two lights, should be nearest A, and the pcint in 
the prolongation of AB, should be on the side nearest the 
fcebJer light A. 
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Third, suppose a =: 5, and c > 0. 

Tiie firs', value of x is then positive, and ec[ual to — hence, 
the first point is midway between the two lights. 

Tlie second value of x becomes = co , a result which in- 

dicates that there ia no other point of illurniiiation at a fir.ita 
distance from A. 

This interpretation is evidently correct j for, under the suppo- 
sition made, the lights are equally intense, and consequently, the 
point midway between tliem ought to he equally illuminated. 
It is also plain, that there can be no otier point on the line 
which will enjoy that property. 

Fourth, suppose b ■= a and c = 0. 

The firet value of x becomes — -— = 0, hence the first point 
IS at A. 

The second value of x liecomes, —-, a icult wluih indicates 
that there are an infinite numhur of other points which are 
equally illuminated. 

These conclusions are confirmed by a consideration of the con- 
ditions of the problem. Under this supposition, the lights are 
equal in inteu'jity, and coincide with each other at the point A. 
That point ought then to be equally illuminated by the lights, 
as ought, also, every other point of the line on whi' h the lights 
are placed. 

Fifth, suppose a > t, or a < 6, and c = 0. 

Under these suppositions, both values of 3" reduce to 0, thich 
shows that both points of equal illumination coincide wiiii iha 
point A. 

This is evidently the case, for, since a ii not equa' t^i ', 
and the lights coincide at A, it is plani that no other point llian 
A can be equally illuminated by tliem. 

The preceding discussion presents a striking example of the 
precision wth which the algebraic analysis respond i to jII the 
relations whith e-vi^t between the ijuant *iea tlut 9nter a prolil^-m 
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BADICALS OF THE SECOKD EBeREB. 



1. Gireii, x+^ 



•Ho? 



, to find the values of x. 



Cy reducing to entire terms, ive Lave, 

oy transposing, a; Vtt^ + x^ ^ a^ — x^, 

and by sijuaring toth niemliers, a'x'' + a:* =3 a* — ^a^x^ -\- x', 

^■henco, Sa^.r^ = a*, 

and, a: =1 ±w -7-. 

3. Given, -J ^ + 6^ - y/-^ — J3 - s, to find tlie values of «. 
By transposing, sj— + i"^ ~\/~s ~ ^* + 6 ; 
siparing Loth members, -3 + 6^ — — — i^ + 2S i /-^ 6^ + fl= ; 

whence, 6^ ^ 2i y-^ — i^ and S = 2-t /-^ — 6^ ; 

squaring botU members, b^ = — ^ — . 4J^ ; 

and hence, a;^ = — , and 



562 



V 



3. GJv 



4. Given, 
vdties of 3 



f" y 1 — ~ y I to find the values of x. 

Ans. 3!= ±. J'lab — h^. 



Ans. 



ib =F 1)^* 
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5. Given, ^ .. T " ~ — — i, to find the riiluos of x. 



V^+g 






to find the values of x 



^- 




«+«+/2; 


,« + ,■' 



^>"^- ■'^- 1 ±2n. ■ 



, to find the values of x. 



: b, to fmd the Yaluea of a;. 

C^ Trinomial Equations. 

I22i A trinomial equation is one which involves only terms 
c^iiitaiiiiiig two different powers of the unknown quantity and a 
kui>\vn term or terms. 

123. Every trinomiaJ equation am be reduced to tlie form 

*«-)-2;.s- = g (l), 

iu which TO and n are positive wliole numbers, and p and q 
i;nowa quantities, by naeans of a rule entirely similar to that 
given in article 111. 

If we suppose i?j = 2 and n = 1, equation (1) becomes 
^■^ + 2pz = 7, 
a trinomial equation of the second degree, 

124i The solution of trinomial equations of the second degree, 

lias already been explained. The methods, there explained, are, 

witJi some slight modilications, applicable to all trinomial equ* 

tions in which m = 2«, that is, to all equations of the fono 

x^" + 2px'' — g. 
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To dcimoniitrate a rule for the solution of equations of tliia 
form, kt ua place 

3!" = )/ ; wSience, Z'" t= y^. 
Those valuRs of x" and x'^", being substituted in the givon 
nqnation. reduce it lo 

y-^ + 2jL>y =. q, 

■ft-heiice, y ^r. ~ p d= V5 + p'^, 

Now, the n'* root, of the first member, is x (Art. 18), and 
although we have not yet explained how to extract the Ji** 
root of an algebraic quantity, we may indicate the o'* root of 
the second member, Henoe, (axiom 0), 



■ y-j'^yT+j'^- 



Hence, to solve a triiiomial equation which can be reduced 
to the form a;^" + Sp.!" =z q, we liave the foUowing 



Eednce the equation to the form of a:'" + ^px' = ? ; the vahiea 
of the unknown quantity will t/ten be found by extracting the 
«'^ root of half the co-e^ktent of the lowest power of the im- 
known quantity with its sign changed, plus or minus the square 
root of the second member increased by the square of half the 
etye^cient of the loviesl power of the unknoion quantity. 

If n =: 2, the roots of (he equation ai-o of the form 



-y ~P ^-/l 



We SCO that the unliuown quantity has four values, sir.ce each 
of the signs + and — , which affect the fijst radical can bo 
combined, in sucoessicn, with each of the signs which afleot the 
second; but these values, taken, two and two, are numericully equal, 
and have contrary signs. 
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1. Take the equation 

x"- ~ 25,f2 ^ 

Tliis Leing of the rcq^iiiri^d fori 

thi rule, 



! have by appioation of 



''=*vf ±y"i"+-"' 



whence, a: = ± \J — ± ~ ; 

hence, the four roots are +4, — 4, +3, and — 3 

2. As a second example, take the equation 

X.* - tv?' = 8. 
Whence, by the rule, 

hence, the four roots are, 

+ 2/2; -2/2; +^ 
iha last two are imaginary. 

3. a;' — (26c + 4(1=) a:^ = — t^cS, 



L 2j; - 1^ ^ 90. 



X = iv/ic + 2^3 ± 2i;yir+^. 



_^ /7dz V'4 at/^ + I-' 
V 2M 



125i The solution of trinomial equations of the fourth dog, 1) ■ 
requires the exlj-a«tion of the square root of expressions of tJia 
form of a ±1 .Jb in which a and b we positive or negative, 

numerical or algeltraic. The expression a / a ±: Jh can some- 
times be reduced to the form of 0! ± y'V or to the form 
^ nl' ± -J^' i ^i'3 "when such transformjition is possible, it is 
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advantageou!! to effect it, since, in thia case, we have only b) 
extract two simple square roots; whereas, the expression 



V'-iA 



i'equires the extraction of the square root of the square root- 
To deduce formulas for making ihe required transformation, 



]> + q=^\ 



(1). 

(2); 



?-5 = y«--/^ 

in which p and q are arbitrary quantities. 

It is now required to find such values for p and g as will 
satbfy equations (1) and (2), 

By squaring both members of equations (1) and (2), we have 

p2 + 2pq-i-q^ = a+^ - . - (3), 

p2_2pq + q^ = a~^T. - - (4). 

Adding equations (3) and (4), member to member, we get 

y + 9^ = a (5). 

Multiplying (1) and (2), member by member, we have, 

Let us now represent Va^ — 6 by c. Substituting in tbe 
last equation, 

P^~q' = c (6). 

From (5) and (G) we readily (li;duco, 



tkese values sibstitutcd for p and j, in equations (1) ajid (2), 
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(8). 



Now, if (^ — h is a perfect square, its sijuare root, c, will 
Lu a ratioual quantity, nr.d llio^ application of one o/ tlie for- 
inalas (7) or (8) will reduce the given expression to tlie re- 
quired form. If a^ — i is not a perfect square, the application 
of tfio formulas will not simplify the given expression, for, we 
shall stUl have to extract tlie square root of a square root. 

Therefore, in general, tliis transformation is not used, unless 
^ ~-h is a perfect square. 



1. Reduce W 94 + 42^=W!)4 + ^ 8S2I), to its simplest 
form. We hiive, <t - 94, i = 8820, 

whence, c ^^o? - 6 =y' 8836 -8820 =: 4, 

ft rational quantity ; formula (7) is therefore applicable to tl»ia 
case, and we have 



or, rrfaomg, = ± (^49 +/45J ; 

hence, ^^94 + 42^5 = ± ( 7 + 3/5). 

This may he verifiecl ; for, 

(7 + SyO)' = 49 + 4o + 42/6 = 94 + 42/5. 
2. Reduce \/ np -^- Sm^ — Sm/iyT + m^, to its slniplest 
firm. Te hsio 

a = np 4- 2m^^ and 5 = 4m^{«ir> 4- m^), 
a" - 'j =^ ji^% and c ^Vn^ — 6 = np ; 



i-o.idb, Google 



172 ELEMKNTS OF ALGEBRA. ICIIAP. 7L 

and therefore, formula (7) is applicable, li yives, 



/ fwf-k- 2m^ + lip />■)) +2m^ — «/'\ 

*(\/ a V a )' 



and, reducing, ± (a/'"Z' + '"^ 

3. Ecduce to its simplest I'onii, 



By applying the fonnuliis, we liiid 



10. 



hencs, y^lG + 30y ~ 1 + y^Ki - 30^ - J : 

Tills example shows that the transformfttion is applicable to 
imaginary expressions. 

i. Reduce to its simplest form, 

y/sS+IO/S. Ans. 5+/3., 

5. Reduce to its simplest form, 

^l + 4/^3. Ans. 2 +^/'^^. 

0. Reduce to its simplest form, 



■v/fo + 21,^ he - b^ - \J be - Ib^bc - b\ 



°t, lieduce to its simplest forr 



y/ ab + 4cS - ^ - 2^ iubc^ - ab(P. 

Ans. J^ - ^ic- — iP 
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EquaUons of the Second Degree involving tioo or more unknown 
quantities. 

126. Every equation of the second degree, containing two 
unknown quantities, is of tlie general form 

ay"^ + bxy + c.x^ + dy +/« + ^ ~ 0; 
or a particular case of that form. For, this equation contains 
terms involving the squares of both unltnown quantities, theii 
product, their first powers, and a known term. 

In order to discuss, generally, equations of the second degree 
involving two unknown quantities, let us take the two equations 
>f the most general form 

o.y-'-li-bx^ + cx-'-{-dy+fx + g =0, 
and a'y^ + b'xy + c'x^ + d'y +fx +y> = 0. 

An-anging them witli reference to z, they become 
ex'^ + (by +f)x + ay^ + dy + ff = 0, 
e'x^ + {b-y +/■) X + aY + d'y + y' ^ (, ; 
from which we may eliminate «^, after having made its co-effi- 
cient the same in both equations. 

By multiplying both members of the first equation by c', and 
both members of the second by c, they become, 

cc'x' + (by + f)c'x + {a.y^ + dy -^ g)c' =^Vl, 
cc'o:-^ + (i'y +/')c ^ + (ay + d'y + ff')c = 0. 

Subtracting one from the other, member from member, we have 
[(fc- - ,6'), +/,■ - ,/'],, + {„r/ - „,'),' + (de - ci'),j + g,' 

- la' = 0, 

which gives 

_ (cK' ^ «c')y^ + jcd' ~ dc')'j + e</' - f/c' 
(Ja- - d'), +fi - ,f 
This value being substituted for x in one of the prop'Osed 
equations, will give a fatal equation, involving only y. 

But wifbout effecting the substitution, which would lead to a 
very compljeated result, it is easy to perceive *hat the final 
equation involving y, will be of tlie faurtli degree. For, the 
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numerator of the v^iiuo of x being of Uic forai 

its square will be of the fourth degree, an3 this square forax 
one of the pails in the result cf the substitution. 

Ilierefore, in general, Ihe solution of two equations of the teeontt 
degree, involving two unhnown qnantiiies, depends upon that of a» 
equation of the fourth degiee, involving one unknown quantity. 

127. Since ve have not yet explained the manner of solving 
equations of the fourth degree, it follows that we cannot, as 
yet, solve tlie general case of two equations of the second 
degree involving two unknown quantities. There are, however, 
some particular cases that admit of solution, by the application 
<jf the rules already demonstrated. 

FirU. We can always solve two equations containing two 
unltnown quantities, when one of iha equations is of the second 
degree, and the other of the fust. 

For, we can find tho value of one of the unl;nown qua., 
tities in terms of the other and Icuown quantitle'!, from tlie 
latter equation, and by &i\bs1ituting this in the former, we shall 
have a single equation of tho second degree containing but one 
unknown ijuantity, which can be sulied 

Thus, if we have the two equations 





a;^ + 2!/S = 32 - - - (1), 




2x ^ y ^ \ - - - - (3), 


we can 


find from equation (2), 




X ^ + ^- whence r^ ^ + ^^ " 




X — - — ^ — , wiiencej ,t =i - ■ ■■■ — - — 


end by 


substituting this expression for 3? in equal 




^+•"1+11+^,,^^, 


whence 


we get the values of y : that is, 




y ^ 3 and y = - y ; 


iiiid by 


substituting in equation (2) we find, 




, = . .„d .= _i5. 
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Second We can always lolvo t^vo ciuiUni tl ihi. sen id 
degree containing two unknown (quantities when th j ire Ui h 
homogeneous with resptct to these quantities 

For, we can &uhstitute for one of the unknomi quanlitioa, 
an auxiliary unlvncwn quantity multiplied into the t.etx»nd uu 
known quintitj, ind by LOmbming the t«o resulting equations 
wo can find an equation if the second degiee Iiom which the 
viJue of the ^iivilivty unknown quantity may lie determined, 
and thence the i ilue? of the itquiied quantities can easily be 
fouml 

Tike, for exanifle, the equilion? 



+ ry- 



(») 
(2). 
the giv 



Sx' — 2xi/—2f~G - ■ 
Substitute for j/, px, p being unkiio' 
become 

X- + pa'^ — p^x^ = 5 - 
3,^2 — 2px^ — 2pV = C - 
Finding tbe values of x> in terms of p, froi 
«nd (4), and placing them equal to each other, 
5 G 



{^)- 



equations (t) 
vc deduce 



l+p—p^ 3 -2p-2p^ 
- reducing, i*^ H- 4^ — -j- ; 



whence, p — 

Considering the positi 
t in equation (3), 



2' 



1 value of p, we have, by substituting 



whence, a; = 2 and x — —2: 

and since y — px we have )/ — 1 and y = — \. 

Third. There are certain other cases which admit of solution, 
but for wnich no fixed ruli 

We shall illustrate the 



cf treating these cases^ tj 



tbe solution of the 'bllowing 
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> find the values of x and y. 

- 9i I 

/:■■ 

Dividing the first by the second, member by member, wa have 
-V ■ :^ 2, or Sy = 2 ; whence y = 4 ; 

and by substituting in tlie second equation, -wo get 
y^ = 6, and ct; = 39. 
2. Given, « +-/'a;r+y = 19, 
*'+ :t:y + 2,^ = 133, 
Dividing tho second by tho first, member by member, wo 
have 

But, K -1-y^ + y = 19 : 

adding these, member to member, and dividing by 2, we find 

^ + y = 13, 
which substituted in the first equation, gives, 

-1 3^ = C, or xi/ = 36, and x = — , 
Substituting this expression for x, in the preceding equation, 
'• get, 

or, j/2 — 13y — — 3C ; 

13 / " 169 13 5 

^vhencc, y = _ ±y -36 + -^ = ^ :t - : 

and finally, V = '•>, or i/ = 4; 

and since -r + y =: ] 3, 

3: =r 4, or ^ = 9. 
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U. Find the values of x and y, in. the equations 

j/^ + 3y + IB = 44, 
By transposition, the first equation becomes, 
x^ + 2.ry + 3a; + y = 73 ; 
0^) wliich. if Ihe second be added, member to m.ember, lOere 
results, 

x^ -1- aty f »/= + 4:; + 4y ^ (a + yY + 4 (a + y) = 117. 
If, now, in the equation 

(^ + j,)2 + 4{« + j/) = 117, 
we regard a; + y as a single unltnowo quantity, we shall have 



ar + y=-2ttyilH-4; 
hence, a: + )/= — 2 + 11 =9, 

and j; + !/ = — 2 - 11 = — 13 ; 

v«heiii,e, a; = 9 — )/, and x= — \^ ~y. 

Substitutiiig these values of x in the second equation, we have 

j<s + 2!/ = 35, for je = — y, 
and y' + 2y ^ 57, for x = —\Z — y. 

The first equation gives, 

y^5, and j/ = -7, 
and the second, 

y = — \ +./m, and y = — 1 — ^/58. 
The corresponding values of x, are 

s ^ 4, x-\Q; 

3! = — 12 —^58, and a: = - 12 +y'^ 

4. Knd the values of x and y, in the equations 

xhj-' + ?!/" + xy=. 600 - (y + 2) a^V' 

a; + y^ = 14 ~ y. 

From the first eqi^iltion, we have 

a^V" + («'* + 2y) a:=j/^ + xy'^ ^ xy = 60O, 
or, aiy(l>j/^ + 2y) + a:y(l+y) = COO, 

or, agani, x^y'^ (1 4- yY + jey (1 + y) = 600 ; 

12 
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which is of the form of an. equation of tho second degree, ■ 
garding a;y (1 + y) as the unknown quantity. Hence, 
75401 



itiii] if we discuss only the roots which belong to the 
of the radical, we have 



and 1 



34 



Substituting this value for x in the second eq^uation, we liarp 

(/+y)^-14(y^ + 2') = -24; 
whence, y^ + j/ = 12, and y'^ -{-y = 2. 

fVoni the first equation, we liavc 

uiid the corresponding values of x, from the equation 

. = ^^ = 2. 

y^ + 'j 
Trom the second equation, we have 

y -1, .and y- -2; 
wliieh gives x = 12. 

5. Given, xhj 4- xy'^ — 6, and xhj'^ + x^y^ — 12, to find tlifi 
values of X and y. j a; = 2 or 1, 

""'■ \y = \ or 2. 
C ( 1= + « + y = '8 — y2 1 to find the values o^ 

' ( s:y — & ) X and y. 

( « = 3, or 2 ; or — 3 ± -/S, 
(y = 2, or 3; or -S^ ^. 

•Prohhma giving rise to J^uationa of Hie Second Degree con 
taining two or more unknovm quantities, 

1. Tind two numbers such, that the sum of the respcotiv^ 
products of the first multiplied by a, and the second mtdtiplied 
by 5, shall be equal to 2s ; and the product (if the one by 
the other equal to j>. 
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Let X and y denote the recLuirod numbers, and we have 
ax+by = 2s, 
and x'l/ =^p. 



From the first 



3.5- 



whCEce, by substituting in the second, and r(^ucing, 
a;c^ — 2sx ^ — bp. 



ore, a: =: — ± — y s^ — a/ip, 

s 1 , 

or;s6qucntly. ^j = — ^i xy *' ~ '^''P- 

« = 6 = 1 ; the "values of x, and y, then reduce to 



whence wo see that, under tliis supposition, the two values 
of X are equal to those of y, taken in an inverse order ; which 
shows, that if 

s + _/ i^ — jj represents the value of .r, s —-yj^—'p 
will represent the co' responding value of y^ and conversely. 

This relation i?- '.^pJained by observing that, under the last 
supposition, 'h? /' /on equations become 

;e + ;/ =: 2*, and xy =f, 
and 'he ',ii',,itico. is then reduced to finding two numbers o/wkiek 
the swr.o is 2s, and their product p ; or in other words, to divide 
a number 2s, into (wo svcTi parts, that their product may be equal 
lo a given number p. 

2, To iind four numbers, such that the sum of the firsl and 
fourtli shall be equal to Ss, the sum of the second and third 
equal to 2s', the sum of their squares equal to 4c^, and the 
product of the first and fourtk equal to the product of the 
second and third. 
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Let «, X, J/, aai 2, denote the numbers, respectively. Then, 
from the conditions of the problem, we shall have 
M + 2 = 2s 1st condition ; 
a; + 2/ ^ 2s' 2d " 

«N-a'^+J'^+s^-^4c2 3d 

112= xy 4th " 
At first sight, H may appear difficult to find the values pf 
the unkncwu quantitieB, but by the aid of an mixiliary unlcBown 
^iianltli/, they are easily determined. 

Let p be the unknown product of the 1st and 4th, or 2d 
ijind 3d ; we shall then have 




Now, by substituting these values of 1 
equation of the problem, it becomes 



und by developing and reducing, 

is^ + 43'^ — 4p ^ 4c^ ; hence, p := n'' -\- s'" — 
Substituting this value for j>, in the expressions for i 
we find 



These values evidently satisfy the last equation of She 
problem; for 
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ISl 



Keuakk — Tl proUm sho vs low cl tho i toducton 
of an t nk on avv I arj often fai. 1 tatcs tl e det n t n, of 
the pr nt, pal u kii wn q intit es There are othoi pr 1 lema 
of the same 1 nl ^ hcl le d to e^uatons ot a d j, ee supa- 
r or to tl e eC nd ad yet tbey may be re ol ed 1 y tl a i of 
squat ons ot the fii t a d s o 1 leg ee 1 t 1 c hn 






tie E 



m of t vo iiun bera ;[U ! t 
al to c to fi d tl nl 



\ tie 



By the It s \ 

Putting 3T = s + 2, aiid y ^^ s — z, wo have a — 2s, 

( s3 _ ^3 _]- 3^22 _(, ZS'J^ _|_ ^3 

md -< . . _ 



(y^- 



- Ss^i^ + 3ss2 _ z- 



hence, by addition, 
whence, £^ — — 



or, » = .±^i^, ami 5 = ,^;^/- 
and by substituting for s its value, 



4, Tlie sum of the squareg of tw^o mimbers is expressed by 
«, and tho differer.ce of their s-^uares by b: wbat are the 

5. What throe numbers are they, which, multiplied two and 
two, and each product divii^t i by the ;hud number, give the 
quotients, a, b, cl 

Ah,, yr*; .J^, ^"H. 
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G. Tiio sum of two numfjers is S, and the sum of tlieu 
cubes is 152; wlwt are tho numbers] Ans. 3 aud 5. 

7. Find two numbers, whose dilFereiice added to the differ- 
ence of their squares is 150, and whose sum added to tho 
Bum of iheir squares, is S30, Ane. d and 15. 

8. There are two numbers whose difference is 15, aud half 
thcii product is equal to the cube of the lesser number; what 
are (he numbers? Ans. 3 and 18. 

9. What two numbers are those whose sum. multiplied by 
the greater, is equal to 77 ; and whose dilFerenee, multiplied 
l)y tlie lesser, is equal to 12 1 

Am. 4 and 7, or ^ ^2 and y ^-2. 

10, Divide 100 into two such parts, that the sum of their 
square roots may be 14. A'is. 64 and 36. 

11, it is required to divide the number 24 into two such 
parts, that their product may bo equal to S5 times their differ- 
cBce, Ans. 10 and 14, 

12 What two number'^ are they, whose product is 255, and 
tlie sun ot whose squares is 514' Ans 15 and 17 

13 Then, 10 a number expressed by two digits, ■which, when 
dnided ly the sum oi the digits, gives a quotient gieatcr by 
2 than the first di^it , but if the digits be inverted, .ind the 
resulting number be divided by a numliei gr^ati r by 1 th-m 
the sum of the digits, the quo(it,nt will e\ftpd the f Jimer 
quotient by 2 what is the jiunibt.i 1 Ans 24 

14 A legiment, in gamsoii, consisting ot a ctrtam number of 
oompmie*', iei.enea ordeis to send 21b men on duty, each com 
pany to luimsh an equal number Before the order was exe- 
cuted three of the companies weie sent on another service, 
and It was ther found that eaUi company that remamed would 
hive to sead 12 men additional, m oider to mike up tho com 
[)lcment, 210 How manj companies were in the regimuit, and 
whit Eumbei of men did each of the icmammg companies send 

Alls 8 companies each that remained a^nt 86 men. 
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15 Pind tliiti- numbers such, that their «um tJiall bi, li, Ihe 
sum of tlitir squiits ei{uii tj 84, md tlia pt jduct of the lust 
and thud equil to Ihe s^uiic ot the -lecuntl 

yijis a, 4 mi 8. 

IG It IS requiied to tind a number, e'^pressed "by throe 
digits, Buth, thit the sum if the tquares ot the dig ts sli^ll 
be 104 , the square of the middle di^it to exn,cd twice the 
product of the othir two tj 4, and if 594 be suttracted irom 
the number, the remn nder will be expre-scd by the <!ame 
figHiLi, but ■wilh the extrbine digils reversed Ans bQZ 

17. A person has three kinds of goods which togetner cost $2B0^^. 
A pound of each article costs as many jL dollars as tliei'c are 
pounds in that article : lie lias one-third more of the second than of 
the first, and Si times as much of the third as of the second : How 
many pounds has he of each article t 

Ans. 15 of the 1st, 20 of the 23, 70 of the 3d. 

18. Two merchants each sold tlie same kind of stuff: the 
second sold 3 yards more of it than the first, aiid together, 
they received 35 dollars. The first said to the second, " I 
would have received 34 dollars for your stuff'." The other re- 
plied, "And I would have received 12J| dollars for yours." 
How many yards did each of then sell^ 

j 1st merchant 151 f 5 

j2d - - - IS) '"' J8. 






19. A widow possessed 13000 dollars, which she divided into 
two parts, and placed them at interest, in such a manner, that 
the incomes from them were equal. If she had put out the first 
portion at the same rale as the second, she would have drawn 
lor this part ,S60 dollars interest; and if she had placed the 
second out at the same rate as the first, slie would have drawn 
fcr it 490 doi'.ars ittereat. What were the twc rates of interesti 
Ans. 7 and 6 per cent. 
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128. The solution of ec[uations of tlie hecond degree supposes 
fie proocis for extracting the ^r[ii!irc rocit to Le known. In 
like maaner, the solution of equations of the third, fourth, &c., 
degree?, requires that we should know how to extract the third, 
fourth, &o., roots of any numerical or algebraic quautity. 

The power of a number can be obtained by the rules for 
multiplication, and this power is subject to a certain law of fi/r- 
inatiov, which it is necessary to know, in order to deduce the 
root from Ike power. 

Now, the law of formation of tlio square of a numerical or 
algebraic quantity, is deduced from the expression for the square 
of a liinomial (Art. 47) ; so likewise, the law of a power of 
any degree, is deduced from the expression for the same power 
of a binomial. We stall therefore fir&t deteriiim;* the Jaw for 
the forjiiation of any power of a binomial. 

129. By taking the binomial x -{• a several times, as a factor, 
ihe following results are obtained, by the rule for multiplication 

i^ + a) =o: ^a, 
{x + a)= = x-' + 'Zax + a', 
{x + af -!<fl + tiax'^ + 3a% + a?, 
(,i + a)* = a:* + 4as3 _|. gaS^a ^ 4^3^ + g*.^ 
{j; +■ af =: a:= + 5ax» + lOw'x^ + lOa^a^ + ha^x + «». 
jjy examining these poTs-ers of a: + a, we readily discover the 
law according to which the exponents of the powers of a ie 
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crease, and fho^e of the powers of a increase, in the suwrssive 
terms. It is not, however, so easy to discover a law for the 
formation of the co-efficieats. Newton discovered one, by means 
of whifh a Linomial may be raised to any power, without per 
furming tlie multiplications. lie did not, however, explain the 
course of reasoning which led him to the discovery ; hut the laiv 
has since been demonstrated in a rigorous manner. Of all t}ie 
known demonstrations of it, the most elementary is that which 
is founded upon the theory of eombinations. However, as the 
demonstration is rather complicated, we will, in order to simplify 
it, begin by demonstrating some propo&itiona relative to pernm 
tations and combination', on which the demonstration of the 
binomial theorem depends. 

Of Permutations, Arrangements and O'lnhinations. 

I30i Let it be proposed to determine the wltole mtmber 0/ 
ways in which several letters, a, b, c, d, &c., can be written, 
one after the other. The result coirespondmg to e,ich ohanirp 
in the position of any one of these letlers, is called a per 
mutation. 

Thus, the two letters a. and b furnish the two permutaitou:., 

fail 



In like manner, the three letters, a, b, c, furnish uJ. 

six permutations. 1 cl 

r 
u< 

Pbumutations, are the results obtained by writiny a certai 
mimber of letters one after the other, in every possible order, i 
ruck a manner that all the letters shall enter into each result, an 
each letter enter but onee. 

To determine the number of permutations of which n letters ai 
iusceptible. 

Two letters, a toid 6, evidently give two per i a\ 
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Thereforo, the number of perriutations of tivo letter 
pressed by 1x2. 

Take the three letters, a, J, and e. Eeserve 
eltiiiir of the letters, as c, and permute the other 

Now, the tliird letter c may be placed before ab, 
between a and b, and at the right of ab ; and iho 
same for ba ; that is, in omb of the first jiermuia- 
lions, the reserved lettsr c inay Itave three different 
places, giving lliree permutations. And, as the same 
may be shown for each one of the firet permutations, 
it follows that tiie whole number of permutations of 
three letters will be expressed by, 1x2x3. I baa 

If, now, a fourtli letter d be introduced, it can have four 
places ia each one of the &ix permutations of three letter? ; 
hence, the number of permutations of fair letters will be ex- 
pressed by, 1x2x3x4. 

In general, let tliere be n letters, a, J, c, &c., and suppose 
the total number of permutations of » — 1 letters to be known; 
and let Q denote that number. Now, in each one of the Q per- 
mutations, the reserved letter may ha\e n, placet, giving n per- 
mutations : henoe, when it is so placed in b,]1 of fhem, the 
entire number of permutations wUl be expressed by Q x n- 

If » = 5, Q will denote the number of permutations of four 
quantities, or will be cijual to 1x2x3x4; henee, the num- 
ber of permutj,tiDna of five (juantities will be expressed by 
1X2X3X4X5. 

If » = 6, we shall have for the T:umboi- of perraufallons of 
six quantities, 1x2x3x4x5x1!, and so on. 

Hence, if F denote tlie number of permutations of n letters, 
w 1 shall have 

r=Qxn = l. % a 4, . . . («-. 1)J!: that is, 

y/w number of permwlatioiis of « leilers, is equal to Ike con- 
Uiued product of the natural numbers from I to n inclusieely. 
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Arrai^gementn. 




131, Suppose we have a number vi, of lettei-s a, b, c, d, & 


If they are «Titten m sets of 2 ai)d 2, oi 


■ 3 and 3, or 4 ar.d 


... in every possible order in ciioh set, s 


iucli results are oallf 


^nanffezerl 




Thut al ae ad ba Ic o/ 


a ch cl . . are a 


"angemenls of m letters tiiKen 2 Tid 2 t 


V ui sets of 2 each. 


In like inmnei abc aid bac huJ 


Kb ucd, ... a; 


irra qe eUs taltm ni las of 3 








ABRAKaEMEMi are tl e r ulli ol ij ned 1 / wr tmj « number n 
f lellei 1 se > 0/ 2 onci 2 S ( / 3 4 i i 4 . n and ji 

v\e Idle S in ea h set l-ai iff eierj poss ble o de 
auays greater Ihii n 

If we suppose m-=n the ar angemenU * It n i and «, be- 
ccme pemittations 

Ri,iinj dtveii a iuiibe} m cf lell a, a h e d . . to deter- 
rute he told nun! er oj ait an /en Is ll it a/ fe f jmed of ihcm 
hi icKi g lie I n II a ael 

Lt,t It le p cfO'5ed m (.he fust phi,e to rrai ,,« three letters, 
n 6 and c ni <.ets of two each 

Tiiat aiiar^e the letters in sets ot one pach ^ \ 
t T each act s foimed there will le two letters 
reserved; the reserved letters for either arrange- 
ment, beiag those which do not enter it. Thus, with 
reference to a, the reserved letters are 6 and c ; with reference 
to 6, the reserved letters are a and c ; and with reference to e, 
Lhey are a and b. 

Now, to any one of the letters, as a, annex, in S " *' 

BuccessiDn, the reserved letters b and c: to tlie "^ 

second an'angement b, annex the reserved letters a \ 

r.nd c and to the thu'd arrangement, c, annex the 
resei'ved letters a and b. I ^ j 

Since each of the first arrangements gives as many new 
arrangements as there are reset: red let'crs, it follows, that the 
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tiumber of arrangcmenls of three Utlers taken, neo in a set, will be 
eqiMl t-J the number of anangejrienls of the saiic letters taJ.m am 
in a set, multiplied hj the number of reserved letters. 

Let it be required to form the arrangement of four letters, 
a, 6, c and d, taken three in a set. 

First, arrange the four letters in seta of two : there 
will then be for each arrangem.ent, two reserved let- 
ters. Talie one of the seta and writ* after it, ia suc- 
cession, each of the reserved letters ; we shall thus 
form as many sets of three letters eadi as there are 
reserved letters ; and these sets differ from, each other 
by at least the last letter. Take another of the first 
arrangements, and annex, in succession, the reserved 
letters ; we shall again form as many different arrange- 
ments as there are reserved letters. Do the same ibr 
all of the first an-angements, aad it is plain, tliat the 
whole number of arrangements whiah will be formed, of four 
letters, talten 3 and 3, will he equal to the number of arrange- 
ments of the same letters, taken two in a set, multiplied by Ike 
number of reserved letters. 

In general, suppose the total number of or7angements of m 
letters, taken ra — 1 in a set, to be known, and denote this num- 
ber by P. 

Take any one of these arrangements, and annex to it, in suc- 
cession, each of the reserved letters, of which the number is 
m — (n — 1), or m — n+1. It is evident, that we shall thus 
form a number im — n + 1 of new arrangements of n letters, 
each differing from the others by the last letter. 

Now, take another of the first arraflgeraents of n — 1 letters, 
and annex to it, in succession, each of the m — n + \ lettera 
which do not enter it; we agaii obtain a number m — « -|- 1 of 
arrangements of n letters, differing from, each other, and from 
those obtained as above, by at least one of the « — 1 first letters. 
Now, as we may in the same manner, take all the P arrange- 
ments of the m letters, taken « — 1 in a set, and annex to them. 
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in succession, each of the m — h rt- 1 other letters, it follows 
that the total number of arraiigemeats of m letters, taken n iu 
a set, is expressed hj 

To apply tiis, in determining the number of arrangements of 
It) letters, taken 2 and 2, 3 and 3, 4 and 4, or 5 and 5 in a 
set, make a = 2 ; whence, m — n+l=:m — 1; P m this 
case, will express the total number of arrangements, taken 2 — 1 
and 2 — 1, or 1 and 1 ; and is consequently equal to m.; tliere- 
fore, the expression 

P{m — js + 1) becomes m(m -~ 1). 

Let n = 3 ; whence, m — n + l=m — 2; P will then ex- 
press tlie number of arrangements taken 2 and 2, and is e[jual 
to m(wi — 1); therefore, the expression, becomes 
«(».-l)(m-S). 

Again, take w = 4 : whence, m — m + l = m— 3: P will ex 
press the number of arrangements taken G and 3, and therefore 
the expression becomes 

^„_))(„_2)(™_3), »,d >o on. 

Hence, if we denote the number of arrangements of m let- 
ters, taken Ji in a set by Jf, we shall have, 

X=P{m~n + l)=.m{m-l)im-^)..{m-n + l);tk^tis, 

The mtmher of arrangements -of m letters, taken n in a set, ii 
equal to the mntinued product of the natural numbers from m 
down to ni — n -\- \, inclusively. 

If in the preceding formula m be made equal to n, the ar 
rangcm.ents become permutations, and tlie fonnula reduces to 

JS-=» (»-!)(, -2) 2.1; 

or, by reversing the order of the factors, and writing T for X, 

Y=l .2 .Z . . . . {n-\)n; 
the aanie foTm.u]a as deduced in the last article. 
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Combinations. 

Vi%> When the letters are disposed, as in the arrangom ents, 
S and 2, 3 and S, 4 and 4, &c, and it is required that any 
twx> of the results, thus formed, shall differ bv at least one 
letter, the products of the letters will be different. In this case, 
the results are called combinaliona. 

Thus «6, ac, 6c, . . . ad, bd, . . . are combinations of the le^ 
ters o, h, c, and d, &e., taken 2 and 2. 

In like manner, ahc, abd, . . . ocd, bed, . . . are combinations 
of the letters taken 3 and 3 : hence, 

CoMBiKAiiONS, are arrangements in wMck any two will differ 
from each other by at least one of t/ie letters which enter tJiem. 

To determine the total number of different cmnbinations thai 
can be formed of m letters, taken n in a set. 

Let JT denote the total number of arrangements that can be 
formed of m letters, taken « and n : Y the number of per 
mutations of w letters, and Z the total number of different 
combinations taken n ajid n. 

It is evident, that all the possible arrangements of m lettet^ 
taken n in a set, can be obtained, by subjecting the n letters 
of each of the Z combinations, to all the permutations of which 
these letters are susceptible. Now, a single combination of « 
letters gives, by hypothesis, Y permutations or arrangements- 
therefore Z combinations will give Y y. Z arrangements; and 
as X denotes the total number of arrangements, it follows thai 

X= YxZ; whence, 2=^7- 



But wo Slave (Art. ISO), 






Y=Qxn.= l 


. 2 . 3 . . . . r 




and (Art. 131), 






X = P{m^n + \) = m{m- 


■I)(».-2) . . . 


.(.»-»+!). 


tlierefoi-e. 






, P(m-» + l) _™(«- 


l)(m-2) . . . 


. (.»^„+l). 
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The number cf combinations of m letters taken n in a set, 
is eqval to the continued product of the natural numbers from 
rrt, down, to m, — n + 1 inclusively, divided hy the continued 
•product of the natural numbers from 1 to n, inclusivelT/. 

133. If Z denote the number of combinations of the m Icfr 
tera taken « in a set, wc.have just seea that 
»(n-l)(m-2) (..-.+ 1) 

^- 1,2.3 77; ■ 

If Z' denote the number of eombinations of m letters taken 
[m — n) in a set, we can find an expression for Z' hy cliang- 
ing n into m — n in the second member of the above formula; 
whenee 

^■- 1.2.3 (m-n) ^^^■ 

If, now, we divide equation (1) by (2), member by member, 
awl arrange the factors of botb terms of the quotient, we 
i.hidi have 

£ _ 1 ■ 2 ■ 3 (^-^)K(m-^ + l) . ■ ■ (^-l)^ 

Z' ~ 1 . 2 . 3 « X (« + 1) {m~l)fn 

The numerator and denominator of the second member are 
equal to eadi other, since each contains the factors, 1, 2, 3, 
&c., to m ; henee, 
Z 
~j ~ 1, or Z=Z'; tJierefore, 

The number of combinations of t^i letters, taken n in a set, is 
equal to the number of comiinftlions of m letters, token m — n in 
« set. 

Blnominl Theorem. 

134. The object of this theorem is to show how to fiud any 
power of a binomial, without going through the process of con 
tnmcd multiplication. 

135. The algebraic equation which indicates the law of for- 
mation of any power of a biromial, is called the Btnomiat 
Formula. 
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In order to discover this law for tlie mtfi power of the tino- 
miaJ 3f + a, let us o))servo the law for tiie formation of tlie 
product of several binomial factors, x + a, x + b, ^ + c, x+d 

. . of whieh the first term ia the same m all, and the second 
terms different. 



s^ + a 


3fi -\- ai 


+ » 


+ ac 


+ 1 


+ So 



«• + « 


.3+„S 


7? + a6c 


+ s 


+ m 


+ ..H 


+ <: 


+ ad 


+ atd 


+ d 


+ be 
+ id 
Jrcd 


+ Serf 



These products, obtained hy the common rule for algebraic 
multiplication, indicate the following laws ; — 

let. With respect to the exponents, wc observe that the ex- 
ponent of », in the first term, is equai to the number of bino-. 
mial factors employed. In each of the fi)nowlng ttrms to the 
tight, this exponent is diminished by 1 to tlie last term, where 
ii, is 0. 

2d. With respect to tlie eo-eificientg of the different powers 
of j:, that of the first term is 1 ; the co-efScient of the second 
t«rm is equal to the sum of the second terms of the hinomials ; 
the co-efficient of the third term is equal to the sum of the 
products of the different second terms, taken two and two; 
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tht lO ffi lei t of the fouitli teim i= equ,il t th 'juui it their 
different fioducti, taten three and three 

E a'i ning fiom anahffj we might ctnc-ludu that in thp pro- 
duct cf iny numher of Vmomial l-ictois the co efticient of the 
term \\hi h his n terms bfctore it 19 erjual to the sum ol lie 
dffeieit product's ot the second term^ of the binomials Uikeu 
n and k The last term ot the product is equi! to the con 
imu d pioduct of the sec nl terms ot the hmomwJs 

li Icr to pro^e that th s liw ol fomiUion i^. geneial sup 
[f t, that it hts been proved true Cf\ the product tf ni bmo- 

i\j Let us see if it wdl continue to be tiue ■when the 
[lodurt 19 multijlied \^ a new biuum il fictoi it thi, same 
foi 1 

1 tl s purj o^e b ] I AC 

to be the product of m. binomial factors ; JVa;"*-" repieseiiting (he 
term which has n terms before it, and Mx^-''+'' the term which 
immediately precedes. 

Let » + A be the new binomial factor hy which we multiply ; 
the product, when arranged according to the powers of x, 
will be 

from which we perceive that the law of the exponents is evfc; 
dciitly the same. 

With respect to the co-efficients, we observe; 

lat. That the co-efficient of the first term is 1 ; and 

2d. That A-\-k, or the co-efficient of a;", is the sum of Ike- 
■if.ond terms of the m + I binandaU. 

3d. Since, by hypothesis, £ is the sum of the different prodacts 
of the second tei-ms of the m. binomials, taken two and two, and 
^iuce Axk expresses the suna of the producta of each of the 
second terms of the first m binomials by the new second term k ; 
therefore, B -f- Ale is the s^im of Che different products of ihi- 
necond terms of the ra. + 1 linomials, taken two and two. 
IS 
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In gcneial ■- H JV tj'ipres ls ihe =fim of tin) ]i duch ot the 
Becoad t«im ol ihc m bmomiiK, laikcn n. and n, and J/ the sum 
of tteir products, taken n. — 1 and n — 1 tliciefoie N -\- Mi, 
or tJie oefti^'ient of tlie term which has n ti rms befoie it, wdl ba 
cijual to the sum of the diilerent pioducts ol the becnnd teiiui 
of tlio m + 1 binoniiili, taken « •uid n The ]i&t term )« 
isqual to the continued product of the sscjiid tetm^ of tlie m \- \ 
binonuab 

Hence, the law ot compoaition, luppoatd tiui- fn a number n* 

of binonu«»l fictoif, is al o tiue fjr > numb i dcnoti.d b^ b -, 1 

But we ha^e shown tht hw ot compobition fii 4 tictors, 

hence the &aine law is true foi 5, md being tiup foi 5, it 

must be fii 6 and so on, hence, it is jreneral 

136. Let us take the equation, 

{x-^a){x^h){x + c) . . . . =A- + ^*— + B^-^ .... 

+ jVa:"-' . . . . + W, 

containing in tlie first mcmbor, m binomial factors. If we inAkf 

the first member becomes, 

{r + »).. 

bi the second member tlie co-efficient of a"* will stiil be 1, 
The co-efficient of a?'"\ being a -f 6 -f c -|- rf, . . , will become 
a taken m times ; that is, ma. 

The co-efficient of a'"-', being 

ab + ac -i- ad . . . . reduces to (i^ -|- a^ -i- «' , , . 
that is, it becomes a^ taken as many tiities as there aie com 
binations of m letters, taken two and two, and hence reduce* 
{Art. 132), to 



The oo-efficient of x"^^ reduces to the product of a\ nmlll 
piied by the number of different combinations of m letleis, 
taken three and three ; that is, to 
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N 



P 



hence, we have, by mailing these substitutions. 



~'~ 


2 ■ a " 


9 . « 


which 


is the binomial formula. 




The 


term 


Hii),.^. 



is called (Ae general term, because by making n = 9, 3, 4, &&, 
all the others can be deduced from it. The term which ini 
mediately precedes it, is 





<;"' 


,~,^^^ + y 




^ 


idently 


expresses the 


. number 


of coinbmatic 




- ] and n — ! 


1. Ilcnce 

i=( - 
e 

ne el 


+ 1) 

a-elTc 


^e, that 



i " ril t rm 
P 
1 m il o ffi t -— f h irece g te 

niul pi ed by m +1 1 Cipo e t n r tl at te n a d 

d led by 1 mber of terms prec I g the req red term. 

Hie s pie liu deno stiied above ables us to detem ne 

the nun-er j1 ihc t of y tc o f n th t of the pre ei « 

te r by n- f h full v ng 
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RULE. 



The numerical co-efficient of any term after the first, is formed 
by muitiplyin^ that of the preceding term hy the exponent of 
z in, that term, and dividing the product hy the nurahm' of 
terms which precede the required term. 

137. Let it be required to develop 

(•+»)'■ 

By applying the foregoing principles, wc find, 

{x >r of -x^ + 6aa;5 j^ isa^j^ + '2,(ia?x> + \ba*3p' + Qa^x + a*. 

Having written the first term a^, and the literal parts uf the 

oiher terms, we find the nunierical co-efficient of the second 

tei-m by multiplying 1, tJie iiimierLeal cn-efficieut of the first 

term, by C, the exponent of ik in that term, and dividing by 

1, the cumber of terms, preceding tho required term. To obtain 

the co-efTieient of the third term, multiply 6 by 5 and divide 

the prouuL,!, uj- 'i; we get 15 for the required number. The 

uther numerical co-efficients may be found in the &amc manner 

In liite manner, we find 

{x + a)'" = a'" + 10(1^3 + ASfa^x" + 120(tV + 210(iV 
+ '>'>2a*25 + "lOa^r* -f 120aV -|- 45qSj:^ + lOa'r + a"^. 
138 Tl e op rat on of find eg tl e un er al co-efficients may 
be n eh s Med 1 y tl e a 1 of tl e folio y ng pr neiple. 
W e have seen that the development of {t + )", contains 
+ 1 t n CO ae ue y he t?, n nh h ! terms after 

te n 8 bel e t No he u il co-efficient 

of the ter wl h has n ter ns be ore t is equal to the num- 
ber of comb nit o s of m letters L n. n a let, and the 
uun e al co effi ent of tl at te n wh h has t« ms after it, 
n —n before t ■i equ 1 o the nu ber o o bmations of 
a tetter L en m — n a set but we have si own (Art. 133) 
that these num. ers a e equal Hence 

I tite deve pv e I of any jo r f a !, no n al of the form 
(x + ) en n ofins/tma jv I d stances from 
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We tl t til th case in both of the oxairples a'bove 
givun. In hndu g th d 1 pment of any power of a bir.omial, 
we n d httl tut 1 If e more than half, of the numerical 

co-effi nts n tl m ng ones may be written directly 

from th 1 dj 1 u d 

139 I ft yu ntly happ n that the terms of the binomial, 
to wl h tl f m la t bo applied, contain co-efiicienta 

and 1 n nts as n the f llowing example. 
Let t 1 J It se the binomial 

3 ^c - 2/,d 
to th f tl I 

Fla , g 6 — and — 2bd = y, we have 

(a; + y)* = 3^ + ^v^y + O^^ys -|- iry^ + y' ; 
and substituting for x and y their values, we have 
(!5a% - %hif = {8a^cy + 4 {SaHy { - 2hd) + 6 (Sa^cY {- 2bdf 

+ 4 (3«^c) (- 2M)3 + (- 2M)', 
Oi", by performing the operations indicated, 

{Zd^e - 2bd)* = 81aV _ 2lGa«c^d + 21GaV&W — QCa^b^d^ 

+ IGb^d*. 
The terms of the development are alternately plus and 
minus, as they should be, since the second lerm is — . 

140. A power of any polynomial may easily be found by 
means of the bmomial formula, as in lie following example. 
Let it bo required to find the tliird power of 

a + b + c. 
First, put b + c = d. 

Then {a + b + cY = (a -!- dy = a^ + 3a=rf + 3«rf' + d\ 
and by substituting for the value of d, 

[a + b + cy = a^ + Sa^b + :ia/j^ 4- 6' 

?,a^e + Sb\ + «j£c 
-f 3«e= 4- abc^ 
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This developmei t is composed of the sum of Ike cubes of Ike 
three lermt, plus the sum of (he results obtained by muldphjing 
tkree limes Ike square of each term, by eack of ike ctker terms in 
succession, plus $ix times tlu! product of the three terms. 

Ho apply the preceding formula to the development of the 
cube of a trinomial, in which the tei'ms are affected with co 
cfllcierta and exponents, designate each term by a single letter, 
and perforin tke operations indicated ; then replace the letters 
introduced, by their valites. 

From this rule, we find that 

(2^2 _ 4oj ^ Si2j3 _ 8a6 _ 48a^J + 133a'J* — 208a=J3 
+ 193a^* - lOSab' + 27b\ 

The fourth, fifth, &e., powers of any polynomial can he de- 
veloped in a similar manner. 

Extraction of the Cube Hoot of Numbers, 

Hli The cube root of a number, is such a number as "being 
taken thre« times as a factor, will produce the given number. 

A number whose cube root can be exactly found, is called a 
perfect cube ; all other numbers are imperfect cubes. 

The first ton numbers arc, 
1, 3, 3, 4, 5, 0, 7, 8, 0, 10; 

and their cubes, 
1, 6, 27, 04, 125, 310, 343, 512, 729, 1000. 

Conversely, the numbers in tho first line are the cube roots 
of the corresponding numbers in the second. 

If we wish to find the cube root of any number less th^n 
1000, we look fir i.he number in the second line, and if 't is 
there wnttea, the corresponding number in the first line will be 
its cube mot. If lbs number is not there written, it will fali 
bfttwci^n two numbers in the F.econd line, and its cube root 
will fall between the corresponding numbers in tlie first line. 
In this case tho cube root canoot be expressed in exact parts 
of 1 ; li.'Mce, the given aum'jer must be an imperfect cube (E(» 
marl; 111, Art. m). 
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If the givofl number is gi'eater than 1000, iUs cube root will 
be greater thiin 10 ; tliat is, it will contain a certain number 
of tens and a certain nujnber of units. 

Let US designate any number by A", and denote its tens by 
II, and its units "by b ; wo sliall have, 
N--^a-\-b; whence, iV"^ = a= + &o7-h -\- 3a6^ + h' ; tliu-t is, 

Tlie cube of a numher is equal to the cube of the tens, plus three 
times ilie product of ike square of the tens by the units, plus three 
limes the product of the tens by the square of the units, plus Iht 
lube of the nnits. 
Thus (47)=={40)^ + 3 X (40p >c 7 + 8 X40 X (7)^ + (7)3 = 103823. 

Lot us now reverse the operation, and finii the cube root of 



103523. 



103 823 



4^ X 3 = 48 1 S98'23 



47 



47 



18432 


i54ij3 


9216 


8836 


110593 


103823 



Since the number is greater than 1000, its root will contain 
tens and units. We wUl first find the number of tens in the 
root. Now the cube of tens, giving at least thousands, we point 
off three places of fig ires on the right, and the cube of the num- 
ber of tens will be fjund in tlie number 103, to the left of this 
. poi iod. 

The cube root of tlie greatest cube contained in 103 being 4, 
this is the number of tens iu the roijuired root. Indeed, 103823 
is evidently comprised between (40)= or 64,000, and (5(1)3 or 
125,000; hence, the required root is comprised between 4 tens 
and 5 tons: that is, it is composed of 4 tens, plus a cortalu 
rumber of un'.ts less than iert. 
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Having found the number of tens, subtract its cube, 64, from 
103, and there remains 39, to which bring down the part 833i 
and wi! kave 39823, which cojjtains three linus the prodticl of 
Ihe square of the tens by the unils, plus three times the produet 
of the tens by the square oj the umlx, phis (he cube of the vaits. 

Now, fi8 the square of teus gives at least hundreds, it follows 
that the product of three times the square of the tens by the 
vrnits, must be found in the part 398, to the left of 23, which 
Is separated from it by a dash. Tlicrefore, dividing 398 by 48, 
which is three times the square of t!ie tens, the quotient 8 will 
be the units of the root, or something greater, since 398 is 
composed of three times the square of the tens by the units, and 
generally contains numbers coiiiliig fiom the two other parts. 

We may ascertain whether the ligure 8 is too great, liy form- 
ing from the 4 tens and 8 units, the three parts which enter into 
39823 ; but it is much ea&ier to cube 48, as has been done in 
the above table. Now, the cube of 48 is 11059?, which is 
greater than 103823 ; therefore, 8 is too great. By cah.'og 47, 
we obtain 103823; hence the proposed number is a jeifcotcube, 
and 47 is its eube root. 

By a course of rea,suning entirely analogous to that pir^ncd 
in treating of the extraction of the square root, we may shew 
that, when the given numbi'r is expres3ed by more than si\ 
figures, we must point off the number into periods of three fifjuiea 
each, commencing at the right. Hence, for the eAtriiclion of tilt 
cube riiot of numbers, we have the following 

ETJLE 

1, Separate the ffiven. number into 2>e>'!ode of three figures each, 
heginnin'j at the right hand ; the left hand period will often con 
tiim lejf than ihiee places of figures. 

\\ Seek the greatest perfect cvhe in the ftnt peiiod, on the left, 
ami set Us root on the right, after tlte manner of a quotieni if 
dii'isiim. Subtract ike cube of this number fro^n the first period^ 
and to the remainder hrtng doton, the first figure of the next period, 
and call iM'i number the dividend. 
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in Tale ih te timei the ■'jiaie of the lihit jus/ }o nl Jftr a 
diouor and see low often U n contained m the Inideud and 
place the i/uoliertt for a second figuie of the root Then cube the 
number 'htti, found and if tts cube be qnater than tice Jtiat two 
penods of the fftteii nurnbcf dimtmsh the last figure bi/ 1 , but 
^ it be less subtract li fioni the first two j>biiod>. and to the 
remainder hmg down the fiiU figuie of the next pa ion for a iieio 
divideiuJ. 

IV. Fake thiee times tlte square of the whole rcot for a new 
divisor, and seek Itow often it is contained iw the new dividend; 
the quotient im/l he tlce third figure of the root. Cube the number 
thtia found, and subtract the result from the first three periods 
of the given nvmber, and proceed in a sirnilar way fov all the 

If there is no remaimlcr, the number is a perfect cube, and the 
root is exact : if there is a remainder, the number is an imper- 
fect cube, and the root is exact to within less tlian 1. 



. ^482^8544 




Ans. 304. 


.. '^270540^5008 




Ans. 3002. 


. y 483349 


An 


Ans. 78, witli a remainder 8697. 


1. ^91632508641 


. 4508, witli a remainder 20644139. 


. 3/32977340218432 




Ans. 32068. 



Extraction of the N"' Root of. Numbers. 

142. The )!.'* root of a number is such a number as being 
taken n times as a ftctor will produce the given number, n being 
»nj- positive whole number. When such a root can be exactly 
found, tie given number is a pei-feet jt"" power; all other num- 
bers are imperfect w** powers. 

Let iV denote any number whatever. If it is expressed by 
less than n-{-\ figures, and. is a perfect n''" power, its %"• root 
»i!l be expressed by a single figure, and may be found by- 
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means (if a taljli containing the n"" powers of the first ten 

If the number is not a perfect «'* power, it ■will fall between 
two w'* powers in the tabic, and its root will fall between the 
11 '* roots of these powers. 

If the given number is expressed by more than n figures, 
its root will consist of a certain numlier of tens and a certain 
nuriber of units. If we designate the tens of the root by a, 
and the units by i, we shall have, by tJie binomial formula, 

N= (a + l')' = a" + na''-iS + n'^^ii-'-W +, &c. ; 

that IS the proposed number is Lt^uil to Ike i "* power cf the 
tens plw n time? the product of the i — 1" power 0/ flu, tein 
by the units plus ther pirts whu i t is not ncctssary to 
consider 

Now 'is the n'* powci of the tL.n=, cannot be less thin 
1 followed by n ciphers, the list m fig i es on the right, cinnol 
make a poit of it They must then bt. ptmted ofl, ind the n'* 
loot of the greatest »'* powei m the number on the lefl^ will 
be the number of tens of the lequiied rDot 

Subttact the n'* power of the number of tons fiom the nmn 
be! on tiie left, and to the remaindei bring down one figure of 
the next peiiod on the right !f ■wl consilei the number thus 
fifund IS I dm lend, and take n times the {n ~ l)'* power 
ijf the mimber ot tons, as a d yi'ior, the quotient will cvidintlv 
be the number of units, ot a greater number 

It the pait on the left should coutim mere than n figures, the 
n figures on the right of it must be separated fiom the rest 
niid the root of the greatest n'* power contained m the pari 
on the Icfl e\tiacted and so on Hence the following 



1 Scj.tial'' ilie Jimbu ^T mto ptrtil of n Hj (w, eaih be 
fftnmrx/ at the iijhi fand , etlroft the w"" roct of the nreateit 
■pe)fei.t n*^ jouer contained i» the left hand jieriod it mil be tk$ 
first figure of the root. 
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II. Subtract this n"" power from, the k/i hand period and brin§ 
down to the right of the remainder l/i€ first fgwe of tie nexi 
period, and call ihia the dividend. 

Ill, Form the n — 1 power of the first figure of the root, mul- 
liply it by n, and see Jww often the product is contained in the 
dividend: the quotient will be the second figure of the root, or 
Something greater. 

iV. Baise the number thus formed to the n"^ power, then sub- 
tract this result from the two Icfl-liand periods, and io the new 
remainder bring down the first figure of the next 2>^od : then 
divide the number thus formed by n times the n — 1 power of 
the tv)o figures of the root already found, and continue this opera- 
tion until all the periods are brought down. 



1. What is the fourth root of 531441 ? 
53 1441 I 27 

4 X 23 = 32 I 371 
(27)' = 531441. 

We fiist point off, from the riglit hand, the period of four 
figures, aQd then find tie greatest fourth root contained in 53, 
iJie first period to the left, which is 2. We next subtract the 
4th power of 2, which is 16, from 53, and to the remainder 
37 we bring down the first figure of the next period. Wo 
thea divide 371 by 4 times the cube of 2, which gives 11 for 
a quotient : but this we know is too large. By trying tlio num- 
bers 9 and S, we find them also too large; then trying 7, we 
find the exact root to be 27. 

143. When the index of the root to be extracted h a mKJtipIa 
of two or more numbers, as 4, G, , . . &c., the root can be ob- 
tained 6g extracting roots of more simple degrees, successivelg. To 
explain this, we will remark that, 

{a3}' = a3 X a3 X flS X q' :^ aS+^ + ^+a = a^x' = a'*, 
and, in general, from the definition of an exponent 



,y Google 



34, ELEMENTS OF ALGEBRA. [CHAP. VII. 

jneo, the n"' power of the m'"' power cf a number is equal to thi 
m'^ poiner of this number. 
Let ua see if the converse of this is alst ti'ue. 



/V» = ' 



then raising both members to the %"• power, wo have, froiii the 
definition of the «"" root, 

and by raialiig both members of the last equation to the m'* power 

Extracting the mn"' root of botli members of the last equiilion, 

and hence, \J "'•J "• =^ ""y "i 

since each is equal to h. Therefore, the n^^ root of the fp."^ tqoI 
of any number, is equal to the mn"' root of thai number. And 
in a similar maimer, it might be proved that 



'•^. = -^. 



By 


this method we 


find thai 






1. 


5/2985984 


/yiso 


=/Io = 


:4. 


3. 


-'/, 


'29S59S4 


= V 


S. 


y 1771501 


^;^ 


'!77]5«1 


= 11. 



4. ^yiG79GlG = yT290=, 

Remark, — Although the successive roots may be extracted In 
my order whatever, it is better to extract the roots of the lowest 
degree first, for then the exti'action of the roots of the higher 
degrees, which is a more complicated operation, is effected upon 
Bumbers containing fewer figures *han '.he proposed number. 
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Extraction of Hools hy ApproximalioT:. 

Hit When it is required to extract the n'* root of a number 
which is not e, perfect n^'^ power, the method already explained, will 
give only the entire part of the root, or the root to within leas 
than 1. As to the part which is to be added, in order to com 
plete tiic root, it cannot be obtained exactly, but we can approx- 
imate to it as near as we please. 

Let it be required to extract the k'* root of a whole number, 
denoted by a, to within less than a fraction — : that is, so near, 

"\at the error shall be less than — , 
P 
We obsei-ve, that we can write 



If we denote by r the root of the greatest perfect n'^ power \a 



ap'', the number 



'xr . 



p" 



— - ; therefore, the ^/a will be comprised between the 

two numbers — and — ; and consequently, their difference 

-— will be greater than the difference between — and the true 
P p 

root Hence, — is the required root to within less iJian thu 
p 

fraction — ; hence, 
P 
To extract the n"' root of a whole number to within less than 

a fraetion — , ranlliply the number by p" ; extract the n"' root of 

Vie product to within less lluin 1, and divide the result hy p. 

Extraction of the n'* Root of Fractions. 

145i Since tlie n"^ power of a fraction is formed by raising 
both terms of the fraction to the n"> power, we caa evidently 
find the m"' root of a fraction by extracting the n'* root of 
both terms. 
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If both terms aiij ;ioK perfect •n"' powers, tke exact m'* root 
rannot be founci, liut we may fiod its approximate root M 
■vvilhin less than the fraetional tinit, as follows : — 

Let — represent the given fraction. If we multiply cioih 

terms by 

0"—', it becomes, — =; ■ ■. 

b b" 

Let r denote the m" root of the greatest w** power in ab'^'; 

then ■ , ■■■ will be comprised between rr~ and ^ — -, — — : 
and consequently, — will te the b"* root of -7- to within less 

than the fraction — ; therefore, 

Multiply the numerator by the (m— T)'* power of the denomi 
nator and extract the n"' root of the product: Divide this rool 
by the denominator of the given fraction, and the quotient will 
he Ike approximate root. 

When a greater degree of exactness is required than that 
indicated by —, extract the »"" root of 06""' to withir '.iiy 

fraction — ; and designate this root by — ■. Now, sinev — 
P ^ P P 

is the root of the numerator to within less than ■— , it fol iws, 
P 

that 7— is tho tnio root of the fra. ' ' '' " '" " ''""" 



vcre required to extract the cube root 01 15 
to within loss than — . We have 

15 X 123 = 15 X 1728 = 2ri920. 
Now, the cube root of 25920, to within less than t ie i0 
hence, the required root is, 

13^ IS' 
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3. Extract the cube root of 47, to witiiiti less than — . 
We have, 

47 X 209 ^ 47 X 8000 = 376000. 
Now, the cube root of 376000, to within less than 1, is 72; 
h«nce, V^~^~^9(i' ''^ within less than — . 

3. Find the value of ^/25, to within less than .001. 

To do this, multiply 25 by the cube of 1000, or 1000000000, 
which gives 25000000000. Now, the cube root of this number. 
is 2920 ; hence, 

^25 = 2.920 to within less than .001. 

Hence, to extract the citbe root of a whole number to 
within less than a given decimal fraction, we have the followin({ 



Annex three limes as many ciphers to the number, as there art 
decimal places in the required root; extraet the cube root of Ike 
number thus formed to within less than 1, and point off from 
the right of this root the required numher of decimal places. 

!46« We will now explain the method of extracting the cube 
root of a decimal fraction. 

Suppose it is required to extract tlie cube root of 3.1415. 

Since the denominator, 10000, of this fraction, is not a per 
fecfc cube, make it one, 1./ multiplying it by 100; this is eguiva 
Imt to annexing two ciphers to the proposed decimal, which theii 
r>tcJDmes, 3.14150C). Extract the cube root of 3141500, that is, 
i.f tJie number considered independent of the decimal point to 
within less than 1 ; this jJves 146, Then dividing by 100, ot 
^"l 000000, and we find, 

y 3, 141 5 = 1.46 to within less than O.Ol. 

Hence, to extract the cube root of a decimal fraction, wo havi 
the following 
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1 LE 

A /A«- IH tk wk 1 her f del I pi qwl 

it I 1 b f q d d I 2^ i^ ' 

Th III/ I as wl le I d 2 t f H 

q d h f d I pi 

T t act th b t f 1 f t t tl 1 SB 

Ih g d 1ft thnt mpl m th d 

T d f p op d f d m 1/ g 

tl d tl th ber f d I 2^ q I i th 

tm th A q I th t 

Th q e.t tl d d t t t g tl 1 t f 

d m 1 f 

S pp t ^ d 1 t 1 tl tl t t t 

wtl 1 tl 01 

Applying the rule of Art. 144 to this example, wo multiply 
23 by (100)*, or annex imlve ciphers to 23 : tlien extract the 
sixth root of the number thus formed to within less than 1, 
au'J divide this root by 100, or point off two decimal places 
on the light ; we thus find, 

y^ zz: 1.68, to within less than 0.01. 



1. Find the i/4T3 to within less than J„-. Ans. 7|, 

2. imd the ^/79 to within less than .0001. Ans. 4.2908. 
8. Find the ^/TI to within less than .03. Ans. 1.53. 

4. Find tlio ^004l5 to within less than .0001. 

Ans. 1.4429. 

5. Find lie ^0.00101 to within less than .01. 

Ans. 0.10. 

0. Fiml ihe 'f/ff to within less th.an .001. An^. 0.824. 



EXTRACTION OF HOOTS. 



Extraction of Roots of Algchraio Quantities. 

147< Let us first consider the case of monomials, and In order 
to deddce a rule for extracting the h'* root, let v 



law for the formation of the n' 


^ power. 


Fron th df 
of the t 11 
uiits in th p 


t f p 
t tl t 
t i th p 


t f 11 w 

7 t 
Tl t 




1 




We / m il 
and vn t fterU 
H times pi m 

Conv ly 


1 J tl 
7 Itt 
pm 
h 1 fl 


J? tj 
j) td tl 

t t f 



monomial, the following 



Estract the ii'* root of the numerical co-e^cient for a new co- 
efficient, and after this write each letter affected with an exponent 

equal to — (Il of its exponent in the given monomial; the result 

will h& the required root. 

Thus, yti4uWc= = ia^bc^ ; and iJl^aW^o* = 2a^Pc. 

From this iiile we perceive, that in order that a monomial 

may be a perfect «'* power: 

1st. Its co-efficient must be a perfect b" power; and 

2d. The exponent of each letter must be divisible by w. 

It win be shown, hereafter, bow tbe expression for the root 

of a quantity, which is not a perfect power, is reduced ty its 

simplest form. 

148» Hitherto, ir. finding tbe power of a monomial, we liave 

paid no attention to the sign with which tlio monomial may be 

affested. It has already been shown, that whatever be the sign 

of a monomial, its square is always positive. 
U 
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Let » he any whole number; then, every pcwer of an even 
d^ree, as 2r, can be considered as the ii" power of the square ; 
tliftt is, (a'*)" = a^" ; hence, ifc follows, 

ITiat evert/ power of an even degree, tnill lie essmtlally posi 
live, tohether ike quantity itself be poailive ,ic ner/ative. 

This, {d=2a=&3c)* = + \Qa%^\K 

Again, as every power of an uneven degree, 2jt + I, is but 
the product of the power of an oven degree, 2n, by the iirst 
power ; it follows that, 

Every power of a monomial, of an uneven degree, has the same 
siffn as tJie monomial itself. 

Hence, (+ 4*=;)^ = + (J^aW ; and ( - Aa^f = - Gia%^ 

From the preceding reasoning, we conclude, 

1st. That when Ike index of the root of a monomial is uneven^ 
the root will be affected with the same siffn as the monomial. 



2d. Wh,en the index of the root 
positive qiiantity, the root ha. 
Thus, t/81aW2 
3d. When tlie index of the root i 



i the monomial a 
both the signs + and — , 
± 'io?. 
I, and the monomial r-ega- 



Tor, Ihere i 
lu even degrei 



no fjuantity which, being raised to a power <jf 
will give a negative result. Therefore, 



are symbols of opcrsitioiis which it i 
They are imaginary expressions. 



impossible to eseoute 



EXAMrLES, 

1. What is the cube root of Sa^i V^ ? Ans. 2a'ie*. 

■2. What is the 4th root of Sla'i^t'*? Ans. Sa!)V. 

3. What is the 5th root of — SSa^c'W? Ans. — 2acV. 

4. What is the cube root of — I25a«tsc»? Ans. ~ aa^l\: 



.,V.,t)l,HJIL" 



EEAl'. VII.] JilXTRACriON OF SOOTS. 211 

Exlraction of the n'* Soot of Polynomials. 

143. Let N denote aiiy polynomial -whatevei', arranged with 
rcfereccQ to a certain letter. Now, the n"' power of a poly- 
nomial is the continued product arisiog from taking the poly- 
nomial n times as a factor: lier.ce, the first term of the pro- 
duct, wht-n arranged with reference to a certain letter, is the 
k" power of the first terra of the polynomial, arranged with 
reference to the same letter. 

Therefore, the Ji'' root of the first term of such a product, 
will be the first tenn of the n" root of the product. 

Let UM denote the first term of the n." root of N" by r, 
and the following terms, arranged with reference to the lead- 
ing letter of the polynomial, by r', r", r'", &c. We shall 





N = 


ir + 


r' + 


r"+ . . &c,)"; 






:o desi 


gnate 


the s 


ium 


of all the terms 


ailer the 


finit 


iv=0 


^ + sy 


■ ^r" 


■+«. 


!■— 's + &;o., 










= r" 


4-n 


;..-!(/ + r" + &e.)-i-&c. 




/, we E 


luhtraet r' i 


rom 


JV, and designate 


the remainder 


,-e Eiiall have 













by b; 

Ii = N-~r'' = nr—V + nV-'^r" + &o., 
which remainder will evidently be arranged with reference U} 
the leading letter of the polynomial; therefore, the first t^rm 
will contain a higher power of that letter than cither of the 
Buceeeding terms, and caimot be reduced with any of tliem. 
Hence, if we divide tlie first term of the first remainder, by 
n times the {n — 1)" power of the first term of the root, the 
quotient will be the second term of the root. 

If now, we place r + r' = w, and denote the suin of the su& 
Micding terms of the root by s', we shall have, 
N== {u -f H'Y = «" -f n«— V + &c 
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If BOW, we subtract «" from iV, iind deiijte the remainder hj 
E', we shall have, 

Jt' ~ 2f~ u" = i,(r + r'Y-'s' + &c., 

= ,„."-'(*•" + r'" -\- &c. ) + &0., 
= n)-''-V" + &e. 

Ii we divide the first term of this remaindor 'hy n times 
Uie (n — 1)'^ power of tlie first term of tliB root, we shall 
have the third term of the root. If we continue the operation, 
we shull find that the first term of tiny new remainder, divided 
by ft times the (n — 1}" power of the first term of the root, 
will give a new term of the root. 

It iHity be remarked, that since the first term of the first 
remainder is the same as the second term of the given poly- 
nomial, we caH fmd the second term of the root, hy dividing 
the BCijond t«rm of the given polynomial by n times tlie 
{n ~ 1)" power of the first term. 

Henoe, for' the exti'action of the n"' i-oot of a polynomial, 
we hiiffe the following 



L Arrange ike given polynomial with reference to one of its letlers, 
and extract lite n" root of the first teriit ; litis will be the first 
term of tlte root. 

n. I>ivide the second term by n times the (n — l)" jjower of t!ce 
first term of tlie root ; the quotient will be the second term of the root. 

III. Subtract the ft'* power of tlie sum of the two terms already 
found from tlie giren jxilynomial, and divide the first term of 
the remainder hy n times the [n — l)'* power of the first term of 
the root ; the qrtotimt will be the third term of tin root. 

iV. ContintiS this operation till a remainder is found equal to 
0, or, till one is found whose first term in not divisible hy n times 
(Se {n — !)"• power of the first term of the root: in lite former case 
Ute root is exact, and the given polynomial a perfect n"' power; 
t» the lailei- rase, the polynomial is an imperfect -i"" power. 
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149, .t.et us apply the foregoing rule to the following 



1. Extract the cube root of a.-'^^Cj.'=-rl5a,'^— 20a'3+15a^-fo-f 1. 

x^-Gx^-i-l-o.T:'-2lix^+-i5i:'>-Gx+ l |z^-2j+t 

1st rem. 3z*— la.e^-]- &o. 

In this example, we first extract the cube root of k^, which 
givKi a:^, for the first term of the root. Squaring iP, and mul- 
tiplying by 3, we oljtain the divisor 3x* : this is contained in 
the second term —. Qz^, —2x times. Then cubmg the part of 
the root found, and subtracting, we find that the first tcnn of 
the remaiuder 3:i;*, contains tlie divisor once. Cubing the whole 
root found, we find the cube equal to the given polynomial. 
Hence, x'' — 23! + 1, is the exact cube root. 

2. Phid the cube root of 

3;6 + Cj-'= — 40^3 -[. 003! — 64, 

3. rind the cube root of 

8j;= — 12^^ + 30a'* - 25*3 ^ ^Ox^ _ 13^ ^ g, 

4. rind the 4th root of lQa*-06a=x + 21Ga^x'^ — 2lC>ax'- + Bix' 

IGa^— 9fia'a-'+216aV— 21Caa:3+81^ I 2a-Sx 



{Za-Sxy= lGa^-9(ia'^x+21Ga^x''-2lGax^+Slx* |4x(2")3=32a^. 
We first extract the 4t]i root of IGu^, which is 2a. We then 
raise 2a to the third power, and multiply by 4, the index of the 
root ; this gives the divisor 32a', This divisor is contained in 
the second term — 9Ga'«, — 3x times, which is the second term 
of the root.* FLaisiog the whole root found to flie 4th fower 
we find the power equal to the given polynomial. 

5. Whut is the 4th root of the polynomial, 

81(iV +• IGb^d* — 9Ga\hH^ ^ ~ 'HQa^d^hd + 216a'c3S2^2. 

6. Find the 5th loot of 

32^" -- 80a^ + mx" - 40;c= + lOar - 1. 
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Transformation of Radicals of any Degree. 

I50> The principles demonstrated in Art. 104, are general 
l'"or, let "l/a" and 'ijb, be any two radicals of the «'* degree, 
ard denote their product by p. We shall have, 

■v^xv^=P . . - (1). 

By raising both membors of this ecjuation to the n"" power, 
v/0 find 

(V^)" X {"/i)" -J5", or ab=p"; 
whence, by oxtraciiug the b" root of both members, 

•ys=p - . . (2). 

Since the second members of equations (1) and (2) are the 
same, tlieir first members are equal, whence, 
%fa X Y^= "^/"^ : hence, 

1st, Tim product of the n,'' roots of two quantities, is equal to 
the n'' root of the product of the guaniUies. 

Denote the quotient of the given radicals by q, we shall have 

^- - • ■ - 0). 

and by raising botli members to the n'* power, 

—— — q" or — = 5"; 

whence, by extracting the )i'* root of tho two mciiibers, we 

\/f=j ■ ■ - - P). 

Tlie second members of equations (1) and (2) being the same, 
Iheir first members are equal, giving 

2d. The quotient of the n" roots of two quantities, is equal to 
the w'* root of the quotient of Ike qaonlilies. 
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15!. Let us apply tKe first principle of article 150, to thu 
fimpliiicatiun of the radicals m tho following 




RULE. 

Resolve the. quantity under the radical sign, into two factors, one 
of which shall be the greaiest perfect m'* power which enters it; 
extract the m'* root of this factor, and write the root wit/iout t?ee 
radical siffn, under which, leave the other factor. 

Conversely, a co-efficient may ie introduced under the radical 
iirn, by simphj raising it to the n.'* power, and wriling it as a 
factor under the radical sign. 



Thus, 






152. 3Jy the aid of the principles demonstrated in article 143, 
we are enabled to malce another kind of simplifi jatioii. 

Tako, for example, the radical %J Aa^; from the princlpltjs re^ 
ferred to, we ha'-e, 
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and as the quantity under the radical sign of the second d 
is a perfect square, its root can be extracted : hence, 




In g> 

lliat is, -n-hen the index of a radical J3 a multiple of any n-iniber 
II, iind the quantity under the radical sign is an exact n''' pbwer, 
We can, wiiliout clianghiii (he value of Che radical, divide ils index 
by n, and extract the ra'* root of the q-uaniitrj under the sii/n. 

153. Conversely, The index of a radical may be mullijilied by 
any number, provided we raise the quantity under the sign (j a 
power of which this number is the exponent. 

For, since a is the same thing as ^/a", we have, 

I54« The la^t prmciples enahle us to reduce two or niore 
radicals ot different degrees, to equivalent radicals having a coiu- 

For example, let it be required to reduce the two radicals 
yaS and y^a + b) 
to the same index. 

By multiplying the index of the first by 4, the index of the 
second, and raising tlie quantity 2a to tlie fourth power ; fhetj 
mnlliplying the index of the second by 3, the index of the 
first, and cubing a -|- b, the value of neither radical -•yill b" 
clianged, and the expressions will become 

^/2^ = 'ySV = i^/ifW ; and 1^{a + b) ^ ly^f^rT^F, 
and similarly for other radicals; hence, to reduce radicals to a 
common index, we have the following 
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MuUiply the index of each radical bij the product of the indices 
of all the other radicals, and raise the quantity under each radical 
sign to a jiower denoted by this product, 

Tlii^ rule, which is analogous to that given for the reduction 
of fractions to a common denominator, is susceptible of similar 
iDodifications, 

For example, reduce the radicals 

to a common index 

Since 24 is tlie leist c n i on i ultik of the iide = 4 f ail 
8, it is only necessary to iiultiyly the itt'^t Iv G the scconl by 
4, and the third by 3 and to riioe the quantitifj undei eacli lad 
ical sign to the Cth 4th and 3d powers, ic pect vely ivli lAi gnes 

'/^ = =^; %/^ = ^./^S %/7^T' = y{a^ + bY. 

Addit I S hi t fill/ J Bg 

155. Wit 1 ce t! d 1 t th SI pi t f hy 
the aid of tl 1 d 1 1 tl i th y a I 

order to U t! t th dd ffi t a I f( 

this sum w I m (iitflyantmltl 

addition can 1) 1 ltd 

Thus, 3 ^ + 2 yT ^ 5 y*. 



I. Find the sum of ^/-iSab^ and 6^753, Ans. SSySo, 

3. Find the sura of 3^/4^ and 2^2^ Jns. 5 ^/2a . 

3. Find the sum of 2^45 and 3 yF. Ans. 0y^5. 

155*. In order to subtract one radical from another whv.n 
they are similar, 

Svbtratt t!iB co-efficieni of (he subtrahend from the co-e^cient >>f 
the miiiue/td, and write t' is difference before the common, radical. 
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TIius, 3a yr ~2c*/b = {?,a - 3c) yT; 

lint, 2ah J~^ — bah J~c are irredjciUe. 

1. rroiu !^8a^i + lOtt^ subtract ^ 4' + 2a63. 

^Ins. (2a - i) ^T"2a. 

2, From 3 y^Sa^" subtract 9 ^Viia. ^/!s. ?/2a. 

MalliplkaUon of Eadicals of ayiy Degree. 

156. We have shown Ihat ol! radicals may be reduced to 
equivalent ones having a common index; we tliercfore suppose 
this tiatisformation made. 

Now, let atJT and ctj'd denote any two radicals of the 
sam.e degree. Their product may lie denoted thus, 

or since the order of the factors may he changed without affect- 
ing tlie value of the product, we may write it, 

« X -/^x -/J or (Art. 150), since t^/Tx 'JTi ^ •^dl; 

we have finally, 

"■/^x '^i- ,/n 

hence fji tl n ulU].l cit on iialiUs t iny Ig W(. hive 
the f 1) Jw „ 

riiE 

I Bel ice the i d ctls lo ej itah it o ei, / at i q a eoi n n iidev 

II Milhilj lie eo-ef cents t geilter fo^ a new eo-e^inuit , aft^ 
this w te lie radical si^n with the cam loi iniet p aci g under 
it tie inod ct of the qvaiMies ■unier ll e r d c I ? i tie two 
/aetos He result u the prolict ieqitul 



I. The product 
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3, The product 

3. The product 

TV y ^ "4 V T ~ It; V 2l' 

4. The product 

5. Multiply /d X ^3 ^J yj X l/f ■ 

6. Multiply 2^15 by 3?/T0, 

yJ«i. G^y 337500. 



7. Multiply 4y^|- by 2^-^-. 



8. MulLiply y2; ys; and ^5, togetlier. 

Ans. iyC48000. 

it. Multiply \/-o-i \/-y- and i^C^ together. 

A... "/A. 
10. Multiply (iV^ + Biyi) ly {\/\+^\/\\ 

Division of Radicals of any Degree, 

157. We will suppose, aa in the last article, that the radicaJi 
haye been reduced to eciuivalent onea having a common iulex. 

Lefc a 'ifb' and c 'ifd represent any two radicals of the 
n " degree. ITie o'jotient of the first by the second may be 
written, 

yd ' 'Jd 
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(At. 150), «-e liavG, 



xV^' 



Hence, to divide one radical by another, we :iuye llis (i>l 
lowing 

RULK 

I. Reduce the radicals to equiealent ones liaviiiff a coriuunn inde:t. 

II. Divide the co-efficient of ike dividend hi; that of the divi- 
sor for a new co-efficient; after this write the radical siffn with 
the eormnon index, and place under it ilce quotient obtained hy 
dividing the qvantity under the radical sign in the dividend by that 
in tiie divisor ; tlte result will be the. quotient required. 



1. What is the quotient of c iJiM^ + b* divided by d \ 



d ^ 3 /„3 _""63 ~rfV a^ — b''' ~ d y d^ - /?■■ 
V Sb 

2. Divide 2/3x^4 hj r/^X '/^. 

Ans. i'^y/Ti 

3. Divide y^/l X 2 ys by ^'^ X ^ 



'VyI 



. Divide 1 hy 1/^+ t/b. 

Ang. V"^-\A 
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fi. Divide v^+y* bj v^-yt: 



Formation of Powers of Radicals of any Degree. 

15S. Let ts l,/6 represent any radical of the n"' degree, 
rheii wo may raise tliis radical to the «i'* power, by taking 
it m times as a factor ; thus, 

«-/'x«-/» ■•■/»■ 

But, by the rule for multiplication, tliis continued product is 
equal to a"" ".JH^; whence, 

(o./sr=""V*' - - - - (1). 

We have then, to ritise a radical to any power, the following 



Raise the co-ejfident to ike required power for a neio co-efficient; 
after this write the radical sign with its primitive index, placing 
under it the required power of the quantity under the radical 
iign in the given etcpression; (he result will be the power required. 



3. (3y^)= = 3» ^(2^" = 243 2/32^ =48G«y4^. 

When the index of the radical is a multiple of the expo- 
nent of the power to which it is to bo raised, tiie result cjin 
Im simplified. 

For, ■■/ Za ~ \ /. Z^" (Art. 153): hence, in. order to square 
*/ 3tt, wo have only to omit the first radical sign, which givea 

Again, to sijuare ^31, we have ^Si^i/^wS: hence, 



.Sled by Google 



When ike index of t?ie radical is divisible hij the exponmt of 
the power to which it is to be raised, perfiyrm the division, leaving 
the quantity tinder ike radical siffn unchanffed. 

^xti-action of Boots of Hadicals of any Degree, 

I59t Bv extracting the m'* root of both members of pqua- 
lion (1), of the preceding article, we find, 

Whence we see, that to extract any root of a radical of any 
degree, we hiive the following 



Extract the required root of lite co-efficient for a vew co-e^cient ; 
after this write the radical sign with its primitive index, under 
which place the required root of the quantity/ vnder the radical 
siffn in the given expression; the remit will be the root requittd. 



1. Find the cube root of 8^27. Ans. ^\/Z. 

2. Find the fourth root of —^^250. Ans. -^\p^- 

159*. If, however, the required root of the quantity under tlie 
radical sign cannot be exactly found, we may proceed in the 
following manner. If it be required to find the ni" root of 
c ".J'd, the operation may be indicated thus, 

but \l 'ifd = ""V/^. whence, by substituting in the previous 



CoGsequently, when we cannot extract the required root cf the 
quantity under the radical sign. 
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Extract the required riot of the co-e£icienl for i new co-e^cimf; 
after Uiis, write the radical sign, with an index equal to the •pro- 
duet of its primitive index by the index of the required root, 
leaving the qtianlily under the radical sign unchanged. 



\. sj \/^ci=^%/2c; and, ^^ \fbc = \/hc. 

When tha quantity under the radical is a perfect; power, c 
lie degree of either of the roots to be extracted, the result can \ 
simplified. 




Ic like mamier, ^ \f^- = sj /Oa^ - V^. 

2. Find the cuhe root of i^i-J'^- ■^"^- "5"V^' 

\ .... \ 

3. Find the cute root of ---V2«i^. Ans. -^ %J '^n-^'^. 

Uifjextnt Roots of the same Pamer. 

160i ITie rules just demonstrated depend upon the principle, 
that if two quantities are equal, the like roots of those quantities 
are also equal. 

This principle is true so long as we rtgard the tei'm tool 
in its general sense, ^ut wlieu the term is, used in a restricted 
Ecnse, it requires some modification. ITiis modification ia parti- 
cularly necessary in operating upon imagniaiy expressions, which 
are not roots, strictly speaking, Irnt mere inilicdtions of opeia- 
lions ■whith it is impossihle to perform. Before pointing oul 
these modiTicationsi, it will he shown, that eveiy q^uantity lias 
more ilian one cube root, fourth root, ii:c. 

It has already been shown, tliat every ju^ntity Im^ two ^(^uare 
roots, equal, with contrary signs. 
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1. liP.t « denote the general expression for the cuLe root of 
u, and let p denote the mimerieal value of this root; we liave 
the eq^uations 

The liist equation is satisfied by making x=p. 

Observing that the equation a:^=p^ can be put under the forni 
K^ — jfi =0, and that the expression x^ — p^ is divisible by 
a — p, giving the quotient, a^ -\- px +^^, the above equation can 
ba placed under the form 

Now, every value of x that will satisfy this equation, will 
satisfy the first equation. But this equation can be satisfied by 
supposing 

X — J) ~ 0, whence, x =:p; 

'"■ l^y supposing 

xi -]- p,x -'i- p'^ = 0, 
from which we have, 



expressions 




2. Again, solve the equation 

m^=p\ 
iu wliicb p denotes the arithmetical value of ya. 
This equation can be put under tlio form 

24_p4 „0; 

which reduces to 

{x■^-p^){x■^^-p■^) = Q■, 

atid liiis equation can bo satisfied, by supposing 
x^-^P^~0; whence, x = ±p; 
or by supposing 

x'' -^- p^ =L 0, whence, x — ^^ —'p^ — ± fyf" ^* 
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We therefore obtain four different algebraic expressions for th« 
lOTrth root of a. 

3. As another example, solve the equatioa 

This equation can be put under the form 

which may be satisfied by making either of the factors oq^ual 
lo zero. 

But, x^ — p^ ■= 0, gives 

-1 ifc/tr3\ 



= p, 






.M- 



And if in the e-^uation x^+p3 = 0, we make p = - 
becomes x^ ~ p'^ — 0, from wliiol. we deduce 



= p', and X ■=p 
; for p' its Yaluo - 



. = -,(- 



t the equation 



and consequently, the 6th root of a, admits of six different algt-- 
braic expressions. If we make 



tliese expressions become 

p, ap, a'p, —p,— ap,— a'p. 
it may be demonstrated, generally, that thcie are as many 
different ejpressions for the »'* root of i quintity as there are 
imits in w. If a is an even number, and the quajitity is posi 
live, two of the expressions will be real, and equal, with con- 
trary eigns ; all the rest will te iTr.s:jmT,ry if the quiiiti'-y 19 
negative, they will all be imaginary, 
15 
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If n is odd, '^nc of the expressions will be real, and all tiia 
rest will be imaginary, 

161. If in the preceding article we make a = 1, we shall find 
Ihe expressions for the second, third, fourth, &c., roots of 1. 

Thus, + 1 iiiid ~ 1 are the sc[uare roots of 1. 



+ 1, 



WO the cvhe roots of 1 : 

And + 1, ■ 1, -f-v 
roots of 1, &o., &e. 






- 1, are the fourth 



links for Imaginary 

162. Wc shall now explain the modification of the rules for 
operalang upon radicals when applied to imaginary expressions. 

The product of^ — a hy ^ — a, hj the rule of Art. 156, 
would be V + a^. Now, ^ + a' is equal to ± a, whence there 
is an apparent uncertainty as to the sign of a. The true pro- 
duct, hc-^revcr, is — a, since, from the definition, of the square 
root ot a quantity, we have only to omit the radical sign, to 
■ohtain the quantity. 

Again, let it he required to form the product 



■By 


the rule of Art. 


15G, we shall 


have 








1 hut 1 


ihe tnie result i 


, —^a:/, !^0 


long a.^ 


bo 


th 


Ihe 


V~ 


r and ,/-^^> are 


afftcted with the sign 


+. 







^^=AV->; 



'=/^-/^"i 



V-" 



I x/» 
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we treat all otlier ii : iVj cxjic-iMjua 
of llie second degree ; that is. we first reduce tliem to the form 
of «-y/— 1, in which the co-efficient of -^ — 1 is real, and then 
proceed as indicated in tie last article. 

162*. For convenience, in the application cf the preceding 
principle, we deduce the dilfcrent powers of y — 1, as foliuws; 

(V ^)'=(lA^)'x(/^l)"= + l- 
The fifth power is evidently the same as the first power ; tlie 
sixth power the same as the second; the seventh the same as 
the third, and so on, indefinitely. 

163. If it is required to find the product of t/—^ and 
i sliould get, by applying the rule of Art. 156. 

/ + oft, but this is not the trne result, 
For, placing the quantities nnder the form 

V^ X \f^^ and yi X V^^^, 
and proceeding to form the product, we find 

since, (V — If — [v/ v^ — 1 ) =-\/ ~ ^ ^^'^"^ t'^® definition of 
a root. 

Hence, generally, when we have to apply the rules for radi- 
cals if} imaginary expressions of tiie fourth degree, transforia 
iheiJ, so tliat tJie only factor under the radical sign shall be 
— 1, and then proceed as in the above example. 



Let ua illustrate this remark, by showing 
is an expression for the cube root of 1, or that, ir the rcstricLe'3 
sense, it is a cubu root of 1, 
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We have 



1 + 3 ys". y^^ - 3 X — 3 - 8 V3 ■ V- 






In like manner, we may show, that ~~ is another 

expression for the cube root of 1, when understood ia the 
restricted sense. It may be remarked that cither of these ex- 
pressions is equal to the square of the otlier, as may easily 
be shown. 

0/ Fractional and Negative Meponenls. 

164. We hare yet to explain a system of notation by moans 
of which operations upon radical quantities may be greatly 
simplified. 

We have seen, in order to extract the «'* root of the quan- 
tity a", that when tit is a multiple of », w^e have simply t« 
divide the exponent of the power, by the index of the root t» 
be extracted, thus. 



•^». 



1 not a multiple of n, it has i>een agreed to 



these two being regaided as eqtiiyaJent expressions, and bolli 
indicating the m'^ root of the m" power of «, or what is the 
same thing, the m'* p( wer of the n'* root of a; and generally, 
When, any quantity ts written vnth a fractional exponent, the 
iwi meralor of the fraction denotes t!te power to which the quantity 
ifi to be raised, and the denominator indicates the root of this 
power which is lo be extracted. 
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165i We have also seen that a" may be divided by o", 
wiieii fli and n are whole nuir.bers, by simply subtracting n 
from tit, giving 



in which we have designated the excess of m. over n by p. 

Now, if II exceeds m, p becomes negative, and the exact 
division is impossible ; but it has been agreed to retain the 
notation 



But when m < n, in the fraction, 

we may divide both terms by k", and we have 

a" ~ a"-" ~ aP ' 
)ience, a-f is equivalent to — , and both denote the recipro- 
cal of af. 

We have, then, from those principles, the following equiva- 
lent expressions, viz. : 

"t/a equi valent to a" . 

166. It has been shown above tiuit — =(»-■; if now we 
divide 1 by both mcmbevs of this equation, we shall liave, 
11"= -^•. bence we conclude that, 
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Jnv factor inay he iran->^eiied fom the numerator to the de 
nominatoi , or Jiom the deimmtnator to the numontor, bi/ ckingmq 
the sign oj' its exponent 

J67. It miy easily "be shuwii tint the luks i i opintng 
upon quantities ■when the eiponenii, jie positive vhole iiumljiiri, 
are equally applicable when they aie fiactiouil oi negitie 

In the fust place, it is phm that both tiuineiatoi airci 
denominator ol the fraetiynal e^pontnt may be multiplied by 
the sime quantity without altering the value cf the expression, 
since by definition the ni'* power of the m'* root of a quan 
lity ij equal Xti the quintity itself This principle enables us 
to leduee quantitie's, having tiactional Exponents, to equivalent 
ones ha\mg a common dpnoiinnatoi 



Let it be required to find the product of a" and c 
We have, a" x a' = ct"' X u'"' 

,r (Art. 10.1), "/^X .■yl?^ = -!/>"J+^' 
This last result is equivalent to a "' ' hence, 



the same result that would have beer, obtained by the appli- 
cation of the rule for the mnltipiiciition of mouoraials, when 
the exponents are jiositive whole numbers. 
If both exponents are negative, we shall have, 



if one of the exponents is positive, and the otiicr )iesali"c, 
la shall have, 
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Slid finally, a" x a ' = a " 

\Vc have; therefore, for the multiplication of quantities when 
the exponents are negative or fractional, the same rule as when 
they are positive wKole numbers, and consequently, the same 
rale for the formation of powers. 



2. Sor^^ X 2a~*i^c2 = Ga~ ^ b^c\ 

3. 6(i~=i''c-'" X sA-V = 30(i~"^&-'c— «. 

4. Find the sq_uare of ^a^ . 

We have, (ja^)' - {if X J"" ' = ^ J. 

f). Find the cube of ^a^. Ans. ^a^. 

1S8. Let it be requii-ed to divide n" by a= . We shall have, 

^^ ^ a" X o~ "'' or (Art. 167), ~ = a " ' 

If both expon'ita are negative, 

— o " X a' = a "' ' by the last art'ele. 

'd one exponent is negative, 

= a' X 1' ~ a " ' by the preceding article. 
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Hence, we see that the rule for the division of quantities, 
with fractional exponents, is the same as though "ho exponents 
were positive whole numbers; and consequently we, have the 
same rule for the extraction of roots, as wheL the exponents are 
positive whole numbers. 



1. 




„l^„-f^„H-l)^Ji. 




a. 




a^^J = J-* = cr^'^. 




3, 




«^X.*-.a-M=A-l 




4. 


Divide 


32J^b^c^ hy Sah^t^-^. 


Ans. 4a*6c«. 


5. 


Divide 


eia^i^r* l>y 32a-«5^^rl 


Alls. 2a^^b>. 



.=.v 



169. We see from tlie preceding discussion, that operations to 
be performed upon radicals, require no other rules than those 
previously established for quantities in which the exponents are 
entire. These opsrations are, therefore, reduced to simple oper 
atjons upon fractions, with which we arc already familiar. 

GENERAL EXAMPLES. 






2!/3(3f 



to its simplest terms. 
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. to its simplest terms. 

Wiiat i? tho product of 

„S ^ a^i ^ J-5I ^ab-^ ah^ + i*, by J - J*. 



Jb + h^, by , 



i^-t. 



no, !f we have an exponent wliieh is a decimal fioction, a> 
fur example, in the expression 10 ' '"^ from what has gone bf 
fore the quantity is equal to (10)^*'^'^' 01 to """/(If)) ', the 
value of whieli it would be impossible to compute, by any proceis 
yet given, but which will hereafter be shown to be ncaily equal 
to 2, In like manner, if the exponent is a ladical, is .V3" l/^i 
&c., we may treat the expression as though the exponents wero 
fractional since its values may be determined, 'o any 1 gnc of 
exactness, in decimal terms. 
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171, A btaiEi in algebra consi&ts of an inhnite number of 
terms toll n ug one another, each sf which is denved Itom 
lie 1 11(111, of the preoedim:; one U a tixed law Thii Kw 
IS cilled tie Itiu / // e series 

AiUhmetwal Pwgiession 

172 An ARITHMETICAL PEOGRE'i^ioN la a series, in which each 
ttim 1 deiived from the pretedig one by the addition of i 
(on tant quantity calltd the lommon dj^trence 

If the common ditlcience is posiliie each term w 11 be gicater 
than the preced ng one and the ji }giessiou 13 sal to le m 
(.1 eastn^ 

if the common lifl i nc" is nejatte ea^li tpim will be less 
than the pretcd ug i e ai d tht, p og t, si n is. ai 1 to be 



Thus 13 5 7 lie 1^ an wrea^i > ] at Uh7 let cal 

•pioqreshio] m which the commvin diflerence th 3 
and 19 lf> 13 10 7 la a deaeasmg arithmetical 

pr ffiesston m which the common diifeienee is — 3 

.173. "When a certain number of teims of an arithmetical 
progression are considered, the first of these is called the Uni- 
term of the progression, the last is called the hsl term of Ike 
progression, and both together are called the extremes. All the 
terms between the extremes are called arilkmelical means. All 
arithmetical progression is often called a progression bi/ differences. 
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174. Let d represent tho cominoii difference of the arithmeti- 
cal progi-ession, 

a . d . c . e . f . ff . h . k, &c., 
which id -written by placing a period between each two of the 

From the definition of a progression, it follows tliat, 
b-a + d, e=:h + d = a + 2d, e-c + d=a + M; 
Hid, in general, any term of the series, is eijual to the first 
lei-m plus as many limes the common difference as there are pre- 
ceding terms. 

Thus, let I be any term, and n the nuinbor wbicb marks the 
place of it. Then, the number of preceding terms will be de- 
noted by ra — 1, and the expression for this general term, will be 
( = o + (»-l)4 
If rf is pcteltive, the progression will be increasing ; hence, 
Irt art increasing arithmelkal progression, any term is equal to 
Ike first term, plus the product of the common difference by the 
number of preceding terms, 

if we make n = l, we have l^a; that is, there. will be 
but one term. 
If we make 

n = 3, we have ^ = a + rf ; 
that is, there will be two terms, and the second term is cijual 
lo the first phis the common difference. 



1. If a = 3 and d — 2, what is the 3d term? Ans. 7. 

S. If (( = 5 and d=^4, what is the Cth term? Ans. 25. 

3. If o = 7 and d-^5. what is the 9th terra? Ans. 47. 
The formula,. 

;=» + ("-!)■', 

serves to fmd any term, whatever, without dcteiTnining those 
wtiieh proeede it. 
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Thus to find ths 50tli term of tho progre^skn, 
1 . 4 . 7 . 10 . 13 . 10 . 19, . . 
we have, I -1+49 X 3 = 148. 

And for the GOth terra of the progression, 

1 . 5 . 9. 13 . 17 . 21 . 25, . . . 
we have, i = 1 + 59 x 4 = 237. 

1'!'4'*. If d is negative, the progrea^iou is dec:eaaii;g, ani] the 
formula hecomes 

l — a — {n — l)d; that is, 
Any term of a decreasing arithmetical progression, is equal la 
the first term plui the product of the common difference hy the 
tittmber of pi'ecediiiff terms. 



1. The first term of a decreasing progression is 60, and the 
common difference ~ 3 : what is the 20th term 1 

l = a-{n-l)d gives i :zz 60 - (20 - 1)3 ^ GO - 57 = 3. 

2. The first term is 90, the common difference — 4 : wliat 
.la the lotK term? Ans. 34. 

3. The first term is 100, and the common difference — 2 ■ 
what is the 40th term'? Ans. 22. 

175< If we take an arithmetical progression, 

a . b . c i . & . I, 

having ti terms, ■ and the common difference d, and designate 
the term which has p terms before it, by i, we shall have 

l = a-i-pd (1). 

If we revert the order of terms of the progression, con-, 
Bidering I as the first term, we shall have a new progression 
whose common difference is — d. The term of this new pro- 
gression which has p terms before it, will evidently be the same 
as tliat which has p terms after it in the given progression, 
and if we represent that term by i', we shall have, 
i' = l-pd . ... (2). 
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Adding ei^uations (1) and (2), member to menibor, we find 

( + '' — 1 + ' ; hcnco, 
The sum of any two terms, at equal distances from the exlremei 

of an arithmetical progression, is equal to the sum of the extremes. 

176. If the suni of tte terms of a progression be repre- 
sented by S, and a new progression be formed, by reversing 
iha order of tbe Icrms, we sliall liave 

Sz=a + b + c+ . . . . +i + k + I, 
S=l+h + i+....+c+b + a. 
Adding these equations, member to member, we get 
2S.= {a + l)+ (6 + k)+{c + i)... +(t + c) + (k + b) + (1+ a) ; 
and, since all the snms, a+ I, h + k, c + i .... are equal 
to each other, and their number equal to n, the number of 
terms in the progression, wo have 

2S={a-]-l)n, or S^(~^\n; tliat is. 

The sum of tke terms of an arithmetical progression is equal to 
half the sum of the two extremes multiplied by the number of terms. 



1. The extremes are 3 and 10, and the number of ternna 8: 
ft'hat is the sum of the series 1 

„ /« + A ^ ■ <; 2+lG 

-5 =1 — TT- 1 X n, gives i> = — 77 — ■ X — 72. 



-(^ 



2. The extremes are 3 and 27, and the number of terms 12 ; 
what is the snm of the s 

3. The extremes are 4 and 20, ; 
what is the sum cf the i 

4. The extremes are 8 a 
what is the sum of the series? 



and the number of tenns 10' 
Ars. 120. 

and the number of terms 10: 
Ans. 440. 



The formulas 



l = a + {n-l)d and S = t^A < «> 
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contain, five quantiticri, a, d, n, I, and S, and consequently give 
rise to the following general problem, viz. : 

Any three of these five quanlities being given, to determine the 
oilier two. 

Tliia general problem gives riso to the ten following cases : — 



».. 


Given. 


;.i,.<». 


V.I,,., „ ,h. o.u... a.,..,i... 


1 


,,i,. 


1, S 


l = a + {n-l)d: S=i»[2.+ (»-l)i]. 


3 


l,d,l 


n, S 


a '2d 


3. 


<t,d,S 


n, 1 


» ''-^"^^<^7^)'+^''^ , .+(. I).. 


4 


J, «, i 


S, d 


S=4«(. + 0i ■' = ~i. 


5 


»,«,« 


d, I 


J 2(S~<.«) J 2S 


6 


".'.S 


n, d 


2S (i+.)(i-«) 
o+l' 2S-(l + o)- 


7 


d, n, I 


". s 


«=(-(«-!)<!; « = i»pi~(»-l)J]. 


8 


i,»,S 


», I 


%S-ti[n-\)d ^ 2S + »(«^I-)J 


9 

10 


■', ', s 


n, a 


2;+j±V(2'+"')"-MS , ,. ,, 

^ 2i/ ' K 1 ■ 


., I, i' ., d 


2S , , 2(™;~S) 



177. From the formula 

l = a-{-(n-l)d. 
we have, n — l — {n — l)d; that Is, 

The first term of an increasing arithmetical progression, is equat 

to any following term, minus the product of the con-.mon differenee 

bij tlie number of preceding terms. 

178. From the same formula, wo aifio (hi(J 



l- 



rhat 
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In any arithmetical progression, the common dijference is equu^t 
to the last term, minus t!ie first term, divided hy the number of 
terms less one. 

]f the last term is less than the first, the common dlffereTicfl 
wtll be negative, as it sliould be. 



]. The fait term of a progression is 4 the last term 16, and 
the number of terms considered 5 : what is the cwmmoo 
difference 1 



2. The first term of a progression is 23, tiie last term 4, 
and the number of terms considered 10 : what is the common 
difference ? Ans, — 2. 



179 By the .1 d f ti i 
the follow ng I oU n z 

£0 Jinl a nu } n T <■ 



To sol e this p obi m t 1 e a y to t d the 

n dfl e e JSow w may S:, d a th fi t t f 

thn eti 1 I og / o the 1 t t and tie i^u d 

ea s as te med ate as 11 e uml ot te ms cons de ed 
of tl s prog ess 1, w 11 to e^tp essed by » + 2 

Ntw, bj suKtitutii„ th bov f ul , 6 f I, and n H 2 
fur n, it becomes 

d = ^-"' or d^ ^-^ 

that is, the common difference of the required progressicn la 
obtained by dividing the difference between the la*t and first 
terms by one more than the required number of means.- 
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Having obtained tlie common, difference, form the second t«rn3 
of the progression, or the first arithmetieal mean, by adding d, oi 

— -7-^, to tho first term a. The second mean ia obtained by 

augmenting the first by d, &c. 



1. Find 3 arithmetical moans between 2 and 18. The formula 

, 6 -a . 18-3 ^ 

'^ = ^;qrX' g^'^^^ ^ ~ — 4 — ^ * > 

hence, the progression is 

2 . 6 . 10 . 14 . 18. 

2. Find 12 arithmetical means between 77 and 13. The 

formula 

b-a . ,12-77 

— -, g,ves d = ^^^-6; 

iience, the progression is 

77 . 72 . 67 . 62 23 . 17 . 13. 

3. Find 9 arithmetical means and the series, between 75 

Alts. Progression 75 . 68 . 61 26 . 19 . 12 . 5. 

ISO. If the same number of arithmetical means be inserted 
between the terms of a progression, taken two and two, these 
terms, and the arithmetical means together, will form one and 
the same progression. 

For, let a . 6 . c . e . / ■ . . . be the proposed progression, 
ftod m the number of means to be inserted between a and b, 
i and c, c and e 

From what has just been 
each partial progression will 1 



which are equal to each other, since, a, b 
fTicssioii : therefore, the common diireretite 



AEITHMETICAI, PEOGRESSION. 



of tte partial progressions; and since the last term of t.ie first, 
forms t\i^ first term of the second, &g., we may conclude that 
all of Ihese partial progressions form a single progression. 



i. Find lilie sum of ths first fifty terms of the progressiou 

2 . 9 . 16 . 23 . . . 
For the 50th terra, we have 

/ ~ 2 + 49 X 7 = 345. 

Hence, S^{11 + 345) x ^ = 347 X 25 = 8675. 

2. TmA the lOOth term of the senes 2 . 9 . 16 . 33 . . 

Ans. 695. 

3. Find the sum of 100 terms of tie series 1.3.5. 7. 9... 

Ans. 10000. 
4 The greatest ftini considered is 70, the t,ommon difference 
3, and the nuJiilier of teims 21 : what is the least term and 
Jhc sum of the terms 1 

An». Leatt term 10, sum of terms 840, 

5. Tlie first term of a decreasing arithmetical progression is 
10, the common difference is — ^, and the number of terms 
21 : req^uired the sum of the terms, Ans. 140. 

6. In a progression by difference-i, iiaving given the common 
differeni'e 6, the last term 185, and the sum of the teims 2945: 
find the iirMt term, and the number of teims. 

An^. First term :=;5; number of terms 31. 
7 Find 9 arithmetical means between each antecedent aiwi 
iinseqizput of the piogression 2 . 5 . 8 . H . 14 , . . 

Ans. d = 0.3. 

8. Fmil the nnmber of men uontamed in a triangiilar bat- 
taljon, the fir'it lank containing 1 man, the pecond 3, the third 
S, and --o on to Ihc n"', iihich contams ?i. Tii oth^r words, 
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fintl the expression, for the sum of the natural Eumbers 1, 3, 
3, . , . from 1 to n, inclusively. 

Ans. g ^ "<" + il. 

9, Find the sum of the first n tcnr.s of the progression of 
imeven numbers 1, 3, 5, 7, 9 . . . Ans. S = n^. 

1 0. One hundred stones being placed on the ground, in u 
sti-aight line, at the distance of two yards from each other, how 
fiir will a person travel who shall bring them one by one tfi 
a basket, placed at two yards from tho first stone? 

Ans, 11 miles 840 yards. 

0/ Halm and Geometrical Proportion. 

ISl. Tiie liATio of one quantity to another, is the quotient 
which arises from dividing the second by the fu'st. Thus, -the 
ratio of a to b, is - — , 

182. Two quantities are said to be proportional, or in pro- 
portion, when their ratio remains the same, while the quantities 
themselves undergo changes of value. Thus, if the ratio of a 
to 6 remains the same, while a and b undergo changes of value, 
then a is said to be proportional to 6. 

183. ffour quantities are in proportion, when the ratio of the 
first to the second, is equal to the ratio of the third to tho 
fourdi. 

Thus, if 



the quantities a, i, c and cf, are said to be in propoition. We 
generally express that these quantities are proportional by wriLir.g 



This algebraic espressiou ia read, 
«dA is cfdled Q proportion. 
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184. The quantities compared, are called terms of tiie -pro- 
portioc. 

Tlie first and fourth tert_is are called the extremes, the seconol 
sud third are called ike means ; tha first and third are called 
untecedenis, the second and fourth are sailed consequents, and the 
fourth is swd to be a fourth proportional to tbe other three. 

If the second and third terms are the same, either of these 
is said to be a mean proportional between the other twc. Thus, 
in the proportion 

a : b : : b : c, 
6 is a mean proportional between, a and c, and c is said to be 
a third proportional t« o and b. 

185. Two quantities are reciprocally proportional when one is 
proportional to the reciprocal of the other. 

Geomelncal Progression. 

IS6i A Gbouetrioal PaocREssioN is a scries of t«rms, eaoJi 
of which is derived from the preceding one, by multiptyluij it 
Sy a constant quantity, called the ratio of the progression. 

If the ratio is greater than 1, ea<3!i term is greater than u\e 
preceding onp, and the progression is said to be increasing. 

If the ratio is less than 1, each term is less than the prt^ 
ceding one, and the progression is said to be decreasing. 

Thus, 
... 3, 6, 12, 24, . . . cSic, is aa increasing progression. 

, , . 16, 8, 4, 2, 1, —,—,.., is a decreasing progressi-in 

It may be observed that a geometrical progression is a con. 
tinned proportion in which each term is a mean proportiona. 
between the preceding and succeeding teirns. 

187. Let r designate the ratio of a geometrical progression, 
a : b : c : d, . . . . &c. 

Vi'ii dectuce from tbe definition of a progression the follow 
ing ei|iiatJon5 : 
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and, ill geaeral, any term, m, tliat is, one which has n — 1 terms 
before it, is expressed by ar"— ', 

Let I be this term ; we have the formula 

by means tif which we can olDtain any term without being 
obliged to find all the terms which precede it. That is, 

Ani/ term of a geoTmtrieal progression is equal to the Jirst term 
mtdliplied by the ratio raised to a power whose exponent denotes 
the number of peeeeding leTms. 



1. Find the 5th term of the progression 

2 : 4 : 8 ; 16, &c., 
in which tlie first term is 2, anii tJie common ratio %, 
5th term = 2 X 2* = 2 X 16 = 32. 

2. Find the Sth term of the progression 

2 : 6 : 18 : 54 . . . 
8th term = 2 x 3^ = 2 X 2187 ^ 4374, 

3. Find the 12th term of the progression 

64 : 16 : 4 : 1 ; -- . . 
4 

/1\" 43 1 1 

12th term = 04 (-) = -JTr = 4! = 55556- 

188. We will now explain the method of determining the sum 
of n terms of the progression 

a : b : c : d : e :/ : . . . : i : & : I, 
of which the ratio is r. 

If we denote the sura of the series by S, and tho »'* term 
oy I, we shall have 

^ = a + ar + ttr^ . . . . + ar'-'^ + ar"^^- 
If we multiply "both members ny r, we have 
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and by subtracting the first ec[uatioii frcm the second, iiiem'ber 
from member, 

*Sr — (S = or" — a, whence, S = — — y ; 
Bubstituting for ar", its value Ir, we have 
that is, 



Ir-a _ 
" r — 1 ' 



To ohtdin the sum ol aiij iiumbci oi teims wf i pic^i tsaion 
by qiiotient=, 

MuUi^hj the lust /^jw 6y the ratio, ^i,?,'.a^! the Jirsi iexn. from 
this pro'luit, and dimde the rtmaindii by Iki. rulio dimtnu/'id by 1. 



im ot eight terms ol the progreob 
: C : 18 ; 64 : 162 . . . : 4374. 
Ir — a 13122 - 



= 6500. 



of five terras of the progression 
: 4 : 8 : 16 -. 32; . . . . 



S = 



3. Find, the sum of tea terms of the progression. 

2 : : 18 : 54 : 16-2 ... 2 X SSI = 39306. 

Ans. 59048. 

4. What debt may be discharged in a year, or twelve months, 
by paying $1 the first month, $2 the second month, $4 the third 
month, and so on, each succeeding payment being double the 
last; and what will be the last payment^ 

Ans. Debt, $4095 ; last payment, $2048. 

5. A gentleman married his daught-er ,on New-Year's day, and 
gave her husband Is, toward her portion, and was to double it 
on the first day of every month during the year ; -what was hei 
portion « Ans. ^£204 15s. 
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6 A h L^he 10 li 1 1 f 1 6 1 CO d t tl t 

1 llJpjl tftijfitbhiatth d9 

f th tl d 1 t tl 1 t 1 t dd 1 I V f 

lllllll dl Utebhi 

1 Last 1 1 1 $196 83 tot 1 t | 5 4 

189 Wh th I d i <1 d 

f< tl b t 1 f tl tl tt der 
th f 

in order that both terms i>f Ijie fi'aotion may be positive. 
By SHbsCitulIng ur^^^ for ?, in the expression for S, 



of the first five terms of the progressioa 



m of the first twelve terms of the [ 
: le . 4 , 1 . • . . . . : ^.. 



4 _ ''■''^^'> _ft- fi^riss 



We pcreeive that the principal diftioulty consists in obtaining 
ihe numerical value of the last term, a tedious operation, even 
rben the number of terms is not very great. 

180i If in the formula 
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we make J---1, it rcduci^a to 

^-¥-' 

Thii icMilt eometmiPS inJici,tc3 mlbfemimatirm, but it ofteu 
arises fiom the existence of a con.mon fictor in both Eumerator 
and ileiioniinator of the fraction, which factor becomes 0, in coh- 
&e£[uenc« of a particular supposition 

Such 19 the fict m the present cise, siriLO both terms vi the 
fiaetion contain the factor r — 1, \shn,h betomes 0, lor the p^r 
ticular Rnpposition »■ = I 

If we divide both terms of the fraction hj this common factor, 
wc shall find (Art. 60), 

S = ar—^ + ar'-^ + ar-^^ + . ." . . + (tr + a, 
iii whicli, if -we make i- ~ 1, we get 

S = a + a + a+a+ +<i=:na. 

We ought to have obtained this result ; for, under the suppo- 
sition made, each term of the progression became equal to a, 
ax-i since there are n of them, their sum should be na. 

191. From the two formulas 

l=cr'^\ and S = —-^^, 

several properlies may be deduced. We shall consider only 
some of the most important. 
The first formula gives 

r''-'-^'—, whence *■ = \/ — , 
The expression 



furnishes the means for resolving the following problem, yiz . 

To find m geometrical means between two given numbers a and 
b; that is, to find a member m of means, which ■will form with a 
and I, considered as extremes^ a geometrical progression. 
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To find thii5 series, it is oiilj necessary" to Isnow the ratio. 
Now, the required number of means heing m, the tofal nuniber 
of terms considerecl, will Ije equal to m + 2, Moreover, -we 
have I =.1); therefore, the value of r beeomea 






tiat i: 



To find the ratio, divide the second of the given numbers by the 
fust; then, extract that root of the quotient whose index %s one 
ijr(ater than, the required number of means; 
?Ienee the progression is 



y^::' 



I. To insert six geometrical 
and 384, we make m, ^ 6, 



lence, we deduce the progression 

3 : 6 : 13 : 34 : 48 -. 

2. Insert four geometrical means 




between the number 
from the fornmla, 



90 ; 192 : 384. 

between the numbers 2 and 



486. The progression is 

2 : : IS -. 54 : 103 : 486. 
Ekmake.— When the same number of geometrical means are 
inserted between each two of, the terms of a goom.eL'ical pro- 
gressioii, all the progressions thus formed will, when jaken to- 
gether, constitute a single progression. 

Progressions having an infinite number of tei-ms. 
I92g Let there be the decreasing progression 
a:b:c:d:e:f-..., 
Eontaininj; an infinite number of terms, Tiie formula 



S = 



1- 
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which expresses the sum of n terms, cun be put under the form 

Now, suioe the progression is decreasing, »■ is a proper frac- 
tion, and )■" is also a fraction, which diminishes as n increases. 
Therefore, the greater the number of terms we take, the more 

will X r" diminish, and consec[iiently, the nearer will the 

sum of these terms approximate to an equality vnth the first 

part of S; that is, to -. Finally, when n is taiten greater 

than any assignable number, or when 

will be less than any assignable number, or will become equal 

to ; and the expression ^j will represent the true value o( 

the sum of all the terms of the scries. Hence, 

The emit of the terms of a decreasing progression, m which the 
number of terms is infinite, is 



This is, properly speaking, the limit lo whicli the partial sums 
approach, as we taltc a greater number of terms of the pro- 
The number of terms may be talten &o great as to 



we please, and the diiferenoe will jnly beooi 
r of terms taken ii infinite. 
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We have fo: the sum of 'iie terms, 
S -~" 



' 1- 



1 - 



9, Again, talte tho progression 

1,1.1.1.1.1 

3 4 8 10 y-i 



What is the error, in each example for « =: 4, r.i=j, h ;:; 61 
Ii d'k'-minutt Co cQi m t 

193 An Idbnticai Eqdation is ono which is satisfied for any 
valuer that miy be assigned to one oi moie of the quintitiea 
whiL^ enter it It difleis miterially fiom an oidmtry eijuition 

The latter, when it contama but one unknot q quantity, can 
only be satiafieil for a bmited numbtr of voluea of that quan- 
tity, whilst the former 13 sati'-'fied fji any value whatever of 
the mdeteiimnate quantity i^hich enU,is it 

It differs al&o horn the mdetcrminat* ejuititn Tims if m 
the ordmary equation 

c« + iy + c=-|-</ = 

vilues bo assigned to x md y at pleasure, md corie'spon.d ng 
silue-, of s be deduced from the equation, tbtse yaluea tiken 
togeftei will sati'ify the equation, and an infinite numbei of 
sets of ^iilue^ may be found winch will &atisfy it (^it b&) 
But if m tho equation 

Gn^ + hy + cs + d^Q, 
we i/ripDso the i^nditiDu that it thall te satisfied far any 
lalies of J, y ani z, tiken at fl i uie, it is then called an 
tdenttcal equation 

194 A quantitj la mdetermtnufe when it adtnta of an n linite 
numbei of \alues 

Let lis as'Jiime the identical e^uatnn, 

A + Bx-^ Cj' + I>x^ + &L = J - - - - (1), 
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in wdkk the co-cfficionts. A, £, C, D, &c., are eiUii-oly indn 
pcndi'-nt oi' x. 

If we make 3: = in equation (1) all the tcrmf coiitiuniag 
X reduce to 0, and we find 

^ =0. 
Substituting this viilue of A in equation (1), and flietDi-ing, 
it Ijecomes, 

x{B-{- Cx-\-])x^^- ^c.,) = (i (2), 

which may be satisfied by pJaciiig k = 0, or by placing 

B-\- Ox -{- Dx^ + &G. = (3). 

The fii'st supposition gives a common equation, satisfied only 
for X = {i. Hence, equation (2) can only be aa identical equa- 
tion undrr a supposition which makes equation (3) an identical 
equation. 

If, now, we make a: = in equation (3), nil the terms con- 
taining a; will reduce to 0, and we fmd 
£ = 0. 
SubstitiLting this value of £ in equation (3), and factoring, 

j^f +Z>z + &c)=0 (4) 

in the <^an iiinnci a^ bei !:■ we mi> eh u tl it t — 0, 
ani sj we mj\ pi<\e m succet, an that each ot the e;eiIiuentH 
D E &.C, !■! sepiiitely e]^uil to hence 

In neij tieni cal equation ett/ier member of lohid 11 in- 
lohmg a single indeterminate quantiti/, ike eo effinenii of the 
dtffetent powers of this quantity ate separately equal to 
195> Let us uext a-ssume the iilenttcal equation 

a -'r bx -\- ex" + &^a =0 -(- i a + c j;* + -Ic 
Bj trin«ipo=:mg all the terms into the first memlier it mny 
bo pU fd under the form 

(a _ a ) -{- (J _ 5 ) ., + (r ~ , J i' + & c =^ 
Now, irom the principle just demonstrated, 

— 0'=;. 0, b — S' — 0, c— c' = 0, &Ct&c.; 
whence a = a' ,h = b' e^ c' , &e., &;c. : that is, 
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Zn an identical equation containing hut one indetermmate qiian- 
tiiy, the eo-e^cknts of tlie like powers of that quantity in the 
two memhers, are equal to each other. 

I96< We may extend the principles just deduced to identical 
equations containing any number of indeterminate quantities. 
For, let us assume that the equation 
a -I- hs ■\- h'y + b"z + &c. + cx^ -\- c'lf + c"^^ + &c. f dj? 
+ d'y^ + &c. = - - . (1), 
IS satiiaried independently of any values that may lie assigned 
to .T, y, 5, &G. If we malte all the indeterminate quantities 
xcept X equal to 0, equation (1), will reduce to 
a -\- hx + cx^ + dx' -{- &;c. =: ; 
whence, from the principle of article 194, 

« ^ 0, 6 = 0, c = 0, d = Q, &c. 
If, now, we make all the arbitrary quantities except y equal 
to 0, equation (1) reduces to, 

a -'r b'y -\- c'y"^ + d'y^ + &c, z= ; 
whence, as before, 

([ ~ 0, h' —0, c' — 0, d' = 0, &c. 
and similarly we have 

h" = 0, c" = 0, &c. 
The principle here developed is called the principle of tndt- 
lerminale co-efftcients, not because the co-efiicients are really 
indeterminate, for we have shown that they are separately 
equal to 0, hut because they ai'e co-effieients of mdetcrminale 
quantities. 

197. The principle of Indeterminate Co-efficients is much used 
ic developing algebraic expressions into ser«s. 

For example, let us endeavor to develop the expression, 



1 the ascending powers of x. 
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Let us assume a development of the proposed ■form, 

-v£-^ = -P + S^ + -S-T^' + S^' + &c. - - - (1), 

ill wMcIi P, Q, R, &o., are independent of x, and depend upon 
B, of and h' for their values. It is now required to find such 
values for P, Q, S, &o., as will nsalie the development a true 
one for all values of x. 

By clearing of fractions and transposing all the terms into 
the first member, we hava 

Pa' I + Qa'\x + Bit' I a:^ + &c. = 0. 
~a\ + P!>'\ + Qb'l &c. 

Since tliis equation is true for all values of x, it is identi- 
cal, and from the principle of Art. 194, we have 
Pa' -a~ 0, Qa' + Ph' = 0, Ba' + Qb' = 0, &c., &o. ; whence, 

P=- g=_-^^_^ M=-^^~ &c &c 

Substituting these values of P, Q, B, &c., in equation (1), 

Since we may pursue the same course of reasoning upon 
any like expression, we have for developing an algebraic ex- 
pression into a series, the following 

RULE. 

1 Pl( tie gtiin eip^e-^^wn equal to a devekp i ent nf ike 
form, P+ Qx -^ E^" + lie , deal the resulliiff equation of pac- 
tions, and transpose all of the terms into the first member of 
the equation 

il Then place the co efficttnts of ike different jKneeis '■f the hi- 

■ ter, ttnth reference to whck the series is arranged, separately equal 

to 0, aiid fiom these equatums find the values of P, Q, B, <£e 

I!L Jfamnj found these values substitute them fot P Q R &c , 
tn the a-! umed development, a id the result will be the develop- 
ment ngiured 
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1. ]>evelop 



3. Develop 



Ans. 1 + — !--;■! — ; + 'Sfo- 



A„. I, 



Ans. L + 5x + 15j'= + 45»' + 135a^ + &c. 
198. We liave hitherto supposed the series to be arranged 
according to the ascending powers of the unknown quantity, 
commencing witJi the power, but all expressions cannot bip 
developed aoeordiiig to thia law. In such cases, the application 
of the rule gives rise to some absurdity. 

For example, if we apply the rule to develop - ■ ■■ -, we 
shall have, 

3^^ - -P + ^^ + -K^' + &«■ - - - (!)■ 
Clearing of fractions, and transposing, 

- 1 +3Px + 3Q U=+ &c- =0; 
- p\ 
Whence, L> th l ll 

-1=0 3F^i>, SQ — P = 0, &c. 
Now, the f r'.t equation is absurd, since — 1 cannot equal &. 
Hence, we conclude thit the expression cannot be developed ao 
cording to tl>e ast^ndmg poweis of x, beginning at s°. 

We may, howevei wiite the expression under t}ie foi'ii' 

— X ;; , and by the application, of the rule, develop the factr 
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whence, by substitution, 

'=' + >.+ ' +>.. + *„. 

Sx — a;^ dx y 2i 81 

Since ■^- is equal to 3ar-' (Art. 160), we see tliat tho true devel- 
opment contains a term with a negative exponent, and the sup- 
position made in equation (1) ought to have failed. 

Recurring iSeries. 

199. The development of fractions of the form -r — t-t-, &c., 
gives rise to the consideration of a Ivind of series, called recur- 

A RECURBiKa 8BBIE8. is ouc in which any term is equal to tte 
algebraic sum. of the products obtained by multiplying one or 
more of the preceding terms by certain fixed quantities. 

These fixed quantities, taken in their proper order, constitute 
what is called the scale of the series. 

200. If we examine the development 

a _ a tib^ tti^ _ ai^ 3 4- (- 

a' + b'x ~ a' a'-' «'» a'* '' 
we shall spe, that each term is formed by multiplying the pre- 
ceding one by ^x. This is called a recurring series of tho 

Jirst order, Iseeause the scale of the series contains but one 

The expression — — r is tiia scale of the sei-iea, and tho OS 
pression ^ is called the sctUi of the co-ej/kienls. 

It may be remarked, that a geometrical progression is a recui 
ring series of the first order. 

201. Let it be required to develop the expression 

a + bx 

u' + b'ic + c' 



into a series. 
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T + Ra' 


x^ + Sa' 


+ «*' 


-^PJi' 


+ ft' 


+ 8=' 



a- + b'x + 
Clearing of fractions, and transposing, we get 



Tl'icrefore, we iiave 

Fa' - « = 0, 

Qa' H- Fb' - 6 = 0, 

Ra' + Qh' + Pc' = 0, 

Sa' + 7^6' + §c' = 0, 

&c., &e., 
Irom which we see that, 



[CHAP. VIIL 
=^ F ^- Qx -\- Bx^ -\- Sx^ + &e. 



or, e=__P+-^; 

or, It^^'^Q^^P; 
or. S^--^^-^e; 

&o., &c.; 
commeneing at the third, ea«h co-efli. 
cient is formed by nmltiplyiug the two which precede it, re- 
speotively, by — —7 aad — -y, viz., tiiat which immediately 

precedes the required co-efficient by 7, that which precedes 

it two terras by 7, and taking the algebraic sum of the pro 

ducts. Hence, 

(-^. ~i) 

is tke ande of the co-efficienh. 

I'rom this law of formation of the co-efficients, it follows fiat 
the third tenn, and every succeeding one, is formed by raulti- 

pljjiig the one that nest precedes it by jX, and the second 

preceding o>te by -x", and thpn taking the algebraiu sum of 

'.liese products : hence, 

is the scales of ike series. 
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This scale contaius two terms, and the series is called a re. 
curring series of the second order. In general, tlie order of a 
recurring series is denoted by tho number of terms in the scale 
of the series. 

Tho development of the fraction 

a' + b'x + c'x'^ + d' x^' 
gives ri*o to a recurring series of the tliird order, the scale of 
which is, 

H- ^i- -i^^ 

and, in general, the development of 



5 of the )i'* order, tho scale of which i 



General demonstralion of the Binomial Theorem. 

202, 3t has been shown (Art. CO), that any expression of the 
form s" — y^, is exactly divisible by z — y, when m is a po?'tivp. 
whole number, giving. 



The number of tenns in the quotient is equal to m, and if' 
tv0 suppose z=.y, each term will become j™-' ; hence, 



The notation employed in the firat member, simply indicates^ 
what the quantity within the parenthesis becomes when we mate 
y =t. 

We now propose to show that this form is true when <m is 
fractional and when it is negative. 
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11, suppose m fractionul, and equal to ^. 
2 « = y, whence e ! — j/P and z =.v^ ; 

y1 =11, whence y1 t=uf and y = ui . 
HP "^ — "'' 



If now, ^vc suppose y ■= z, we have w = w, ; 
3 positive whole numbers, wc have 



: ■= ~vf-i—— 

qvl-^ q q 



Heeond, suppose m negative, and either entire or fractional. 
By observing that 






-y"^ _ _,^ 



y-^ X- 



if, now, we maJto the supposition that y ^=: z, the first faotoi 
■of tho scooDd member reduces to — s-^"', and the second fiio- 
tor, from tho principles just demonstrated, reduces to m^™-- ; 
hence, 

I ^ I — m^-— «— 1 



We conclude, therefore, that the form rs general, 
203. By the aid of the prineiplea demonstrated in the laf! 
article, we are able to deduee a formula for the deveIo[' 
ment of 

{^ + «)-, 
ffhon the exponent m is positive or net/alive, entire or fiaclional 
Let us assume the equation, 

H + z)« ^ P + Qz + Rz'i + S^-> -i- &o. - - (1). 



h..ccJbyC00glC 



CHAP. Vlir.] BINOMIAL THEOREM. 25& 

ill iihicb, /*, Q, iS, &.C., are independent of s, and depend upon 
1 uud m for Uieir values. It is reijuired to find such values 
for them as will make the assumed development true for every 
possible value of 2. 

If, in equation (1) we make g — 0. we have 

P= 1. 
Substituting this value for P, equation (I) becomes, 

{l+s)''=l + ez + fis2+&3 + &c. - - - (3). 
Equation (2) being true for all values of e, let us make 2 =: y; 
whence, 

(1 + y)" ^ 1 + §^ + By^ + Sy3 + &c. - - - (3). 
Subtrncliag equation (3) from (2), member from member, and 
dividing the first member by (I + s) — (1 + y), and the second 
member by its equal 2 — y, wc have, 

(i+!);ii(i+^v: = q£^ +^±zt + ^f!^ + &,. . (4). 

(l+4-(H-y) ^s-y a-y B~y 

If, now, we make 1 + z = 1 + y, whence s = j/, the first 
member of equation (4), from previous principles, becomes 
m(1 +2)"^', and the quotients in the second member become 
respectively, 

('.^A = 1, ('Izt] = U'^^:^) - 3^^ &c. &c 

Substituting these results in equation (4} we have, 

m(l+2)'"-'^ § + 2i?3 + 3S33 + 4n3 + &c. - - - (5). 

Multiplying both members of equation (5) by (1 + z), W'e find, 
m{l + z)'«=Q+2Rls + SS U'^+4T\^s + &c. - - - (6). 
+ q\ +2^1 +3S| 

If we multiply both members of equation (2) by m., we have 
w {I +^)''^m + mQ^ + w&^ + mS^ + mTz" + &e. - - - (7). 

Tne second members of equations (6) aad (7) are equal to 
each other, since the first members are the same ; hence, we 
have the equation, 

J- g' +251 +331 
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This equation being identical, we have, (Art. 105), • 



35 + 2-B := mM, 



1.2 ' 
1.2.3 ' 



iT+SS^mS, - or, 

&c., Sio., &e. 

Suhatltuting these values ia ec^uation (2), we obtsln 

If now, in the last equation, we write — for z, and thea mul- 
tiply both members hy it", we shall have, 

+ &o. . . (10). 

Henoe, we conclude, since this formula is identical witb that 
deduced m Art. 156, that the form of the dovelupmcnt of (ar+a)" 
will bo the same, whether m ia posi/ive or negative, entire or 
fractional. 

It is plain that the number of terms of the development, when 
m is either fractional (>r negative, will i>e infinite. 

AppUca'.ions of t?ie Binomial Formula. 

204. If in the formuk (x + a)=> =c 
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wc make m ~ — , it becomes (* + «)« or "^/^ -\- a — 

or, reducing, l/ir + u =^ 

,Vi + i -^-A ^^ ^ + 1 !L^ ?lri i!- . . . .1 

\ '^ « ;<.■ Ji ■ 2,1 \c^ ^ n 2ii 3» ^J:S • ■ ■ ■ ; 

The fiftli term, within the parenthesis, can be found by mul- 
tiplying the fourth by — and by — , then clianging the sign 

of the result, and so on. 

205. The formula just deduced may be used to find an approx- 
imate root of a number. Let it be required to find, by means 
of it, the cube root of 31, 

The greatest perfect cube in 31 is 27. Let x =27 and a — 4: 
making those substitutions in the formula, and putting 3 in the 
place of I 

115 G4 



it becomes 








K'4 


4 

■27 




I 
" 3 


I 16 
■ 3 ■ 729 


_„. 


1 
3 ■ 


9 ■ 


1 


256 
■ 531441 



\-&c.\ 



V "^ - "* + 27 2187 ■*" 531441 43040721 "*■ "' 
Whenoe, i/sT = 3 . 14138, which, as we shall show presently, 

is e.vaet to within less than .00001. 

"We may, in like manner, treat all Eirailar oases ; henee, for 

extracting any root, approximative! y, by the binomial formula, 

we have the following 

RULE. 

^ind the perfect' power of tlie degree indicated, viMch is nearest 
to the given number, and place this in the formula for a:. Sub- 
tract this power from the given nvmher, and subslilute this differ- 
ence, which will often be negative, in the formula for a. Perform 
the operations indicated, and the result will he llw required root 
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1. ^/'28'=: 27*^1+ ^\ :^ 3.0366. 

3. i/W= (32-2)- = 32^1 -^ = l-»^44- 
8. ^/ii^^: (32 + 7f = 32~^(l + J-j = 2.0807. 

4. '/TOS":^ (123 -20)^= 128^ A -^) = 1.95204. 

30&. ^M 1.11 the Uims of i apnea go un decieasing m value, 
Ihe soues is ciUeil a, decreasi/iff series, ■\nd when Uiey go on 
nicreasjng in vtlue, it is called an mcieasmg seriL.s 

A converging Sfne^ is oae m which the greatei the numbei 
of terms taVen, the neiier will their sum approximate to a 
fixed lalue, which is the hue sum of the series When the 
terms of a deci easing and converging seiies aie aheinnlelii 
yosktive and negatite, as m the hi c example abo^c, «c lih 
determine the digiee of approximation when we take the sum 
Hi a liinited ituiiiber of terms for the true sum of the seji£,s 

For, let a — b+<. — d+e — f+ , &c , be a dccicaHing 

series, i, c, d, being positive i|u in titles, and let i: denote 

the tiue sum of this series Ihen, if » denote the nunibti i"f 
terms taken the value of r will le found between the suts 
of n and n -f- 1 terms 

For, take anj two consecutive sums, 

c~b + c -d + $-/, and a — b + e — d ^- e -/ + ff_ 

]ii the first, the terms which follow — /. are 
+ g~h, +i:~,+ . .; 
but. siiicu the series is decreasing, the terras g — h, h ~ I . , 
&.C.. iiri' positive ; therefore, in order to obtain (he coinpictc 
valiif. ui' a'. 11 |H)sitive number must bo added to the sum 
a — h \- •■■ - d -i- e —f. Hence, we have 

a-b + c-d+e-f<x. 
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(1 erms which follow + !/, are — k 

+ k + N —h + k,—l + m.. &c., are 

h d r to obtain the sum of tha series, 

g ti added tc 

■-'J[ij ti- dim 111 bh it Cun'ii- "]^ut,iilly, 
d+e-J+<j>3- 
T p (led belw <.n the stnin <J the Jirsi 

d s 

B h diff n b tbese two sums is cquil to q, and 

p d b een them, g inu-,t La grcttn thim 

dff b d either of them, huice, the eiror 

d by ak g h of n teim'., a - b + c - d -\- e — /, 

f h, f the senes )s numtricalbj itt,s than 

let 

7 b ma serves also to develop algebraio 



1. To duvulop the expression ~ , wo have, 

In the binomial formula, make m = — 1, a ^ 1, and a =j — *, 
and it becomes 

(1 - .)-• = 1 - 1 . {- •) ~ 1 . ™ ~i .(-.)' 

o^, 'performing the operations indicated, wo find for the dft 

— 1-j = (1 - z)-' = 1 + 2 + »■ + «■ + 2' + &0. 

We might have obtained this result, by applying the rule 
fot dlTiiioit. 
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2. Again take the expression, 

Substituting in tlie binomial formula — 3 Ibi m, I fir a, 
Mid — z for a, it 1 



(l-»)-> = l-3.(-j)-3. 



-3-1 



.(-.)= 



Perforraing the indieuted operations and multiplying by 2, 
we find 



3, To develop tlie expression ^Ss — 2^ we first place it 
under the form ^/^J xll — t) ■ ■''? ^^^ application of the 
binomial formula, we find 



= V^(>-i'-i- 



5, Develop — — — into a series. 

li. Develop the square root of -j— — ^ into a series. 

Ans. ^+~ + ~ + ^^, Vo. 
1, Develop the cube i 



[a^ + .^)'^ 



1 



into a ! 



3<i5 Ok* 81 1 



-, &c.) 
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Summation of i&rus. 

:i08. The Summalton of a Series, ia the operation of finding 
an expression for the sum of any number of terms. Many 
useful series m.iy be summed by the aid of two auxiliary series. 

Let there be a ffiven aeries, vihose terms m.ay be derived from 
(te expression . , by giving to /i a fL\ed value, and then 

attributing suitable values to g and », 

Let there be two auxiliary series formed from the expressions 
— and — ^— , so that the values of p, q, and n, shall be fiie 
same as in the corresponding terms of the frst series. 

It can easily be shown that any term of the first series is 

eq^ual to — multiplied by the excess of the corresponding terra 

in the second series, over that in the third. 
Por, if wo take the expression. 

and perform the operations indicated, we shall get the expression, 
hence, we have 



■■-(-■ 



n{n + p) ~ 
which was to be proved. 

It follows, therefore, that Ike sum of any number of terms oj 
Oit first series, is equal to — multiplied by tlie excess of the sitm 

of the corresponding terms in the second series, over that of the 
eorrespondinff terms in the third series, 

■Whenever, therefore, we can find this last difference, it is 
always possible to sum the given scries. 
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i Reqiiirci ihe sum of n terms of the series 

— -I — -u _L J L &o, 

1.2 2.3 ^ 3.4 ^4.5 

Comparing Lhe terms of this series with' the expression 



we see that making _p = 1, 5 = 1, and n = 1, 2, 3, 4, &c., 
succession, will produce the given series. 

The two corresponding auxiliary series, to m t«rms, are 
1 



Tlie difference between the sums of n terms of the first anil 
seeotid auxiliary scries is 



of n terms of the given series by S, we have, 

— ^- 

If the number if terras is infinite n =i y> and 

S ^\. 
2. Required the sum of n terms of the series 

If we compare the terms of this series with the cxpressioq 

n{n + p)' 
we SCO that p - 2, 5 = 1, and it =: 1, 3, 5, 7, &c., if. suo- 



Hosicd by Google 



CUAP. Yi:i.J SUMMATION OF SERIES. 




Tbe two amtiliary series, to » terras, are, 




'4 + i-T- -^ 


1' 


- I+I-I- H-^ 


-^ 


beiice, as befiJre, 




-K'~^> 




If « = a., we find S^~. 





3, Kequircd the sura of n terms of the : 

n-A + o 

Hero p = 3, 9 = 1, n = 1, 2, S, i, &c. 

The two auxiliary scries, to n terms, are, 



'4 


■+I 


+ ^- 


}-■ 


■+^' 












T+- 


1 

~ . . . . 


. +■- + 


1 

7i+ ] 


-t-- 


ri.^4 


benue, 


If 


■|('+i 


-i- 


1 

n + l n 


1 

+ 2 


-; 


^3> 


4. I 


ioquired the sur 


n of lie 


serki 









Hb + 571) + -9713 -*- kTTt + nTaT -I' ^^■ 

-4na, 1. 
8, Find the sum of n terms of tlie series, 

_2 5_ , _i 5_ , ti _ 

3 . a 5 . 7 T . 9 9 . 1 1 "^ U . 13 '*■■•■ 

Here p = 2, g — 2, — 3, +4, — 5, 4- 0, ^c. 

n= 3, 5, 7, '}. 11, &c. 
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TLe two auxiliary s 



If n is even, the upper sign 
tlie last parenthesis becomes -i- 



■ ■ "^ 2,. + 1 



icHAr. vm. 



' 2ii 1- :j ' 
. . . ± 1). 



used, and the quai.tity 
in which casf 



2 \S ^ it + S) 3 ~ 3 V 3 ^ 2/> + 3/: 
lower sign is used, and 
iomes 0, in which cane 

1 /2 «+l \ 

2 \ 3 2n + ■if' 



If « is 01^1?, the lower sign is used, and the (|iiaiititj in U 
last parenthesis becomes 0, in which cane 



[f in cither formula 


we make 






n = c. 


' 2n + 3 ~ 


1 +^ , 

3 '^^'^^^ 

2 + - 


!. -, and 


s = 


6. Find 


the sum o 


n terms of the series, 






1 
1.3" 


-iTl + iTs- 


4.C' 




ere, 


"='■'= 


1, -1, +1, 

» = 1, 3, 3, 4 




&c. 


Tlic tw 


J auxiliary 


«ric, .re, 






1 , 


i-7^ 


1 

-0 + --- 


1 




h 


4-1 + T 


-\+ ■ ■ . 


4-A 


3; 



-4(5-;riT-;ry- 
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Of the Method hy Differences. 

209 Let a, bj c d &,(. , represent the successive tenns 

of a series foimed 'iccording to anj fixed law, then it earh 
teim be subtraoted from the succeeding one, the &eveial ii 
mamders will form t new series called thp Jirst order of dif 
JitenceA If we subtiaet eai.h teioi of this seiiea from the 
eucceedmg one, we shall form another series called the iecona 
order 0/ differences, and so on, as exhibited va the anneiecl 



c—2b+a, d—2c + b, e~2d+e,&o., 3d. 

d—3c+Zb—a, e — 3d+3c — b,Sio., Sd. 

e-id+Qc — ii + a, &c., 4ti, 

If, now, we designate the first terms of the first, second. 

tliird, &c, orders of dilferences, by d,, d^, rf,, d^, &c., we shall 

d^ ■=b — a, -wlicDcc bz:^a-V- d„ 

(^3 = c — 2S + a, whence c = a+2d,-i- d,, 

d^:^d — 3c + 3b — a, \Yhmce d — a ->- Sd, + 3d, + d^, 

rfj = e — 4rf+Cc-4i + a, whence e= a + 4.?, + 6(^, + 4<4 + d„ 

&e, &c. &c. &e. 

And if we designate the teun of the series which has. ?j 

terms before it, by 2", we shall find, by a continuation of 
the above process, 



'=» + »■'■ + -.. 2 --r 

.■■(■■-'>(' -^)(— 8)-, . .. 



(!)■ 



Tills formula enables us to find tJie (ra+1)'* term of a 
series when wo know the first terms of the snccesslve orders 
jf differences. 
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210. To find ail i.vpi-ession iW the ^iiiu (,f n terms of the 
aeries a, &, c, &o., lot us take the series 

0, a, a + l>, a + b + c, a + 6 + c + rf, &c. ■ - - . (2) 
The first order of differences is evidently 

a, b, c, d, &c. . (3) 

Now, it is obvious that the sum of n terms of the series (3), 
is equal to the (fi + l)'* term of the series (2). 

But the first tcrnx of the first order of difierences in series (3) 
is a; the first term of the second order of differences is tlic 
same au d, in equation (1). The first term of the third order 
of diiFerences is equal to d^, and so on. 

Ilcnee, making these changes in formula (1), and denoting tbft 
sum of n terms by iS, vfe have, 

s _ na +-Y:^d: + -^7^^— ^'^+ — T:373r4 — '^' 

-T- &c. - - - - (4). 

When all of the terms of any oi'de- of differences be«>mc 
equal, the tenns of all succeeding orders cf dllferences are 0, 
and formulas (1) and (4) give exact res'-.lts. When there are 
no orders of differences, whose terms liecocie equal, then for- 
inulas do not give exact results, but approximations more or less 
exact according to the number of terra.3 used. 



I. Find the Slim of n terms of the scries 1.2, 2.3, 3.4, 
1.5, &c. 

Series, 1.2, ? . 3, 3.4, 4.5. 5 . C, &c. 

1st order of differences, 4, C, 8, 10, &c. 

2d order of differences, 3, 2, 2, &c. 

■ 3d order of differences, 0, 0. 

Hence, we have, a = 2, </, — 4, i^, = 2, <k, ^v &c., equal 
10 0. 
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Substituting these values for a, di, d., &«., in formula (4), 
we find, 

„„.e, ■ S = °'° + ') fe-+-J). 

2. Tmi tlie sum of n terms of the series 1.3.3, 2.3.4, 
S.4.5, 4.5.6, &c, 

1st order of differences, 18, 36, 60, 90, ISC, &c. 

2d order of differences, 18, 24, 30, SC, &e. 

3d order of differences, 6, 6, 6, &o. 

4th order of differences, 0, 0. &c. 

We find a = C, d, = 18, d,_ = 18, d^ =6, d^^ 0, &c. 

Substituting in equation (4), and reducing, we find, 

_, ^ «(« + ')(» + 2) (' + 3) 
4 

3. Find tlie sum of n terms of the series 1, 1+2, 1+2+3, 
1+2 + 3 + 4, &e. 

Series, 1, 3, 0, 10, 15, 21. 

1st order of differences, 2, 3, 4, 5, C. 

2d order of differences, I, 1, 1, 1. 

3d order of differences, 0, 0, 0, 

a = l, rf, ^3, dj — l, d,^ — 0, < = 0, &c.; 

hence, ^-« + ^^2---+ l.a.3~- 1.2.3"' 
, . ^ n(»+l)(w + 2) 

4. rind the sum of n terms of the series 1^, 2^ 3*, 4.% 5=, die. 
Wo find, a = l, d, = 3, d,=2, d, = 0, d, = 0,&<s.,&c. 
Substituting these values in formula (4), and reducing, we find, 

»(»+2I(2«+l) 
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5. Pind the sura of n terms of the series, 

l.(m+l), 2{m + 2), 3 (m + 3), 4(™ + 4), &e. 
We find, a = m+l, d^ = m + S, d, = 2, (/, = 0, &c. ; 



whence. 


s=» 


„ ».(»+l).(l+2»+3m) 


1.3. 


^«. 


or, 


*- 1.2.3 








Of P-ih-aj Bdh 






The 


la^t 


tff cc fmiihs dcliieed tr cf 


I net 


il Pfll- 


cation 


ni detect n ng the lumber of hilb m 


d.iteie 


t sh-iped 


[lies 




Fnt m the T^ianguUr Pile 






Sll 


A tea 


gulai p le Is foiincd of sue 




R 



s\e ti aiigulir laiei'i, such that the number 
of shot in eich s de of tho layer", decreases 
oontijitiou^ly by 1 to the smgle shot at 
'op The iiumbbi of balls in 3. complete tii 
angular pile is evidently equal to the 
of the series 1,1+3 l+2f3 1 + 5 
+ 4, &.O. to 1 + 2 + . . + n, « denot 
on one side of the base. 

But from example 3d, last article, t 
terms of the series, 

,.(.. + l)(» + 2) 
•^^ 1 . 3 . 3 
Second, in the Sqi 
212. The square pile is formed, 
a9 sliown in the figure. The uum- 
ber of balls in the top layer is 1 ; 
the number in the second layer is 
denoted by 2^ ; in the nest, by 3*, 
and so on. Hence, the number of 
balls in a pile of n layers, is equal 
to the sum of the series, 1^, 2^ 3=, 




Pile. 




.ooj^Ie 
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fee, n^, vhiah wa sec, from example 4th ■jf the last article, is 

7Aij<?, ill the Oblong Pile. 




213. The complete oLluiig jiile has (m+1) ItilK m the 
upper layer, 3 (m + 3) m the ae\t hyei, B{m + o) la the 
tliird, and so on hcace, the numbar of balls in the complete 
pile, IS cm,n by tlie tnimula dedun,d m eiamfle 5th of tie 
i> receding article, 

.(tt+l).(l+2. + 3i..) 



S=- 



(3). 



214. If any of tliese piles is incomplete, compute the num- 
ber of balls that it would contain if complete, and the number 
liiat would be reqiiired to complete it ; the excess of the foi* 
mcr over tlie latter, will be the number of balls in the pile. 

The formulas (1), (2) and (3) may be written, 



S^ 



J(« + l + l) 



square, 
vnrUingnlar, 

Now siiic< 



1_ .(.+ !) ,, 



(1); 
(3); 



«(»+!) ,_ 



i((»+m)+(.+,») + ('»+i))-(8). 



tlic number of balls in tho tri- 



angular face of each pile, and the next factor, the number of balls 
in Lhs longest line of the base, plus the number in the side 
of the base opposite, plus the parallel top row, we have the 
foliowing 



18 
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Add to the nmnher of halls in the longest line oj ike base the 
nurnber in the parullel side opposite, and also the number in the 
lop parallel row ; then tnultiply this sum bij one-third the number 
in the triangular face ; the product will he the number of halls ia 
the pile. 



1 . How many balls in a triangular pile of 15 courses ^ 

Ans. 680. 

2. How many balls in a square pile of 14 courses ! aiid how 
many will rciriain after 5 eourscs are removed? 

Ans. 1015 and 900. 

3. In an oblong pile, the length aiid breadth at bottom are 
respectively 60 and 30 : how many balls does it contain 1 

Ans. 23405. 

4 In an monqlete ollon,, j il the length inl bnidlli 
at bfttom in, n„sj)ednLh 4C ml 20, ond the length and 
bieadth at top "5 and 1 how mmy balls doea it contain? 

Am 7190 

5 Hdw many balls in an incomplete triangular piln, tho num 
ber of balls in ea h side of the lower course bein^ 20, and 
m. each side of the ujjpei 10^ 

G How miny balls m an meamplcte si^uare pile, the number 
m each side of the 1o«li couiso being 15, and m each side 
of the upper course 6! 

1 Hlt^ many balls in an incomplete oblong pile, the Bum- 
\iev3 in the liivir courses being 92 and 40, and the ntimbers 
m Uie jorre'^p )ndiitg top courses being 70 and 18* 
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215. livery expression of tlie form 

]_ 1 jl 



"6+1 



in -which a, h, c, d, &c., are positive wliole numljera, is called a 
continued fraction : hence, 

A COBTIBUBD FBACTioN Aus 1 for its numerator, and for Us de^ 
nominator, a whole numher plus a fraction, which has 1 for tft 
7iii7neraCor and for its denominator a wliole number plus a frae- 

216. The resolution of equations of the form 



gives rise to continued fractions. 

Suppose, for example, o = 8^ b ~ 32. We then hove 



It whicli a; > 1 and less than 2, Make 

. = ,+ ' 
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iu which 3 > 1, and the proposed equation beoomea 

32 = 8 '—8x8'; whence, 

8 ' ;^ 4, and consequently, 8 ;= 4 . 
It is plnin, that the value of y lies between 1 and 3. Suppose 



and we havy, 8 — 4 ==4x4^; 



lieiice, 4= =2, and 4 — 2, or 2 = 3. 

Bnl, !, = l + i = H-i=-|; 

and this value will satisfy the proposed equation. 

For, S^ = \/y- = y(2^ = %/Wf = 2' = 33. 

217. If wo apply a similar process to the equation 
(10)^ = 200, 
we siiall t^nd 

^ = 2 + ^; y^S + i-: « = 3 + 1. 

Since 200 is not an exact power, x caimot be exaetly ex- 
pressed either by a whole number or a fraetion ; lience, the 
Talue of X will be incommensurable with 1, and the continued 
fraction will not terminate, but wi'.l be of the form 

. = 2 + i=2 + ! ^ = 2+L^^ 
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21S( Vulgar fractions may also be placed uiiSor the form of 
continued fractions. 

l«t us take, for example, the fraction -r^, and difida both 
its terms hy tlie numerator 65, the value of the fi-action will 
not be cnanged, and we shall have 



' oflccting the divisio 



05 
65 1 

149 ~ ■ , 19" 



2 + 

Now, if we neglect the fractional part, r^, of the di 
tO!, wc shall obtain ~ for an approximate value of the given 
fraction. But this value wOl be too largo, since the denomina- 
tor used is too 'Small. 

If, on the contrary, instead of neglecting the part — , we 

were to replace it by 1, (he approximate value would be — -, 

which would be too small, since the denominator 3 is too 
larffe. Hence, 

3" -^ "149 "" ¥ "^ l49 ' 

therefore the value of the fraction is comprised between — and — , 

If we wish a nearer approximation, it is only necessary to 

operate on the fraction — as we did on the given fraction -ttjt, 

mid we obtain, 

19 _ 1 

^ + ^ o ; 



^^^ 
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If, now. we neglect ;Jie part ~, the denominator 3 will Ije less 
than the true denominator, and -^ will be larger than the num 
htr which ought to be added to 2 ; hence, 1 divided by 2 -f- -— 

will be less than the true value of the fraction ; that is, if we 
stop after the first reduction and omit the last fraction, the 
result will bo too great; if at the second, it will be too smaU, &c.; 
and, generally. 

If we stop at an odd reduction, and neglect the fractional pari 
that comes after, Hie result vdll be too great; but if we stop at 
an even reduelion, cmd neglect the fractional part that follows, the 
result will be loo small. 

219i The separate fractions — , — , ■ — , &c., which make up 
ft conliaued fraction, are called iategral fractions. 
The fractions, 

J_ 1 1^ ^^ 

"" a+ i a + ^ p 

ire called approximating fractions, because each gives, in sucees- 
mon, s, nearer approximation to the true value of the fraction : 
hince, 

An approximating fraction is the result obtained bg stopping 
*t any integral fraction, and neglecting all Oiat (ome after. 

If ■sre stop at the fir'Jt integral fraction, the resulting approxi 
snating fraction is said to be of the first order ; if at the second 
integral fraction, the resulting approximating fraction is of the 
second order, and so on. 

When there is a finite number of integral fractions, we shall 
get the true value of the expression by considering them all ; 
when their number is infinite, only an approximate value can be 
found. 
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220. We -will now explain ihc manner in whicli any approxi- 
mating fraction may lie found from those which precede it, 

(1) . . — . . - — — 1st app. fraction. 



^2) . . . ^ — 2d app. fraction. 

5+ 1. 

By examinittg the third approximating fraction, via see that 
itB numerator is formed by multiplying the numerator of the 
preceding approximating fniction by the denominator of the 
third integral fraction, and adding to the product the numerator 
of the first approximating fraction : and that the denominator 
ia formed by multiplying t]ie denominator of tlie preceding 
approximating fraction by the denominator of the third integral 
fraction, and adding to the product the denominator of the 
first approximating fraction. 

Let us now assume that the (n — l)'" approximating fraction 
is formed from the two preceding approximating fractions by tlie 
same law, and let -j^, y--,, and — , designate, respectively, the 
(n — 3), {« — 2), and (» — 1), approximating fractions. 

Then, if m. denote the denominator of the {n — 1)'^ integral 
fraction, wc shall liavc from the assumed law of formation, 
B Qm+P „, 



E'' 


~ Q'm+P" '■''■ 




Let us now consider aiiother integral fraction — , and suppo 


S 
■so^„ 


to represent the «'* approximating fraction. It is plain 


that 


wc shall obtain the value 


: of |;, from that of ^, by si 


mply 


changing — into — , 


or, by substituting m4 — for f. 


n, in 


«f 1 






nfiuation (1): 
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{Qm+P)n + Q Bn + Q 


Henci jf tliL Uw as^-umcd tfi 
pro"i]Ia^tlng fiacticn is tiue, the 


the lonnation of the (n— 1)'* ap. 
same la-n is true fur the fcnna- 



lioti of the n'* xpjioximating tnot n But wu have showii 
thtt tlie law 19 uue foi the foimition of the thud, hence, il 
must he tiue fui the formation ot the fouith being true for 
thf firaith, it If. true foi the fiftJi, and sj on, iitULo, it 13 gen 
eral Therefore, 

The nvmeiatoT ^f the w'* approximating fractton is /fiimed by 
wuUtphjing the numerator of the preceding fiaitwn hg fte denom 
itiator of the «'* mlejral fiachon and addinq to the p odvct the 
uumaator of tie {n —2)"' nppioxi lattnj fraction, end I'e denjm 
I la/or IS furmed accordi iq to tl e same law frim tl e tu. ) piecedin 
denominators. 

221, Jf wc take the difference between the first and second 
approximating fractions, we find, 

i- _ ^ - "6 + 1 -QJ __ +1 
a ab+l" u{al,-\-^) ^ o(n6 + 1) ' 

and the difference between the second and third is, 

h le+\ — 1 

ab+ 1 ~ {ab + l)c + a '^ («i.+ l)[(«6 4 l)c + a]* 
In botli these eases we see that the difference between two 
oonseeutive approximating fractions is numerically equal to 1, 
divided by the product of the denominators of the two fiactions 
To show that this law is general, let 

P_ Q_ ^ 

P' ^'" R" 

lie any three conseeiitivc approximating fractious, "'hen 

f Q' ' p'q' 

q R R'Q-RQ' 
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But B -^ Q„i, -\- P, and B' - Q'm H- P' {Art, 


. 220). 


Substituting thrae values in the .cist equation, we 

Q' B' ~ R'Q' 
or, reducing, 


liitve, 


Q B P'Q-PQ' 





Now, if (P^'- J 
bo equal to q: 1 ; tliat is, 

If the difference between tlie {n ~ 2) and the (n — 1) fractions, 
is formed hy the assumed law, then the difference between iki 
{n — ly* and the n'* fiuclions must be formed bij tlie same law. 

But wc have shown that the law holds true for tho difference 
between tho second and tJiird fractions ; hence, it must Ije true fo' 
the difference between tho third and fourth; being true for tbe 
difference between the third and fourth, it must be true for the 
difference between the fourth and fifth, and so on ; hence, it is 
general : that is. 

The difference between any two consecutive approximating frac- 
tions, is equal to ± 1, divided bij the product of their denom 

When ai ifirf\imatmo fi ctic i cf in c^cn oi Ici i il en 
ti ini one oi an cdd o Jci tl uijtr si^n is u=c I wh r ne 
f an odd ordtr I'i tikcii ten o <„ ot m even oid i ht 
lowei si^n IS used 

This ought to K the c\ e since we hi\i, shown that e^elJ 
approMinit ig t action of an rll ordei is greater than the true 
value oi the continued friction, whilst every one <.f an ei n 
order is Ils 

222 It has iheady 1 een shiwn (Ait 21S) that ei.,h of the 
apprOMmitniif tiicticns of in oil oidei e\ceods the trie val le 
f the cjntmueJ fiiction while each one of an e\en order 
■= less than it Hence the difference between any tv o can 
sec tnc nppioxiimtiiig tnctions j-i ^reitu thin the difluence 
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between either of them and the true yalue of the continued 
fraction. Therefore, stopping at the w"' approximating fraction, 
the result will be ihe true value of the fraction, to within lesa 
than I divided by the denominator of that fraction, muUiplied 
by the denominator of the approximating fraction which follows. 
Thus, if Q' and Sf are the denominators of consecutive ap- 
proxiniatlnu; fractions, and we stop at the fraction whose de- 
nominator is Q', the result will be true to within less than -■ , ■■■- ■ 

But, since a, b, c, d, &o., are entire numbers, the denominatoi Ji' 
will be greater than Q', and wo shall have 



Q'li'^ Q'-^' 




hence, if the result be true to within less than 


m- -' -"" 


eertainly be true to within less than the largei 


■ quantity 


.1-; th..i., 




The a22»oximale result which is obtained, is 


true to wltktrt 



iCss than 1 divided hy ike square of the denominator of the last 

approximaitncf Ji action that is employed. 

820 
223. It "c t-ila tb, fiattun -^^, we have. 

Hero, Me h^^e in the quotient tin; whole number 2, which 
may ejlhcr be set aside, and added to the fractional part after 
its \alue shiU ha\e been found, or we may place 1 under it 
*br a di,noinina oi, md t?cat it as an approximating fraction. 
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Solulioji of the Equation a^ = b. 

224. Ai cq^uatiou of the- form, 

a=^ = ;., 
.s called an exponential equalhn. The object in solving tliia 
ecfuation is, to find tlie exponent of the power to which it is 
r.Bcessary to raise a given number a, in order to produ<;B 
annther given number 6. 

225. Suppose it \fcro rei^uircJ to solve the ei[uatiipn, 

By raising 3 to its diffoiont powera, we find that 

3 ^ 64 ; hence, a: - C, 
will satisfy the equation. 

Again, let there be the efjuation, 

3 = 343, in which a; = 5. 

Now, so long as the second member i is a perfect power of 

tiie given number a, the value of a; may be obtained by trial, 

by raising a to its successive powers, commencing at the first, 

f->r the expoacnt of the power will be the value of x. 

226. Suppose it were req^uired to solve the equation, 

By making a: — 2, and a: = 3, we find, 

2=4 and 3=8; 
fi-om which m e perceive tliat the value of x is comprised be- 
tweei 2 and 3. 

Make, then, a: ^ 2 + —, in which ^ > 1, 

Substituting this value in the given equation, it becomes, 
2^"^^' = 6, or 2^ ^ 2i7„ q . hence, 
^■^6 3 
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and by changing tho order of the members, nnd raising both 
to the ^ power, 

To determine x'. moke %' successively equal to 1 ari 2; we 
find, 

therefore, sf is comprised between 1 and 2. 

Malte, X.' = 1 •[- — , in which a" > 1. 

By substituting this viiUio in tlie equation (~l ^ 2, 
we find, j-^j *" — 2; hence, rr" X (■k-)'"'— 2, 



and consequently, 


m -T 




The supposition, 


, a" = 1, gives 


3^2' 


and 


.- = 2, gl.e. 


10 a 
y > 2' 


therefore, a-" is d 


amprised between 1 


and 2. 


Let 


--^^^ 


, then, 



\V =2' ^^"^''"' 3 ^l-^j =S' 



whence, \lj\ — 

Jf we make «'" = 3, wc liave 



and if we make x"' = 



(fJ^04^ 
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therofore, z'" is comprised between 2 and 3. 
Make a"' = 2 + ■ — , and we liave 

snd conseciuentlj', ^—1 = — . 

Operating upon this exponential equation in the same maaner 
as upon the preceding equations, we shall find two entire num 
hers, 2 and 3, between which s" will bo comprised. 

Making 

X can be dctormined in the same manner as a'"', and so on. 
Making the necessaiy substitutions in the equations 

«=2+^, %'=\^'y„ x'- = \^~, .'C"':^2 + -J^ 

we obtain the value of w under the form of a whoie number, 
plus a coniimied fraction. 

1+- j 

hence, we find the iirst three approsimating fractions to be 



and the fourtli is equal to 

3x2 + 1 

5 X 3 + 3 ^ 1-2 \ 
which is tne true value of the fractional part of ;r to within 
leas than 



5 = ^. (Art. 220), 



(HJ.. " IH (An. 322). 
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Therefore, 

a: = 2 + -- = ~- = 2.58333 + to witbin less tliim --— , 
13 12 144 

and if a greater degree of exactness is required, we must tak« 
a greater iiumljer of integral fracticns. 

BKAMPLB3. 

s' = 15 - - x=: 2.46 to withiii less than 0.01. 

(10)"= 3 . . - x^ 0.477 " " 0.001. 

5* = -^ - - - x= - 0.25 " " 0.01. 

Of LorjariQims. 

227. If ■>^e suppose a to preserve a constant value in the 
equation 

wh d y p b m 

b pAmhaw pdnto 

ndnJVByhmhdp d h ati 

w dm eah J\h p uding 

au y r 



^ h&/ ymm li h 

H ce 

Tk g m f an h k j> ei p wh h 

it is necessary to raise the base, in order to produce the given number. 
The logarithms of all numbers corresponding to a given base constitute 
a system of logarithms. 

Any positive number except 1 may be taken as the base 
Df a system of logarithms, and if for that particular base, we 
suppose the logarithms of aU numbers to be computed, they 
H'ill constitute what is billed a ei/item of hgnrithmi. Ilenoe, 
we see tbat there is an infinite n-^niber ff systems of logiv 
rithnis. 
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228. The base of tho common system of logarithms is 10, 
and if we designate the logarithm of any number taken in 
ttiat system by log, we shall have. 



th 1 



(10)0 = 1 


whence, 


l02 1=0 






{10)1 ^ 10 


whence. 


log 10 = 1 






(10)3 - 100 


whence, 


log 100 = 2 






(10)3= 1000 


whence, 


log 1000 = 3 






&Q 




&c 




1 1 

t 1 d 


J 
10 f 


mil 1 
b tW d 1 


Ti 


f J h 


bet 10 


aid 100 It 


1 


h f 


h b t 


100 I 1000 


t 



tw 



1 



Th] tlmf} b wh t pftpw 

f tl > ill be 1 1 t wh 1 Id i ; f t n, 

h 1 f h 1 g lly p d d m llj Th t 

p t 11 d th A i f d t m tl I 



Ej 



by ll 
If th 
d ly 



th [ I rs f 10 w 66 tl t f 

p s. d hy 1 fi-ni th h te t t ta 

11 b t t p =8 d by t fig th 

f t 1 thm wll b 1 it t p I by 

, thh ttwUb dtt pssd 



th 
th 



1 t 1 



— 1 
11 1 



(10)- = 
(10)-^ = 

(10)-' 



;.l; whence, log .1 — — 1. 

- .01 ; whence, log ,01 =: ~ 2. 



^.001; wLenco, log .001 - 

i&Ct iSjc. 
ithm of every number between 1 and 



1000 
&a., &c. 
Hera we see that the ! 
,1 will bo found between and — 1 ; tliat is, it wiO m equal to 
- 1, plus a fraction lesa tlian 1. The logarithm of any 
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between .1 and ,01 will be Letween —1 and —2; that is, it 
will Le equal to — 2, phis a fraction. The logarithm of any 
niHnbti- between ,01 and .001, will be between —2 and — S, 
or will be equal to — 3, plm a fraction, and so on. 

In the first ease, tie chai-acteristio is ~ 1, in the second — 2, 
in the third — 3, and in general, the characteristic of the logarithm 
of a, decimal fraction is negative, and nwinericalhj 1 greater than 
the numher of O'j which immediately follow the decimal point. The 
decimal part is always positive, and to indicate tlat the negative 
sign extends only to the diarooterjstic, it ia generally written 
over it; tbus, 
log 00U=:a079181 which w equivalent to — 2 + .079181. 

328*. A table ot logiiithms, ii a tible coiitaii ing a set of 
nuniber&j and then logaiithmg sc iii'mjjCil that we may, by its 



aid, find the log 


anthm of any 


lumbrt 


horn 1 


given num- 


bei, generilly 10 000 












The following 


tab! 


shows the logarithms of the numbers, from 


1 to 100. , 














"nT 






l/iB. 




ly-e. 




I.Dg. 




0.000000 


26 


1.414973 


5! I 


707570 


76 


1.880814 






£7 


1.431864 


63 1 


716003 


77 


1,886491 




417121 


28 


1.4*7168 




724276 


78 


1,892096 


4 


O.6O2O0O 




1.462398 


54 I 


732894 


79 


1.897637 


5 


0.fl989TO 


30 
81 


1.477121 


6S 1 


740368 


80 
81 


1,903090 


0,778151 




66 1 


748188 


1,908485 




0.g4S093 


S2 


1.605160 


67 I 


766875 


82 


1.913814 




0.90S090 




1,518514 


58 1 


768428 




1.919078 


9 


0.954243 


84 


1.531479 


59 1 


770863 


84 


1,924379 


10 
11 


1,000000 
1.041393 


35 
36 


1.B4406S 


60 1 


778151 


85 
88 


1.929419 


1,556803 


61 1 


7863S0 


1.934498 


12 


1,079181 


37, 


1.668302 


62 1 


793392 


87 




13 


1.118943 




1.579784 


•63 1 


799S4I 




1.944488 


14 


1.14ei28 




1.591065 


64 1 


S061S0 


SO 


1.04B390 


15 
16 


1.176091 
i. 2 041 20 


40 
41 


1,602060 


65 1 


812913 


90 
91 


1.934243 


1,612784 


66 1 


819544 


1.959041 


17 




43 


1.623349 


67 1 


826075 


92 


1,968788 


18 


1,26527S 


43 


1.B33468 


68 1 






1.968488 


19 


1.S78764 




1 648458 


69 1 


888349 




1.973128 


20 


1.301030 


46 
46 


1.65S318 


70 1 


8460B8 


95 
96 


1,977724 


1323219 


1.662168 




861268 


1.982271 


23 


1,343423 


47 


1.673098 




8B73SS 


97 


1,986772 


S3 


1.301728 


48 


1.681341 




863S33 


93 


1891226 




1.BS0211 












1,995635 


S5 


1.3B7940 


50 


1,698970 


75 t 


876061 


100 


2.000000 
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Wh(,n tEp uumlDei exceeds 100, the charaatii ti of it= loga. 
nttni IS, ncfc wiitten m tke title but is alwajs known, siixc« 
it 1-, 1 less than the iiuniber oi phct,s of hguie^ of tlie given 
uumher Thus m searLhiiig fjr the lonauthii of 2970 m a table 
of k{,aiithRis we slould tmd oppo ite 2970 the decimal part 
472756 But fcinee the iiumbei is etpreaaed by four figures, 
the chir ctcri'^tic of the logaiithm is 3 Hbtice, 

log 2970 = 3.472756, 
and by the definition of a logai-ithm, the equation 
<.'^N, gives 
103.«2-=6 _ 2970. 

General I-'ropet-iies of Logariilims. 

229. The general properties of logarithms are entirely inde- 
pendent of the value of the base of the system in which they 
are taken. In order to deduce these properties, let vts resume 
the equation, 

in which we may suppose a to iiave any positive value es- 

230. If, 1 dneay nab jJVadt 
and their 1 1 tke in he n w5 be a 
by x' and x lallhef hdfi o fa log 1 n, 

a =\ (1) 

and, a^"-iV" (2). 

If we multiply equations (i) and (2) together, member liy, 
member, we got, 

«--i--"^iV'XiV" - - - (3). 
But since a is the base of tlie system, we have from the^ 
definition, 

x'-\-a/'^ log {iV'- X N") ; that is, 

The ioffarilkm of the product of two numbers is eqiMil to thS' 
turn of their logarithms. 

IS) 
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231> If wc divide equation (1) liy equation (2), member Ijj 
member we liave, 



lint from the definition, 



Lhat i 



The logarithm of the quotient vihick arises from dividing one 
mimler hy another is equal to tlie logarithm of the dividend mimia 
Ike logarithm of (he divisor. 

232. If we raise both members of eqnation (1) to the Ji"* 
power, we have, 

<■•■' = J" (5). 

But from the definition, we have, 

nx' — log {N'") ; that is, 

The logarithm of any power of a number is equal to the 
logarithm of the number mttltiplied hy the exponent of the power. 

233. If we extract the n"- root of both members of ec[uatioii 
(1), we shall have, 

J = {jfY=-^ - - (0). 

"But from the definition, 



~ = log (V^) ; that i., 



The logarithm of any root of a number is equal to the logc,- 
rithm of the number divided by the index of the root. 

■234. Trom the priutijjka lieiiioitotrated ir. the fuiir prectjdiiig 
articles, we deduce the following practical rules ; — 

First, To multiply quantities by means of their logarilhni^. 

Find from a table, the logarithms of the given factors, takt 
the sum of these logarithms, and look in the table for the -wr. 
rfsponding number; 'his will be the produd requiTed. 
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Tliiis, 


log 7 


- 0.84509S 




log 8 - - - 


- 0.003090 








henc«, 


7 X 8 ^ 56. 




Second. To divide quantities by rae: 


ms of their logarithms. 


Fiwi the 


logarithm of the dividend 


and Hie loganlkm of fkt 



divisor, from a table ; subtract the la^er from the former, and 
look for the numhei- corresponding to this difference ; this will he 
I he quotient required. 

Thus, log S4 - 1.92437!) 

log 21 1.322219 

log 4 0,602060 ; 

hence, ~ = 4. 

Third, To raise a number to any power. 

Find from, a table the logarithm of Hie number, and mtiUipIy it 
bij the exponent of the required potoer ; find the mimber con-es- 
ponding to this product, and it will be the required power. 

llius, log 4 0.602060 



log 04 1.806180 ; 

hence, (4)^ = 64. 

Fourth, To extract any root of a number. 

Find from a table the logarithm of the number, and divide 
this by the index of the. root ; find the number corresponding to 
this quotient, and it will be the root required. 

Thus, log 64 



log 2 .301030 ; 



heuee, ^ 


/64 = 2. 




By the aid of these pri 


noiples, we m 


ay write (he following 


equivalent expressions ; — 
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Log (a . J . ( . iJ . . . . ) =: log a + log 6 + log c . . . . 

Log (~7~) — I'^S " H" I'^g 6 + log c — log d ~ log (L 

J^g («"" . 6" . c? . . . . ) — m log a + Ji log i + p log c + , , . . 

Log (« ^-^^) :z.log(a + ^)+log(a-^). 

Log /(i?^^^) =^log(a + ^)-i-ilog(«-^). 

Log (a^xy^ =3|loga. 

234. Wo have already* explained the method of de tern lining 
the cliaracteriatio of the logarithm of a decimal fraotioD, in thii 
common system, and by the aid of the principle demonstrated 
in Art. 931, we can sho-w 

That the decimal ^art of the logaritlmi is ike same as the decimal 
part of the logarithm of the numerator, regarded as a whole nuwher. 

Tor, let a denote the numerator of the decimal fraction, aad 
let m denote the aumher of decimal places in the fraction, then 
will the fraction be equal to 

10^' 
and its logarithm may he expressed as follows ; 

log ^ =loga-log(10)"' = logo-mlogl0^1og a~m, 

but TO 18 a whole number, hence the decimal put of the hig^ 
nthm of the gnen fraction k equ^l to tho dcLin il pirt of 
log a, or of the !>j;itithm of the Kumentoi of the given 
fnotJon 

Ht,ace, to find thi, k^'inthm of ■\ iletmiil uttlim iiom the 
common fabk 

Loik for the logariihn of tite mimher, negkclmg the decimal 
pomt, and then prefix to i/ie decimal pxrl found a negative charac- 
teastie equal to 1 mote t/ian tJie number of zeros which immediately 
fillow the decimal pomt tn ike given decimal 

The rules given tor finding the chaiactenstic ot tht kgiiUhms 
tilvtii 111 tht (.immon sjsttm, will not «ipplj in am other 
system, nn cmli we linl th) ]uf,arithm l1 dicimal Jraetiona 
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directly from tho tables in. any other system than that whose base 
is 10. 

Tliese are some of the advantages which the common system 
possesses over ovory other system. 

335. Let us agiiin resume the e<jHation 
a' ^ JV. 

1st. If we make if = 1, « must be equal to 0, sinco a^ = 1 ; 
that is, 

The logarithm of 1 in any system is 0. 

2d. If we make JV— a, x must he eq^ual to 1, since a' =; «■ 
(hat is, 

Whatever he the base of a system^ its logarithm, taken in that 
system, is equal to 1. 

Let us, in the equation, 

«' = iV, 

First, suppose a > 1. 

Then, when iV^= 1, x=Q; when JV> 1, a;>0; when JV< 1, 
« < 0, or negative ; that is, 

In any systetn wlwse base is greater than 1, t!ie logarithms of 
all numbei's greater than, 1 are positive, those of all numbers te.t 
Ikaii I are negative. 

If CO 'li tieci 'iix'h-h V< I ve tall hw 

Now if JV d m les tie cone ponding \alu s of a: must 
inaease a d when JV bee meo less than any ass gnable quin 
tity r the vil e ot I t le co tl at 

The loga Ih i of n t j cl b e s j eule tiai 1 

is eq al to — od 

Second, suppose a < 1. 

Then, when N=\, x=(i; when N <\, :» > ; whenif>l, 
« <C 0, or negative: that is. 
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In any system ■whose hose is less t/tan 1, the logarithms of all 
numbers greater than 1 are negative, and those of all numbers less 
than 1 are positive. 

If we consider the case in which jV< 1, we shall have a" =■. jV, 
in which, if N be diminished, the value of x must be, increased ; 
ftnd finally, when ^ = 0, we shall have a: ;= no : that ia, 

The logarithm of 0, in a system whose base is less than 1, i* 
equal to + a>. 

^Finally, whatever values we give to «, the value of a* or 
N will always bo positive; whence we conclude that negative 
numbers have no logarithms. 

LogariGmw: Series. 
236. The method of resolving the eijuation, 
a' = b, 
explained in Art. 226, gives an idea of the construction of loga- 
rithmic tables ; but this method is laborious wlien it is necessary 
to approximate very near the value of x. Analysts Lave dis- 
covered much more expeditious methods for constructing new, 
tables, or for verifying those already calculated. These methods 
consist in the development of logarithms into series. 
If we take the equation, 

a^ = y, 
and regard a as the base of a system of logarithms, we shall 

log y = «. 

The logarithm of y will depend upon the value of y, and 

also upon a, the base of the system in which the logarithms 

Let it be required to develop log y into a series arranged 
according to the ascending powers of y, with co-efficients that 
are independent of y and dependent upon a, the base of the 
eyetem. 
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Let IS iir'it iTiiine a d iclciment tt tl l. rL^ii cd 1 iin 

Ill nliLh M lA 1 &.-, a e inJepeudLut ct y ni d pendent 
u]Lii a It IS now icquu d to luii ^iich Mlueg foi these «>■ 
till tnU IS n 11 maltc the deTdopneiit tina foi e\tiv ilue 

Now if w<, malve ^ — 0, log y becomes infinite, and is either 
[ ^ilive oi positive, according is tke Ijaoe a is greiter or less 
ihm 1, (Alts 234 ind 235) But the i,e ond m mbei undei 
Ih a aupi osition, rediii,E;s to ^ a finite numl ci hence, the 
di.yelofrient cannot be made under tint Suim 

log 1/ = Mi/ + Ny'^ + Py^ + &c. 
If we make y =: 0, we have 

log =. tliat is, ± CO = 0, 
which is absurd, and therefore the development eamiot be made 
under the last form. Hence, ive conclude that, 

The loyarithm. of a /lumber cannot he devehpe-l aecordiiiff to 
Iha ascending powers of that numher. 

Let (IS write (X + y), for y in the fiist meuiber of fhp 
assumed development; we shjil have, 

^og{\ + y) = My + Ny^ -^ Py^ + Qy^ + &i.(^. - ■ (1), 
making y = 0, the equation is reduced to log 1=0, which docs 
not present any absurdity. 

Since equation (1) is true for any value of y, we may write 
t for y ; ■whence, 

log {\ + z) = Mz-\- Nz' + Ps^ 4- Qi-' + &o. - - - (2). 
Subti'octing equation (2) from equation (1), member from mem- 
Dcr, we obtain, 

log (1 + y) ~ log (1 + s) - M{i! - ^) + Isfiy^ - ^^) -\r P{y' - z') 
+ Q{V' -^') ■ ■ - (3). 
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The second member of this equation is divisible by (y — z), 
let us endeavor to place the first member under such a form 
that it shall also be divisible by (y — ?). Wo have, 

log (1 + y) - log (1 + .) = log (L±M^ = log (l + f^l 

But since y can be regarded as a single quantity, we ma^ 

substitute it for 5/ in equation (1), which gives. 

Substituting this development for its equal, in the fii-st member 
of equation (3), and dividing both members of the resulting 
equation by {ij — z), and we have, 
1 



^(m)- 






+ P{V' + !/2 + !') + &«. 

Since tills equation Is true for all Yalncs of y and g, vuAe 
: •=y, and tlierc will result 

ji^ = Jf + 2ify + 3Pj> + 4 Q,j' + ilbji- + &c. 

Cleaiifflg of fractions, and transposing, we obtain, 

uid siijce this equation is identical, wo have, 
M- Jf^O; whence, M^M; 
^N+ M=0; whence, JV^-^; 

3P + SA"" = ; whence, P = ~^= ~; 

4Q + ZP^i; whence, Q ^ ^ ^ = ^ ^, 
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The law of the co-efficients in tlie developmeni is evident; 

n M 

the co-efEelent of y is ^ ~, according as « is even or odd. 

Substituting these values for M, P, Q, &c,, k. equation (1), 
we iind for the development of log (1 + y) ; 

i'>g V- + y) ^ -My — -T^y^ -\- -^y — -^y ■ • ™- 

which is called the logarithmic series. 

Hence, we see that the logarithm of a numljcr may be 
developed into a series, according to the ai-cendnig powers of 
a number less than it by 1. 

In (he above development, the co-efficients hai e J.1] been de- 
term.!)ted in terms of M, This should be so, s,incB M dtpcnds 
upon the base of the system, and to the baae any ^ j,lue may be 
assigned. By eiamming ecpation (4), wf see that, 

Tke exprfsston for Ike loganthm of any number is comjnscd of 
two factors, one dependent on the number, and Ike other on the 
base of t/ie system in which the logarithm is taken. 

The factor whith depends on the base, is called the m'^diilua 
of the system of logarithms. 

237. If we take the logarithm of 1 + y ma new system 
and denote it by ? {1 + p), we shall have, 

i(l+!:) = *(!,-^+^-^ + ^-te)- - (5), 

ill which M' is the modulus of the new system. 

If we suppose y to have the same value in equations (4) and (5), 
ai;d divide the former by the latter, member by niisniber, we have 

MJll)^^.. whence, (Art. 183,) 

l{l +'j):iog{\ + y)::Ar:M; hence, 
The logaritknu of the same number, taken in two d'-fferent .systems, 
are in ficli, other as the moduli of those systems. 
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238. Having sliowii that the modulus aud base of a system 
of logarithms are mutually dependent on each other, it follows, 
that if ft value be assign&i to one of them, the corresponding 
raluo of the other must be determined from it. 
If then, we make the modulus 

M' = 1, 
[ho tase of the system will assume a fixed value. The system 
of logarithms resulting from such a modulus, and such a base, is 
called the Jfaperian Si/aiem, This was the first system known, 
and was invented by Baron Napier, a Scotch mathematician. 

If we designate the Naperian logarithm by /, and the loga- 
rithm in any other system by log, the above proportion becomes, 

Ul+y) : log(l +^) : il-.M; 
«!ieio ■Wx;(l + ^)^ljg(l + 

Hence, we see that 

The JVa^taa loganlkm of any numbn mulhplwd hy the modu- 
lus of ixny other si/stem, will give tlte logaj ithm of the same number 

Ihe modulus of the Nipeuan feytem bemg 1 it is found most 
convenient to compare aU other systems with the Naperian ; aud 
hence the modulus of aa^ system of logaiithmi is 

The number Ij which f the Najvnan Ivg inthm of any 
nvmbe) be mvltiphtd, tie prodml u II le /he I /authm of tlte 
same number m thai sjilem 

239. Again, M y 1{1 -^ j) = \ i,{l +y) gives 

n^+^) = '^^^; thati. 

The logarithm of any number divided by il-4 modulus of its 
system, is equal to the Naperian logarithm of ihe same number. 

240. If we take the Naperian logarithm and make y = \ 
Eouation (5) becomes, 
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d series tv-liicli does not convei-ge rapidlj-, and in wliicli it would 
be neuessary to take a great number of terms to obtaia a near 
approximation. In general, tliis series will not serve for deter- 
mining the logarithms of entire jnzmbers, since for every number 
greater than 2 we should obtain a series in which the terms 
would go on increasing continually. 

241. In order to deduce a logarltkmio series sufficiently con 
verging to be of use in computing the Naperiaa logarithms 
of nambers, let tis talte the logarithmic series and make 
jy= I. Designating, as before, the Naperian logarithm by Z, we 
shnll have, 

'(i + !/) = y-f + |^-|^+|-4!<!- ■-■ (!)■ 

If now, we write in equation (1), — y for y, it becomes, 

i(l-!')=-y-|^|-|'^|;-&...p) 

Subtracting equation (2) from (!), member from member, 
we Lave, 

i(l+,)-;(l-y) = 2(y + |+^-l y+^ + Ao.)-- M- 

But, 

<(l+S)-i(l-!<) = ;([^); wheooo, 

If now we make ' + ? „i±i »,- .tall ha,. 
I ~y 2 ' ^' ^ ' ' 

(1 + ,y = (1 -,j) (z + \). wkence, , = ^±-^. 

Suljstituting these valu'-s in equatior (4), and observing that 
l(l±l) =!(. + !)-/. ,™ find, 
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3(2. + l)> 
or, by transposition, 

Lot us malte use of formula (6) to explain the melliod of 
compufciiig a table of Naperian logarithms. It may be remarked, 
that it is only necessary to wmpute from the formula the 
logarithms of prime numbers; tho&e of other Eumbers may ba 
found by taking the sum of the logaridims of tlieir factors. 

The logarithm of 1 is 0. If now we make s = l, we caii 
find the logarithm of 2 ; and by means of this, if we make 
B = 2, we can find tho logarltlim of 3, and so on, as exhibited 
below. 
11=0 .. - = 0.000000 ; 

i2^2(-i- + j;-^ + ^ + y^. . .) - ■ ■ -0.603147; 

;3 = O.e03147 + 2 (4- + 3^3 + g^^ij + ^i . . . W 1.008613 ; 

14 — 2x;3 = 1,380294; 

;5=.1.3S629i + 2(i + jlj3 + ^ + ^...)=1.60M37; 

/6-/3+?3 -1.79175S>; 

1 7 = 1.701758 + 2 (1 + jJjjji + ^, + ...)= 1.94li810 •, 

ii(=li-i-l2 ^3.079441; 

1& = 2X13 =2.197224; 

no=;5-i-;2 =2.303595; 



in like manner, we may comptiEe the Naperian logariihnis 
i>f all numbers. Other formulas may ho deduced, which are 
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more rapidly converging than the one 'above givea, but this 
serves to show the facility -with which logarithms may bo <iom- 
pjtcd, 

241*i We have already observed, that the base of the common 
system of logarithms is 10. Wc will now find its modvlm. 
We have, 

/(I + y) : log (1 + y) : -. I : M (Art. 238). 

If we iiialce y^Q, we sliaU have, 

/lO: log 10 : : I : M. 
But the ao = 2.302583093, and log 10=1 (Art. 238); 

hence, M - -^ = 0.434294482 = the modulus of the 

If now, we multiply the Naperian logarithms before found, by 
ihis modulus, we shall obtain a table of common logarithms 
{Art. 238). 

AH that now remndns to be done, is to find the base of the 
Naperian system. If we designate that base by e, we shall have 
(Art. 237), 

;« : loge : : 1 : 0.4S4294482. 

But li = \ (Art. 235): hence, 

1 ; log e : : 1 : 0.434294482 ; 
hence, log e = 0.434294482. 

Hilt as we have ali-eady explaiaed the method of calculating 
the common tables, we may use them to find the number whose 
logarithm is 0.4.51294482, which we shall find to bo 2.718281828 ; 
hence, 

e := 3.718281828 

We see frcm the last equation but one, that 

The modulus of ilie common system h equal to i 
riihrn of tlie Naperian base. 
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Of Int&'polation, 

242i When the law of a series is given, and several term* 
taken at equal distances are known, we may, by means of 
the formula, 

already deduced, (Art, 209), introda^ e other terms between 
them, which terms shall conform to the law of the serii?ft 
This operation is called tnlerpolation. 

In most cases., the law of the series is not given, but only 
uuraerical values of certain fermi uf the serie*!, taken at fixed 
intervals ; in this case we can only approximate to the I.iw 
of the series, or to the valuu of any ititcrmedinte term, by 
the aid of formula (1), 

To illustrate the use of formula (1) in interpolating a terin 
in a tabulated series of numbers, let ns suppose that we have 
the logarithms of 13, 13, 14, 15, and that it is required to hud 
the logarithm of 12J. Forming the orders of differences from 
the logarithms of 12, 13, 14 and 15 respectively, and taktiig 
ihe first terms of each, 

12 13 14 15 

1,079181, 1.113943, 1.14612S, 1.1700iH, 

0.034762, 0.032185, 0.029963, 

- 0.002577, — 0.003322, 

+ 0.000355, 

we find rf. = 0.034762, </, = - 0.002577, d, ~ 0.000355. 

If we consider log 12 as the first term, we have also 

a.= 1.079181 and -^ = V' 
Making these several substitutions in the formula, and ne- 
glecting the terms after the fourth, since ihey are inappreciablo. 
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or, by substituting for i^i, d^, &e., their values, aJid lor a \K.t 

a - 1.079181 

l-i^i 0.017381 

|.^ - - .... 0.000322 
Igd, 0.000022 

Log 12J .... 1.09600 

Had it been required to find tiie logarithm of 12,39, we 

fihould have made n, = ,39, and the process would have beea 

the same as above. In like inanner we may iitterpolat* torma 

! the tabulated terms of any mathematical table. 



INTEREST. 

243. T!ie solution of all problems relating to interest, may 
be gi'eatly simplified by employing algebraic formulas. 

In treating of this subject, we shall employ the following; 
notation ; 

Let p denote the amount bearing interest, called the principal ; 
r " the part of $1, which expresses its interest for 

one year, called the ralo per cent. ; 
( " the time, in years, that p draws interest ; 
i " the inti'vest of p dollars for t years; 
S " p + the interest which accrues in the time t. 
This sum is called the amount. 

Simple Jnlerest. 

To Jind the interest of a sum p for t fears, at the rate r, ati4 
Ike amount then due. 

Sine* r denotes the part of a dollar which expresses its in- 
terest for a single year, the interest of p dollars for the same 
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lime will be expressed by fr ; and for t years it will be ( limes 
as much. : hence, 

i=i"' (1); 

aDd for the amount due, 

6' = p4-j'fr-i>(l ^ir) - • (2). 



1. What is the interest, and what the amount of $3G5 for three 
fears and a half, at the rate of 4 per cent, per annum. Here, 

, = ±=0.04, 

( ^ 3.5 ; 

i =pir = 365 X3.5 X 0.04 ^$51,10: 
hence, S = 365 + 51,10 = $416,10. 

Present Yalua and Discount at Simple Inte^'est. 

The present value of any sum S, due t years hence, is the prm 
cipal p, which put at interest for the time i, will produce tie 
amount S. 

The discount on any sum due t years hcucc, is the dificrence 
between that sum and the present value. 

To Jlnd the present value of a sum of dollars denoted ly S, due 
t years hence, at simple interest, at the rale r; also, the discount. 

We have, from formula (2), 

S=p + pir;- 
and since p is the principal which in ( years will produce tha 
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unci for the disGouiit, whicii we will denote by D, we ii 

], lieqaired the diacdunt on $100, due 3 months hisii 
tata fif 5^ per eeiit, per annum, 

S= $100 = $100, 
t T= 3 months ^^^ 0.35. 



= ioo =•»"• 



Ilenoe, the present va,lue p i 



' 1 + lr 1 + .01375 ' 

heace, i) =:S — j) = 100 — 98,043 = $1,357. 

Compound Interest, 

Compound interest ia when the interest on a sum of money 
becoming due, and Jiot paid, is addud to the prmciptJ, and 
(iie interest tlien calculated on tlila amount aa on a new 
principal. 

To find the amount of a sum p placed at mteresl for t years, 
compound interest being allowed annually at the rate r. 

At the end of one year the amount will he, 
S=p+pr =p{\. + r). 

Since compound interest is allowed, this sum now becoraea 
the principal, and hence, at the end of the second year, the 
amount will he, 

» =;>(! + f) +f(l + '•) =HI + ')"■ 
Regard ^(1 + f)= as a new prineipal ; we have, at the end 
of the third year, 

S"=i)(l+r)"+jir(l + >■?=?(! +>■)'; 
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aud at the end of t years, 

^-^^(1 + 0' . - - - (r.). 

And from Articfea 230 and 232, we have, 

logS = logp + tlos{l-^r); 
and if any three of the four quantities S, p, t, and r, arc gi 
the remaining one can be determined. 

Let it he required to find the time in which a sum p 
Joublo itself at compound interest, the rate being 4 per c 

We have, from equation (5), 

S =p{l + ry. 
But hy the conditions of the questioH, 
S^2p^pil-{-ryi 
hence, 2 = (1 +)•)'. 

■" '~log(l+r) - 0.017033' 

= n.C73 yea,ra, 
= 17 years, 8 months, 3 days. 

To find die Discount. 

ITie discount being the diiTerence between the num S an 
we have, 
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244 "Cv y equatoi 
wh h f f 1 e w '' d gree be ng ny f os t e wl ole i 

may bj t <m po& g all 
ing by the co eiSc eat of 

a^ + Fx''-' + e.T'^ +....+ Tx+ U=0. 

In this equation P, §,,.,.?', f7, are co-efficieiita in tho 
most general sense of the term ; that is, they may bo positive 
or negative, entire or fractional, real or imaginary. 

The last term U is the co-efScient of x", and is called the 
absolute term. 

If none of these eo-effioients are 0, the equation is sii<3 to be 
tofnpkle ; if any of them are 0, the equation is said to be 
incomplete. 

la discussing the properties of equations of the m'* degree, 
involving but one unknown quantity, we shall hereafter suppose 
them to have been reduced to the form just given. 

215. We have already defined the root of ar, equation (Art. 77) 
to be any expression, which, when avhatitttled for tlie unknown 
qtuiiility in the equation, will satisfy it. 

"^ 8 have shown that every equation of the first degree haa 
one root, that every equation of the second degree has two 
roi>ts ; and in general, if the two members of an equation arc 
equal, they muat be so for at Ifast some one valve of the 
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unknown (|uantity, either real or imaginary. Sucn valae of the 
unknown quantity is a root of the equation: hence, we infer, that 
ti'ei-y eqnalvin, of whatever degree, has at least one root. 

We shall now demonstrate some of the principal properties 
of cquiitions of any degree whatever. 

First Property. 

246. In every cj^uation of the form 

K" 4- P,t" ■' + (2:t"^2 + .... +7'a;+Cr-0, 

if & IS u root the Just n ember is divisible by x — a ; and cjn 
verselj if the Ji it tten her %s divisible by x — a, a is a root of 
the eqiatto i 

Let U3 apply tht rule for the division of tKe first member 
by a — i lid cjntiiue the operation till a remainder is found 
which IS mdej-enJent ot r , that is, which does not contain x. 

Denote this lemiind^i by B and represent the quotient found 
by Qj ind we shall hive 

^-. + Fi-^^ _ _ _ -^Tx-^U=Q'{x-o)-\-B. 

Now, since by hypothesis, a is a root of the equation, if we 
substitute a for x, the first member of the equation will reduce to 
zero ; the term ^'{x — a) will also reduce to 0, and con3ec[uently, 
we shall have 

But since B does not contain x, its value will not be affected 
by attributing to x the particular value a : hcuce, tte remainder 
R is equal to 0, whatever may bo the value of k, and conse- 
quently, the first member of the equation 

r' -^ Pi^^'^ + Qx'^^ . . . . +Tx^ JJ^O, 
is exactly divisible by je — a. 

Conversely, if a: — n is an exact divisor of the first member 
of the equation, the quotient Q' will be exact, and wo shall have 
£ = : hence, 

I™ + fij^-' . . . +Tx+ V= Q'{x - a). 
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If now, we suppose x = a, the sewind member will rediKse to 

zero, consequently, the first will reduce to zero, and henee a will 

be a root of the equation (Art. 245). It is evident, fr<mi the 

nature of division, that tlie quotleat Q' will be of the form 

.r™-i + P'.r'^ + R'x+ U- = 0. 

247i It fuilows from what has preceded, that in order to dis- 
cover whether any polynumia! is exactly divisible by the biiio- 
mial x-~a, it is sufficient to see if the substitution of a for .t 
will reduce the polynoniial to zero. 

Conver&ely, if any polynomial is eva^itly divisible by x — n, 
then we know, that if the p<)lyni>mial be placed cqunl Co zero, 
a will be a root of the resulting equation. 

The property which we have deiuon at rated above, enables us 
to diminish the degree of an . equation by I when we ki ow 
one of its roots, by a simple division ; and if two or ni >re 
roots are known, the degree of the equation may be still fur ,tiei' 
diminished by s 



1. A root of the equation, 

s' - 2^^ + C.O.C - 36 = 0, 
19 3 : what does the equati<in become when freed of this of.t ? 
X* — Qbx" + GOx — 36 ]\x ~ 3 

+ Sj.'' - 2bx^ 

3x^ ~ ac^ 

- IG^ + 60jr 

- 16.e^ + 48a- 

12a; - 36 

1-Ja: - 3G 
Ans. x= + 3.r^ - 10* t 12 = tl, 

2. Two roots of the equation, 

a.4 _ 12j:3 _|_ 48j,--J _ 68a; -|- 15 ^ 0, 
are 3 and 5 : what does the equation become when fve>^ '<{ 
them 1 Jus. ie^ — 4a: + 1 =: P 
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3. A root of the eijimtion, 

afl - Gx^ 4- lla; — 6 ^ 0, 
IB 1 ; what is the reduced cquaticin 1 

Ans. s^ -. 5^ -1- 6 = 0. 

4, 'i'wo roots of the equation, 

^x^ - 14^3 - bx^ + 31a: + 6 = 0, 
are 2 and 3 ; fmd the reduced equiitiou, 

Ans. Ax^ -it-Qx+l^ 0. 

Second Prnperty, 

248« Every equation mvolving but one ttuknown quantity, has 
IS many roots as there are units in the exponent iahich. denotes 
its deyree, and no mwe. 

Lot tho proposed equation be 

^ + p^i + <),~. + ... + Ji + !?= 0. 
Since every equation is known to have at least one root 
(Art. 245), if we denote that root by a, the first member will 
be divisible by x — a, and we shall have the equation, 

:.~ 4- /'^-i + . . . ^ (,5 - o) {x'^< + P'x-^^ + . . .) (1). 

But if wc place, 

x"'-^ 4- P'x'"-^ + ... ^0, 
we obtain a new equation, vihich has at least one root. 
Denote this root by b, and we have (Art. 24C), 

^^-1 ^ _p';jm-2 + .. .= (x-b) (x-^^ + P"x^i 4- . . . )■ 
Substituting the second member, for its value, in equation 
(1), we have, 

J" + P:r^' + ...={x-a){x~ b) (x"-^ + P" x^-'' + ...)■ ■ (2). 
Reasoning upon the polynomial, 

s"-= + /"'a^-- 3 4- . . ., 
OS Upon the preceding polj nornial, we have 

3«-2 ^ p-'x"-^ + . . . ^ (j _ c) (a*-3 + P'-'x'^ +...), 
and by substitution, 
^-S-Px'>-''-\-... = (x-'a){x-b){x~c){x'^>+P"'i£-^)..- (3), 
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By continuing this operation, we see that for each binomial 
factor of tiie first degree witli reference to x, that we separate, 
the degree of the polyTiomial factor is reduced by 1 ; th^-reibre, 
after m — 2 binomial factors have heen separated, the polynomial 
factor will become of the second degree with reference to x, 
which can be decomposed into two factors of the first degree 
(Art. 115), of the form x — k, x — I. 

Now, supposing the m — 2 factors of the first degree to have 
already been indicated, we shall have the identical equation., 

from which we see, that the Jirsl member of the proposed equation 
may be decomposed into m binomial factors of tlte Jirst degree. 

As there is a root corresponding to each binomial factor of 
the first degree {Art. 240), it fl'llows that the m binomial factors 

of the first degree, at~a, x — b, x~e , give the m roots, 

a, b, c . . ., of the proposed equation. 

But the equation can have no other roots than a, b, c . . . k, 7. 
For, if it hatl a root a', different from a, 6, c .... I, it would 
have a divisor a; — a', different fi'om x — a, x — b, x — c...x-—l, 
which is impossible ; therefore, 

Emnj equation of the m"' decree has m roofs, and can have 

249. In equations which arise from the multiplication of e<iua] 
factors, such as 

the number of roots is appu.renlli/ less than the cumber of unita 
IE the exponent \yhich denotes the degree of the equation. But 
this is not really so; for the above equation actually has ten 
roots, four of which are equal to a, three to b, two to o, and 
one U> d. 

It is evident that no quantity a', different from, a, h, c, d, 
can verify the equation; for, if it had a root </, the first mem- 
ber would be divisible by a — a', which is impossible. 
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Consequence if the Second Property. 

250. It has been sKown that t'ne first member of evury f■qna^ 
tion of the wt"-^ degree, has m bitiomiftl divisors of the first 
degree, of llie form 

If we multiply tliese divisors togetlier, two and tiov, three and 
three, &c., we shall obtain as many divisors of the second, 
tiiird, &c. degree, with reference to x, as we can form different 
combinations of m quantities, taken two and two, three acd three, 
&c. Now, the number of these combinations is expressed by 

"•■^' ,,.^.^1... (Art. 132); 

hence, the proposed equatiou has 

™' 2 
divisors of the second degi-oe ; 

w- 1 m-2 
™'" 2 ■ 3 
divisors of the third degree ; 

m . 2 ■ g— ■ J— 
divisors of the fourth degree, , and &o on 

Composition of E^jotio i 

251, If we resume the denlcil ciuiti n oi Art. 348, 
^«+P:,»-.+ §,s-^..+ Cr = (._„)(,_6)(, _«}... (^-0... 
and suppose the multiplications indicated in the second mertibei' 
to be performed, we shall have, from the law demonstrated in 
article 135, the following relations: 

p^-.a-b-c~...~k—l, or —P- a+b+c-k- ..-r''-\-l, 
q -nb + ac + hc-k- ak + kl, 

B= —ale ~abd—bcd... —ikl. ct — R =ahc + oM -^^ ...-f HI, 

II = -iz ahcd .... ikl, or + U = abc . . . ikl. 
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The double sign has been placed before the product of a, b, c, &ii, 
in the last equation, since the product — «x — b X — c . . x — I, 
will be plus when the degree of the equation is even, and miims 
when it is odd. 

By considering these relations, we derive the following condu- 
sions with reference to the values of the co-efficients : 

1st. The co-e^'ent of the second term, with its siffn elwnged, ts 
equal to ike algebraic sum of Ike roots of the equaliun. 

2d. The eo-efficient of the third term is eqna! to tlie sum. of the 
different products of tlie roots, taken two in a set. 

3d. The co-effieient of ike fourth term, with its sign changed, le 
equal to Ike sum, of tke different products of t/ie roots, taken three 

4th. The absolute term, with its siffn changed when the eqiMtion 
ts of an odd degree, is equal to the continued product of all tin 
rootn of the equation. 

Conseq-uences. 

1. If one of the roots of an equation is 0, there will be 
uo absolute teim and confer elv f there is no absolute term, 
j«e of the roots must be 

2. If the CO effio ent ot the second term is 0, the numerical 
sum of the positive loots is eqinl to that of the Degative roots. 

Jt. Every loot will exaetlj dmde the absolute term. 

It will be observtd that the iroperties of equations of the 
second degree ilrealv demonstrated, conform in all respects to 
the princ pies dem i strateJ. u this article. 



1, Find the equation wh "^e roots are 3, 3, 5, and —6. 

We have from the prmcifles already established, the equation 
(i-2)(i-3)(i-6)(i + 6)=«; 
whence, by the application of the preceding principles, we olitu,in 
the equation. 



1563- — IftO = 0. 
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KLEMESTS OF A 


.1,(5 KBRA. LCHA^. X. 


2. Whal i^ 


i the equation whuse ii 


lols are 1, 2, and - 3? 
A.,s. a'S — 7s + 6 = 0. 


S. Wlmt is 


1 the equation whose 
~i. A,is. X' - Zj. 


n.>is are 3, -4, 2^/3, 
■'■' - 15j^= + 4Qx — 1-2 - 0. 


4. What h 
ind - 6? 


■■ the equation wlioao j 


,.„otsare3+/5, 3-/5, 


5. Wlmt I> 


i the e<|iuUion vhose i'. 


Hits are 1, —2, 3, -4, 5, 
. 40O.i= + Uij: - 720 ^ 0. 



6. What is tlie equation whose roots are . . . . 3 + / — 1, 
2 -y- 1, and —31 ^w. a-' -»s - 7a: + 15 - 

Greatest Common Divism: 

252. The principle of the greatest common divisor is of fre- 
quent application in discussing the nature and properties of 
equations, and before proeecdlng further, it is necessary to inves- 
tigate a rule for determining the greatest common divisor of two 
or more polynomials. 

The ^reatent common divisor of two or more polynomials is 
the greatest algebraic expression, wiih respect both to co-efficienta 
aad exponents, that will exactly dii'ido them. 

A polynomial is prime, when no other expression except 1 
will exactly divide it. 

Two polynomials are ]mme with respect to each other, when 
Ihey have no common factor except 1. 

253. Let A and B designate any two polynomials arnuiged 
wilh reference to the same leading letter, and snppoHO tha 
polynomial A to contain the highest exponent of the leading 
letter. Denote the greatest common divisor of A and B by D 
and let the quotients found by dividing each polyooraiaJ by i 
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be represented by A' and B' ruspeoti I'el j. We slisiU Irii-n hiive 
the eqiiaiioiis, 

whence A =. A -^ D and B ^ B' x D. 

Now, D contuina all the f:iL-tt)rM ciimmun to A and B. For, 
ir it dues not, It't US suppoKe that A and B have a coinnLOti 
l;ict(>r i/ which ddcs not enter Z), and li't us de.iignale the i|llo. 
tieiita of A' aiic! £', by this liidU 
tJieii have, 

A~A".d.D and 

or, by division, 



S e 1 1 i a e ! 

rf i? vh ch bt he g eater ih 
c ffie ents or ts expo ents 
h po hes D s the g e te t i 
rh fo i) CO ta s all the t < 

fvor can D Titan any factoi 

d S 1 ] 7 so i) to 1 f 

t d 1 nd -B and de a t 

n 1 all ha e tl e equat ons 

^ = ^' . <;' . i)' and B = B' .d' .D'; 
or, dividing both niemhers of these equations by rf', 
— = A'.iy and 4^-S'.i>'. 

Now, the second memhers of these two equations being en- 
tire, the first members must also be entire; tiiat is, both A 
and B are divisible hy d' and therefore the supposition that 
1 factor li A and B is absurd. Hence, 



■, by A 


•• and i 


J". We si 


lall 


B = B 


■'.il.D\ 






B 
i D~ 


- B" 






1 J 


d L 


1 11 


i-y 


D e h 


«th 


respect t« 


ts 


t tl s 


s ab 


rl s ce 


by 


n n 


dvaor 


of 1 nd 


B 


S oi 


no t 


i !L IB 




vh h 


s ut 


Ai TOO to 


A 


a fa t 


I wl 


1 S t 


on 


tie 1 


r f t 


f i> 1 


ty 



1st. 27(6 ffrea'est common divisor of iwo pohjnomiala eontaina 
all the factors common to the polyno-nials, and does not ctmlain 
anp other /actors. 
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254. If, now, we apply the rule for dividing A lij B, and 
continue the process till the greatest exponent of the leadiiiff 
letter in the remainder is at least one less than it is in the 
polynomial B, and if we designate the remainder bj R, and 
the qu()lient found, by §, we shall have, 

A = B^ Q + S - . , - (1). 

If, as before, we designate the greatest CDiruiion divisor {.f 
A and B by D, and divide both members of the last eiiuation 
by it, we shall have, 

A B ^ R 

Now, tho first member of this equation is an entire quantity, 
and so is the first term of the second member ; hence ~ 
must be entire ; which proves that the greatest common divisor 
of A and B also divides R. 

If we designate the greatest common divisor of B and H by 
2/, and divide both members of equation (1) by it, wo shall have. 

Now, since by hypothesis D' is a common divisor of B and 
fi, both terms of the second member of this equation are 
Kitire ; hence, the first member must be entire ; which proves 
that the greatest common divisor of B and S, also divides A. 

We see that i)', the greatest c(.mmon divisor of B and R_ 
cannot be less than D, since D divides both B and R ; nor can 
2), the greatest comnion divisor of A and B, be less than D\ 
because D' divides both A and B ; and since neither can be lesa 
than the other, they must be equal ; that is, J) = S'. Ilenco, 

2d; Tlie greatest common divisor of Iwo polynomiah, is Ike eamt 
ttj Ihal betioeea the second polynomial and their remainder after 
division. 

From the principle demonstrated in Art. 253, we see that wo 
may m.u!tiply or divide one polynomial by any factor tbat b , 
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not coiitaiiiod iit the other, without .-iffecting their gi-e!itest com- 
mon divisor. 

255, From the principles of the two prfictding articles, we 
deduce, for finding tlie greatest common divisor of two poly- 
nomials, Lhfi following 

R LE 

i Sjpeste ononalfao o nmon lo all Cl e s of the 

fi s po y o al io he s n e w h s d po yn If 

Ike / o s so s pp e sed } ave a co o d sor se t as 
fort) g fa tor of onrw d u s r soug} t 

II P epa e he Ji st poly om al n, suck a an & a fi st 
Ur n si all he d V $ b by he first le m of the s a d j at 
boh b q a ng d V) h r f n e o the aam I tt r i} J he 
n le for d so ad ont ue t e process t U the g ea xpo t 

f e tad n I ter n he ema nde a at least o e I a t s 

m tl e s d poll/no al S ppre s tks remande lie 

faeoslaaec no o he eo-effic e Is of the dff re t pouera 
of tie leadt g Iter then ake t r siil as a I vno a i h 
seco I poljnom a as a d v de d ad proc ed as befo 

III C<n nwe tie ope a o n I a e ander a ob ned u h 
will exactly divide the preceding divisor ; tli^jjast remainder, mul- 
tiplied by the factor set aside, will be the greatest cormnmi dhisor 
sought; if wo remainder is found vikich will exactly divide the 
preceding divisor, then the factor set aside is the greatest euinmon 
divisor sought. 



1, l-i'lnd the greatest common divisor of the polynomials 

aJ _ a^ + iab" — 36^, and a^ — 3ai + 4bK 

Mrsl Operation, Second Operation. 

.3 _ a^i 4. Saja _ 353 I US 5^6 -|- 4^ 3 ^2 _ 5^6 + ih^ la- 

ia^b — ab^ — 3i3 j a + ib — 4ab + nA a - 

st rem. IVab^ — lQb^~~'^^^~ 0. 
.r, I9b-^ (a - b). 
ITence, a — b is the greatest common divisor. 
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We begin by dividing tlie polynomiiil of tlie lilgliest degree 

by that of the lowest; the quotient is, as we see in the abuve 

table, a -t- 46, and the remainder lOat^ — 196^, 
But, 19«i«-19t3 = 19i»(a-6), 

Now, the factor 19i^, will divide this remainder without dividiLg 
tt2 — bab + 4b^ : 

hence, ths factor must be suppressed, and the question is reduced 

lo fiading the greatest coiomun divisor between 

a* — 5a6 4 46^ and a — b. 

Dividing the first of these two polynomiais by tlie second, there 
is an exact quotient, a— 4b, hence, a — 6 is the greatest co«i- 
moH divisor of the two given polynomials. To verify this, l-.% 
each be divided by a — b. 

2. Find the greatest common divisor of the polynomials, 
3(i» - Sa^i^ + 2«i* and 2«' - Sa^ft^ -f bK 

We first suppress a, which is a factor of each term of the 
first polynomial : we then have, 

3a* - 5uW + 26* 11 2a' - ^oW + b\ 

We now find tliat the first term of the dividend will not con- 
tein the first term of the divisor. We therefore multiply the 
dividend by 2, which merely introduces into the dividend a 
fector not common to the divisor, and hence does not affect 
the common divisor sought. We then have, 

6tt' — 10a^62 + 464j|.3((4 _ ^^-'b'^ j^ ji 

Qa* - ^aW + 36M 3 
- a%-^+ b" 
-b^(a^-b^). 
We find after division, the remainder ~- a^li^ + b^ which w« 
put under Ihe form — 6^ (a= — i^). We then suppress - 6^ 
and di\Ide, 

2«' — :iaW + f* 11 flS _ i,i 
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S. Let it be required to iind tha greatest common divisor 
between Uie two polynomials, 

- 36^ 4- SaS^ - a?l, + a3, and 4i' — 5aS -h Si*. 
First Operation. 



-■\2b^+ 12<ii^-4a'6+ 4a3 


j4i^ - Safi + a^ 


- 12«62 - 4a=6 + lGa3 


- 3fi, - 3a 



Second Operation. 



0. 
Hence, — ^ + ", or a — 4, is tlie greatest c 
In the first operation we meet witli a difficulty in dividing the 
two polynomials, because the first term of the dividend is not 
exactly divisible by the first term of the divisor. But if we 
observe that the co-efficient 4, is not a factor of all the terms 
of the polynomial 

4/,3 _ 5ab + a\ 
and therefore, by the first principle, that 4 cannot form a part 
of the greatest common divisor, we can, without affecting this 
common divisor, introduce this factor into tlte dividund. This 

- 1263 4. 12^62 _ ia'-b + 4a3, 
and t.hen the division of tliu terms is possible. 

Effecting this division, the quotient is — S56, and the re 
mainJei- is, 

— Zalfl — a% + 4a\ 

A ^ the exponent of Ir in this remainder is still equal to 

that of 6 in the divisoi', the division may be continued, bj 

multiplying this remaiuder by 4, in order to render the division 

of (hrt first term possible. This done, the remainder becomes 

- l•^,>b^-4a^ 4- IGa'; 
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which, divided by 46^ — bait + 'i', gives the quotient — 3a, 
which shimid be separated from the first by a comma, having 
QO connexion with it. The remainder after this division, is 

P'aeii.g this last remainder under the form 19a^(— & + a), 
and suppressing the factor 19a^, as forming no part of the com- 
mon divisor, the question is reduced to finding the greatest 

4&^ — 5u6 + a' and — b + a. 
Dividing the first of theaa polynomials by the second we 
obtain an exact quotient, —-I'j-i-a henee, — b -r ' fr i — b, 
IS the gieitest comuitn divisor sought 

256 In the ab ve exai iple a.^ m ill those m which the 
exjjon lit of the leading kttu is gieiter bj 1 n tli>> dividend 
than ni the divisor we can ibiidge the operatun by lirst mul 
tipUing eveiy term of the dividend by the eqiare of the co 
efhciei t of the hist term of the divisor We can easily see 
that by thih means the first term of the quotient obtained will 
cont^m the first pjwer of this co eihcient Mnltipijing the 
divisoi by the quotient, and making the leductions with the 
dividend ttus piepired the result wil! still conta,in the co i,fiicient 
a? ft factjr, and the division can be contmuLd until a rcnamder 
IB obtained of a low i degree than the di\i-ioi with refeieaea 
to thL leid g letter 

Tale the sime example as btfcie viz 

- 36^ + SalP — a?li + a^ and 46^ — 5a7. + o% 
isnd multiply the dividend by 4^ = 16 ; and we have 
^irst Operation. 
- 48i3 + iSab^ ~ 16«2i + I6a^ \ \4b^~5ab + a^ 
- I2ab'' - ia^b + IQaA - 124 - 3a 
1st remainder, — \9a?b + 19a3 

or, 19a^(-6 + a). 
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Second Oj>eration. 
- ab + aA—Ab + a 



2tl remainder, — 0, 

When the exponent if the lei in j; letl i in f he ilu i iciid 
exceeds that of tlia '••una kttu m the divisoi hj twr, three, 
&c, multiply the dividend hj the third, fourth ^c power of 
the CO liicitut of tlie first term ot the diviset It is. eisy to 
>.ee the itrson of this 

257 it luaj be asked if the suppiebsion of the faetoib, com 
II )U tj all the teim? of one of the lemimcler's, is ahsolittly 
lecmiry or \(hother the ulijeot is meiely to render the opcio- 
tions rioie simple It will easily be pereeived that the siippres 
51 n ol fhise factors fs necessary, for if the factor 19a^ was net 

j].ressed m the prcetdmg example, it would be ncces. ary to 

ultijly the whole dividend "by this tictor, in order to lendei 
1 fii&t teim di\isible by the first teim of the divisot , but, 
tlien, a factor \vould fee mtroduced mto the dividend which is 
1 o ecntaintd m the divi&or , and, ounstquently, the lequu-ed 
leatcit &jmmou divisor -nould contm tht fictjr 1%" ■whitb 
should torm no pa' S of it 

858 For another example, lit it bi' lejuued to find the 
greatest common divisor ot the two polynomials, 

«4 + 3a3j ^ 4a2j3 _ 6^*3 + 25^ and A.a'h + 'Zah' ~ 2i»,, 
or simpJy of, 

tt' + Sa^J + 4a=ft« - QaP + 2S* and 2a^ + ai — i^, 
since the factor 26 can be suppressed, being a factor of thft 
second polynomial and not of the first. 

First Operation. 

+ 2 0g^6 + SQaW - 48a5^ + 165^ \ 4a= + Idab + 'Si* 
^ + 26a2i3 _ S8a&3 + 1G6» 
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Second Operalion. 
Multiply by 2601, the square of 51. 



l3( remainder, + 5559a6 — -^OOIS^ 

5559«6-31616s 

2(3 remainder, + 560?''. 

The exponent of the letter a m the divideii(3, exceeding that 
of the same letter in the divisor, by too, the whole dividend 
is multiplied by 2^ := 8. This done, we perform the divisiiin, 
iind obtain for the first remainder, 

-5lab3 + 2Qb\ 

Suppressing — b^, this remainder becomes 51« — 296 ; and 
the new dividend is 

2a^ + ah - l\ 

Multiplying the dividecd by (51)^ = 2601, then eiFeetIng the 
division, we obtain for the second remainder + 5606^. Now, it 
results from the second principle (Art. 254), that the greatest 
comnioa divisor must be a factor of tho remainder after each 
division ; therefore it should divide the remainder 580i^. BuS 
this remaiuder i? independent of tho leading letter a : hence, if 
the two polynomials have a common divisor, it must be inde- 
■perulent of a, and will consequently be found as a factor in the 
iM-eflicient^ of the ditforent powers of this letter, in each of the 
proposed polynomials. But it is evident that the co-efficients of 
these powers have not a common fLictnr. Ilcnco, the two given 
polynomials are pnme toilh respect lo each other. 

269i The rule for finding the greatest common diiisnr of two 
polynomials, may readily be extended to three or more fii]y 
nomials. For, having the polynomial? A, £, C, J), Sec, if we 
find the greatest common divisor of A and £, and then the 
-LTcatost common divisor of this result and (7, the divisor so ob 
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I U 1 I 1 1 ml { A B 
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1 f J 11 to p rt 1 1 te 
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Let it be roquired to find the greatest common divissr of tlie 
two polynomials 

„2^ _ c3ti2 _ av + c', and ia^d ~ 2afi -j- 2c= — iacd. 

The second contains a monomial factor 3. Suppressing it, 
and arranging the polynomials with reference to d, we have 
{a^ —c^)d"~ d?c^ + c*, and (2a* — 2<m:) rf — ae^ -1- e^. 

By considering the co^efficients, a^ ■— c^ and — a^c^ + c*, in the 
first polynomial, it will be seen that — a^c^ + i^* can be put under 
the form — G%a^ — d^) : hence, a^ — c^ is a common factor of the 
co-efficients in the first polynomial. In like manner, the co-effi- 
cients in the second, 20^^— 9ac and —ac-^c*, can be reduced 
to 2a(a — c) and — c^(a — c) ; therefore, a — c is a common 
factor of these co-efficients. 

Comparing tho Uvo factors a^ — c= and a — c, wc see tliat the 
liis", will divide the first; hence, it follows that a — c ia a com- 
mon factor of the proposed polynomials, and it is thBiefore a 
factor of the greatest common divisor. 

Suppressing (t^ — e^ in the first polynomia], and a —c va the 
second, we obtain the two polynomials, 

d'' — c? and %ad — s^. 
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to wcioh the >rdiiiary process jiiiiy be applis 
d^ ~c^ II %id — c^ 



4- '2acM — 4a^c^ 
— Aa^c^ + c*. 

Jifiei having imiltipliPil tho di\ dend by 4a^ and pprtoraied 
til e di visum wc obtain a rLmamder — 4tV f e* mdepenlcnt cf 
tho letter a hence the two polynom ils, rf — c and 2aii — c= 
jie prunp \- ^h respect to eich other Thsiefore, iho gieat;,st 
Lommon diiisor of tho pi pjscd ptlynomiaK is a — c 

261 It som times hippens thit one of the polynomnls con 
tains a letter which is not contained in the oth r 

111 this ciie it 13 e-vident that the greatest comm n d\iaor n 
independent of this letter Hence, by arrangir { the polynomial 
which contains it with refeience to this lettei the required com 
}i<m divisor mil he the same a that whuh exists between the co 
e£icienta of the dtfferini pouen of the principal letter and tht 
second pohjnomi il 

By this method we lie led it is tiue to dot rmiie the greit 
est common divisor between thice oi moie polynomials But 
they will Le more Mrtiplc thin the pioposed polynomials It 
often hippcns that sumo of the co-efficients of the arringed 
polynomiil are monomials, or that we can discover by simple 
11 peetun that they are prime with respect t (h other, and 
1 this cast wo aie ce:t%Ln tlat tho proir^icl \ Ijiitmials aie 
H irae with lespect to each other 

Ihus in the example of the Kst iiticlc aftei hiMnj, &uppressel 
li m.jn ti t r i — i. which ^ncs the rcult'^ 

P~ in 1 2 d~c 

we know immediately that these two polynomials are prime with 
respect to each other ; for, since the letter a is contained iu the 
second and not in the first, it follows from nh.it has jii'it been said, 
that the common divisor mnst bo containi-d in the co-efficients 2'/ 
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and — c^ ; but these are prime with respect to each :>ther, and 
coiisoquently, the expressions d^ — c^ajid 2ad — c^, are also prime 
witJi respect to eaeh other. 

Let it be required to find tlie greatest common d.visor of the 
two polynomials, 

?ibeq + SOm^i + ISfic + 5ni^, 
and. iadq - 4:2/^ + 24<irf - 'ifgq. 

Now, the letter b is found in the first polynomial and not in 
the second. If then, we arrange the first with reference to h, 

(3c7 + ISe) h + SOmj) + 5raji?, 
and the required gi-eatest common divisor will be the same as 
that which exists between the second polynoniial and the two 
oo-«fficient3 of b, which are, 

'Acq + 18c and 80m^ + bmpq. 

Now, the first of these co-efficients can be put under the form 
3e(g + C), and the oliier becomes bmp[q + 6) ; hence, ^ + G is 
a common factor of these co-efllcients. It will therefore be 
sufficient to ascertain whether y -f 6 is a factor of the second 
polynomial. 

Arranging this polynomial with reference to q, it becomes 

and as the second part, 'i^ad ~A2fg 7=Q{Aad — Ifg), it follows 
that this polynomial is divisible by 9 + 6, and gives the quotient 
4arf — Ifg. Therefore, 5 + C is the greatest common divisor of 
tiie proposed polynomials. 



1, End the greatest common divisor of the two polynomial 

3Mil 4x* + %r? — 18.r2 + Zx — 5. 

Ans 2i:= — 4a;2 J- a; - 1 
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2. Fii.tf the greatest common divisor of the polynomials 

SOajS ~ 12# + 16*^ ~ Ib^ + \4x^ - \bx + 4, 
and 15j!» — 9i3 + 47i^ — 2U +28. 

Ans. &x^ ~ Zx -H 4, 

3, Fiiii] the gi'eatest common divisor of the two pdlynonuiij 

Mid a» + ryaM - a^Jf' + 5<!=4(7. 



■' + ai. 



Transformation of JHquations. 



262i The ohjecfc of a trimsformation, is to change an equation 
from .a given form to anotlier, from, which we can more readily 
lictomiine the value of the unknown quantity. 

First. 

To chaiiyea given equa^oninvolvinfffeaetionalco-e^cients to anoihe) 
of the same general form, hut having theeo-efficienUofall its terms entire 

If we have an equation of the form 

X"' -h -Px"^^ + Q^-^ + . . . Tx-i- 11= 0, 
and make x = ~; 

in which y is a new nnltnowii quantity, and A entirely arbitrary; 
we shall have, after substituting this value for x, and multiplying 
every tcim by A™, 

y^ + Fhj'--^ + e^^y*-" + Ji^'r-" + ■■■ + ^-^V + vy^"" =- ^ 

an equation ia which the co-efficients of the different powero sf 
y arc equal to those of the' same powers of a; in the given equst- 
Uun, multiplied respectively by k°, k\ k\ i^, k^, &c. 

It is now required to assign such a value to k as will make 
tSie coefficients of tie different powers of y entire. 

To iiVistrate, let us take, as a general example, the equation 
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wliuii bccrmes, after substituting ^ for x, and iiiuitiplying by h*. 

-' 

Now, tliere may be two cases — 

ls(. Where the denominators b, d, /, h, are prime with respool 
to eaeh other. In this case, as J is altogether arbitrary, take 
k =: hilfh, the product of the denotninators, the equation wiil tlieu 
become, 

y^ ■+■ adfh . y3 + tb^jpii' . y^ -^ el?tPp\^ . y + ffh*dif*P = 0, 
in which the co-officicnts uf y are entire, and that of the first 

2d. When the denominators contain common factors, we sbaJI 
evidently render the co-effioienta entire, by making i equal to the 
least cotnrnon multiple of all the denominators. But we cau 
eimplifj still more, by giving to A such a value that i^, £^, A', . . . 
shall t'ontain the prime factors which coraposo 6, d, f, Ti, raised 
to powers at le^st equal to those wliii-h are fnund in the de. 
nominatori. 

Thus, the equation 

'= .0, 



^ _„ 


i^' 


+ f5''- 


i^o"" 


■ 9000 ' 


t - 




'-^^'- 


7^3 

-150^- 


1M- 
9000 


making ^ 




and reducii 


ig the terms. 



Pirst, if we make k t= 9000, which is a multiple of all the 
other denominators, it ia clear that the co-etHoients become entire 
numbers. 

But if we decompose 6, 13, 150, and 9000, into their prime 
fiiotors, we find, 

6 = 3x3, 12 = 2^ X 3, 150 ^- 2 X 3 x 5«, 9000:^3^ k3^x5^ 
and by iraking 

i ^ 2 X 3 X 5. 
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the product of the different prime factors, we ohtulis 

A= =z: 2^ X 3= X 5', k^ = 2^ X 33 X 53, i* ^ 2* X 3' X 5* ; 
whence wo see that the values of k, k\ ¥', k^, contain the 
prime factoi-s of 2, 3, 5, raised to powers at least equal to 
those which enter into 0, i2, 150, and 0000, Ilenco, making 

A = -2 X 3 X 5, 
is snfficient to make the denominators disappear. SuhsUtutin^ 
this value, the equation becomes 

__ 7.23 .3a. 53 __ 13.a^.3<.5^ _ 

— g^g— y- J_^^ y 23.3^.5= ^ ' 
which reduces to 

y* ~ &Ay^ + 5.3.&V - 7.2^.3^.5y ~ 13.3.32,5 = ; 
or, y^ — 25J/3 + 375)/2 — 1260^ ~ 1170 = 

Hence, we perceive the necess ty ot iik ng X t Ha 

number as possible : otherwise, ve hould ol ta 1 a t a f rmed 
equation, having its co-effieieRts vety srreat, as n ay be seen ly 
reducing the transformed equal on r bultn g f on the ujjOb 
tion i = 9000. 

Having solved the transformed e|t idf Itb Ws 
of y, the corresponding values of Ti !ef dlun le 

equation, at = — 

by substituting for )/ and h their proper values. 



Making 3:=y, , and we have, 

yS „ 14^3 ^ i-\y _ 



eoo 



= 2^ = 60' «"dwehave, 



~ C>y>y* + 1890(/3 - 30720^/^ ~ 928800i/ - 972000 = 0, 



To ; 



:.] TKANSFORIIATION OF EQUATIONS. 

Second, 
ake Ihb SP( ) :d oi any olltcr term cluapi t 



equahjii 

263< The difficulty of solimg an equitioii gonuilly dimiiiiBhea 
ftith the numher of tcrias m\olvLi]g the unknown quintity. 

Thu-. the efiualioii 

x" ^= q, gives immediat Ij, j: = ± Vj, 
whiie the i,omplPte equation 

x-' + Zp^+l^O 
requires i-rcparUion L(.f)ie it ciu le suhed 

Now, any given equation (.^.n ilwaya be tTan^pj-med into an 
URorajilete equation, in which the second term shall be winting. 

Toi, let thae be the general equation, 



u being a new imltnown quantity, and x' entirely arhiirari/. 
By svibstituting u + x' for x, we obtain 

Developing by the binomial formula, and arranging with refeF- 






-i + m. 


-;-!"■ 


M"^^ + . . . + a^" 


+ {«i 


_i)py 


+ p,«"^ 


+ « 




+ . ■ ■ 


entirely 


.lUL-nry, 


we may dispose of 



4--P 



way that we shall have 

fli^ + P ;= ; whence, ^ ^ 
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Substituting this value of z' in the last equation, we shall 
obkiin an inciimplete equation of the form, 

«"' + qu^'i + R'vT'-^ -^ . . . Tii-^JJ' = % 
in which the second term is wanting. 

If this equation were solved, we could obtain any value of 
a corresponding to th^t of a, from the equation 



We have, then, in order to make the s 
equation disappear, the following 



BxAsiituie pr the unknown quantwj a new unlnown quanHiy 
minus the coeffiaent of the second term, diviied by the exponent 
vikieh expresses the degree of the equation 

Let us apply this lule to the eqmfLon, 
i^ + 2j>x = q 

If we make .1; = m — p, 

we have {u - jif + 2p {% — p) = q; 

and by performing the indicated operations and transposing, 
we fmd 

M^ = j,2 + q, 

263*. Instead of making the second term disappear, it may 
be required to find an equation which shall be deprived of its 
third, fourth, or any other term. This is done, by making the 
oo-cffioient of u, corresponding to that term, equal to 0, 

"For example, to make the third term disappear, we make, 
in the transformed equation, (Art. 3Go), 

n^-i!'' + (m-l)P^'+ e = 0, 

from which we ohtam two values for x\ which substituted in 
the transformed equation, reduce it to the form, 

«- + P'»-' + «'..—> . . , +Tu+U' =0. 



.DOglf 



CHAP. X] OF DERIVED POLYNOMIALS. 331 



tliu third term it will be necessary to solve an 
ccniation of a degree superior to the second, to obtain the value 
of x' ; and to cause the last term to disappear, it will be neees- 
sary to solve the equation, 

^'m _|_ p^v^i . . . -i- Ta;' + (7 ^ 0, 
which is wliat the given equation becomes when x' is sub- 
Bti!uLed for x. 

It nniy happen that the value, 



h h n les tie se id tern disai-pear, causes also the disap 
pej. a e oi th ti U or o e thcr term. For esample, in 
o kr Ht tl 9 tl \ ter n ay disappear at the same time 
w li tl e se ond t 3 only necessary that the value of x^, 

1 li re ulto fron tl e equat on 



shall also aitisfy the equation, 

P 
Now, if in this last equation, we replace x' by , we 1 

™^5~<™~''^'+'^^**' or {ni-\)P^-2mQ = 
and, consequently, if 



/■^^ 



%iiQ 



lliQ disappearance of the aewnd term will also involve that of 
the third. 

Formation of Derived Polynomials. 

264. That transformation of an equation whii:h consists in 
substituting u + a' for x, is of frequent use in the discussion 
of eqiiati"na. In practice, there is a very simple metiiod of 
obtainirg tho transformed equation which results from this sub 

S^itlltiOT- 
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To show this, let us substitute for a, m 4- *' in the ecLUiition 

i« ^ P^i^-i + g^tw-a + Hx'^ + . . . Tx+ 17=0 ; 

then, by developing, and arranging the te;:ma according to thfl 



nscending powers of i 









+ U 



+ MX' 


- 


+ (m- 


-l)ft'"-2 


+ {"- 


-2)ey-- 


+- . . 




+ T 








ft] 



th d 



pow r o ^ o ee tl at he CO fti t oi u s wh tie t 

n mhe of the g ven. equa oa becon es vhen 3/ a subst tuted 
plaoe f iE sh 11 de o e th s etp es by X 

The co-eiScient of u' is formed from the preceding term X", 

by multiplying each term of X' by the exponent of x' m that 

term, and then diminishing this exponent by I ; ' 

this co-eflii.ient by 3". 

The co-effieient of w^ 13 formed fioij 

term of Y' by the exponent of a^ i 

product by 2, and then diminishing es 

seating this co-efficieat by — 

in the same manner that Y' is formed from X'. 

In general, the co-effii,ient of any power of c, in the aboTi 
liansformed equation, may be found from the preceding co-effieierii 
m the following manner, viz. :^ 

Multiply each term of the preceding eo^£Jeient hy the exponent 
of 3f in that term, and diminish the exponent of ^ hy \ ; then 
divide the algebraic mm. of 'hese expressions by the number of fit 
ceding co-efficieitts. 



: shall denote 

y, by multiplying each 

that term, dividmg th« 

lach exponent by 1, Repre- 

( that Z' is formed fmm. F 
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The law by whieli the co-efRcieiits, 

^' "' 1.2' T72T3' 

are derived from each other, is evidently the same as that 
which governs tte formation of the numerical co-efficients of 
the terms in the binomial formula. 

Tlie expression, T, Z', F, W, &c., are called successive de- 
rived polyrtomiah of X', because each is derived from the pre- 
ceding one by the same law that T' is derived from JC. 

Generally, any polyaomial which is derived from another by 
the law just explained, is called a derived polynomial. 

Recollect that 2^ is what the given polynomial becomes when 
a' is substituted for x. 

]P is called the Jirst-derived polynomial ; 
Z' is called the second- derived polynomial; 
V is called the third-derived polynomial ; 

We should also remember that, if we make iii^O, we eliall 
have a/ =:x, whence X' will become the given polynomial, from 
which the derived polyEomials will then be obtained. 

265i Ijct Tis now apply the above principles in the following 



1. Let it be required to find the derived polynomials of lie 
first member of the equation 

3s' + 6a;3 _ 3:^2 + 2a; + 1 = 0. 
Now, w being zero, and x' ~ x, we have from llie law of 
furmb'g ^he derived polynomials, 

X' ^ ac* + 6s:3 _ i^^a + 2^ 4. 1 J 
Y' = \^x^ + l%x^ - Qx -^8; 
^ = Mz^ + SCr - 6 ; 
r' = 7ar +36; 
W = 72. 
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Jt should be rcraailuMi that the cxpoiieiil of w, in the terms 1, 2, 
— C, 36, and 72, is equal to 0; henec, each of those terma 
disappears ia the following derived polynomial. 

2. Let it be rcq^uircd to cause the second term to disappear 

in the equation 

X* - 13a:3 + 17^'= — Hx + 1 = 0. 

12 
Make (Art. 263), :<: =u + ~ ~zi + 3; 

whence, x" ^ 3. 

The transformed eq^uation will lie of the form 

X-+F. + |.. + ^.. + .- = 0, 

and the operation is reduced to finding the values of the co 
efficients 

Y' Y- ^ H 

^' -^' Y- STs- 

Now, it follows from the preceding law, for derived poly- 
nomials, that 
X' ~ (S)*-13.(3)3+17.(3)'-9. (3)1+7, or X' =-110; 
Y' z=4. (3)^-36. (3)=+34. (3)1-9, or - - Y' =-123; 



=0.(3)2-36.(3)1+17, 



^=4.(3)^-12 a73=^- 

Therefore, the transformed equation, becomes 
it» _ 37«3 - 123!( - 110 =^ 0. 
3. Transform the equation 

4,r3 - &x^ + 7^- - 1> = 
Into another equation, the roots of wliicli shall exceed those 
the given equation by 1. 

Malic, a; = M — 1 ; whence x' ■= — 1; 

and the ttansformed equation will be of the form 



ho.-,di.,C'jOoglt; 
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835 


We have, from the principles established, 




X' = 4.(-l)^- 5. (-1)^ + 7. (-1)1-9, 


or X = -S5 


Y' = 12 . (- 1)^ - 10 . (- 1)' -f 7 


F' ^ + 29 


|=12.(-l)'-5 


Z' 

1-=-" 


_^_ 4 


V 


Therefore, the transformed equatiot is, 





4«= - llu^ + 29)1 - 25 = 0. 

4. What is the transformed equation, if the second term be 
made to disappear from the equation 

x^ - lOar* + 73:» + 4a: - 9 = ? 

Ans. u^ — 33ii' — 118m3 -152m — 73 = 0. 

5. What is the transformed equation, if the second term 1)b 
made to disappear from the equation 

3ar3 + 153;« + 25a:- 3 = 0? 

Alts. wJ — 0. 

27 

6. Transform the equation 

3a;' — 13*3 + 7,^:2 _ 8« _ 9 = 
into another, the roots of which shall be leas than the roots of 
the given equation by -— , 



Properties of D&iived Polynomials. 

286. Wo will now develop some of the properties of derived 
polynomials. 

Let «" + Pie^^ -i- Qx-^'^ . . . Ts:+ U = 

be a givea equation, and a, 6, c, d, &c., its m roots. We shall 
then have (Art. 248), 
K" 4- -Pi^' + G^^' . . . ^ (ic - a) (s - S) (,r - e) . . . (i ~ I). 
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Miikiiig ie — a'+u, 

or omittmg the accents, and substituting a: + m for x, and we have 
(^ + «)™ + P(^ + ")"-'+ . . . -(^+«-«){* + «-i)...; 
■ir, changing the order of x and «, in the second member, and 
regarding x— a, x — b, . . . eauh as a single quantity, 

(;. + «)- +F{X -(. «)-' . . . ^ (« + ^^ (7.+.^^ . . . {u+7^. 

Now, by performing the operations indicated in the two 
members, we shall, by the preceding article, obtain for the first 
member, 

x+r. + |..+ ....-, 

X being the first member of the proposed equation, and Y, Z, &o., 
the derived polynomials of tliis member. 

With respect to the second member, it follows from Art. 251 ; 

1st That tha term involving u**, or the last term, is equal to 
the product [x — a) ix — /) i? ^ /) dI the factors of the 

proposed e juation 

2d The co efficient of u i^ t j 1 to tl c sum of the products 
of th se m fiLtoio tali.t.n m — 1 and m — 1. 

3d The co efficient of u^ is equal ta the sum of the products 
of the«e m factrrs taken m — 2 and m — 2; and so on. 

Moieovei smco the two mtmbeis rf the last equation are 
identi al the co efliLients of the s m j w is of it in the two 
mcralers arc equal HeDCe 

X=(.-»)(»~i)Cr-.) {.-I), 

which was already shown. 

Hence, also, V, or the first derived polynomial, is ec/ual to the 
SUM of the producls of the m factors of the fni decree in the prn- 
posed equation, taken ra — 1 and m- — ^1/ or equal to ike alyebraic 
mm of all the quotienta Hiat can, he ohtained by dividing X by 
each of the m factors of tJie first decree in the proposed equation, 
Ih'it is. 
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Alstp, --, thui, i^, the second derived piilyiiomiii,!, dlvidwl by 2, 
is eqiml to the sum of the products of the m factors of the first 
member of the proposed equation, taken, m ~ 2 and m — 3 ; or 
eqw'.l III the svm of the quotients obtained by dividing X bi/ each 
of the, different fuciors of the second deyree ; that is, 
Z X , X X 



2 - {,- 


■«)('- 


t) ■ l,~u){,~.) 


rid io on. 




Of Eiiual liooU. 



967. An equation is said to contain equal roots, when its first 
member contains equal factors of the first degree ■with, respect to 
the unknown quantity. "Wlien this is tlis case, the derived poly- 
nomial, which ia the sum of the products of the w. factors talieu 
m — I and m — 1, contains a factor in its different parts, whiclt 
is two or more times a factor of the first member of the pro- 
posed equation {Art. 203) : henoe, 

There must be a common divisor between the first member of the 
proposed equation, and its first derived polynomial. 

It remains to ascertain ibe relation, between this common divi- 
sor and tlie equal factors. 

268i Having given an equation, it is reqtdred to discover -whetlier 
it has equal roots., and to determine these roots if possible. 

X = ar» + px"^- + gj^2 ^ . . _ + 3-^; 4, ir — o, 

Riid suppose that the second member contains « factors equal to 
X ~ a, n' factors equal to x — b, n" factors equal to x — e . . ., 
and also, the simple factors x —p, ^ — q, x~~r . . .; yis shall 
then have, 

X.^ix~ ay {, - by (^ - cy ...{^ ^p) (x ~q){x~ r) (i). 

We have seen that J'', or the derived polyn.imial of X, is 

dee sum of the quotients obtained hy dividing X by each of the in 

factors af the first degree in Ike proposed equation (Art. 26{)). 

32 
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Now, since X contains » factors equal to x — a, we shall 

hft»e n partial quotients equal to ■ — ■ — ; and the same r.iasor. 

itg applies to each of the repeated factors, x — b, x — c 

Moreover, we can form but one quotient for each simple factor, 
whick is of the farm, 

X X X 

is-p' x — q' X -r ' ' ' ' 
therefore, the' first derived polynomial is of tho form, 

r=i^+ii:^+!!::^+...+^+^+-£-+...(.^, 

x~a x — b x — e x~p <^ — 1 x — r 

By examining the form of the value of X in equation (1), 
it is plain that 

(,-„)-', (^-S)-'->, (=:-«)."->... 
are factors common to all the terms of the polynomial Y; 
whence the product, 

(l-»)->X(^-6)-'-'X (>:-.)•"-■... 
is a divisor of Y. Moreover, it is evident that it will alic 
divide X: it is therefore a common divisor of X and Y; and 
it is their greatest common divisor. 

Tor, the prime factors of X, are x ~a, <e — b, x —c . . ., and 
*— j>, so — q, x — r . . .; now, x—p, x —■ g, x~t, cannot 
divide Y, since some one of them will ba wanting in some of 
'the parts of T, while it will be a factor of all the other parts. 

Hence, the greatest common divisor of X and Y, is 
I) = (x- a)»-' {x - by-' {x - c)"''-' , , . ; that is. 

The greatest common divisor is composed of the product of ikose 
■factors which eater two or more times in tlie given equation, eceh 
raised to a power less by 1 than in the primitive equation. 

269, From the above, we deduce the following method fot 
finding the equal roots. 

To discover whether an equation. 



X^ 



icontains any equal roots : 
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Jaived polyTiumtal of X j then seek fur 



2d If one cannot be obtained, the eqi'ahon has no equal r<:otat 
or equal factori,. 

If we find a common divisor D, and it is of the first degree, 
ur of the form x — h, malte a; — A — 0, whence a: = /*. 

We thfii conclude, that the equation has tioo roots eg'ial io h, 
and lias bzit one species of equal rooti, from xphlcli it inai/ he 

freed iy dividing ^ by (x — h)^. 

If D is of tlie second degree with reference itj x, solve tin 
equation i) = 0. There may be two cases ; the two roots will 
be equal, or they will be unequal. 

l&t. When we fmd B = [x —Vf, the cfjunthii, has three roots 
equal to h, and Aas but one species of equal roots, from which 
it can lie freed by dividing X by (x — h)', 

2d. "When D is of the form {x — li) {x — h'), the proposed 
equation has two roots equal to h, and too equal to h', from 
whiiii It may lie freed by dividing X hy {x — hy {x — h'y, 
or by D\ 

Suppose now th.it D is of any degree whatever ; it is necessary, 
in ordt'r to know the spedes of equal root^, and tlie number 
of routs of tyi.il species, /o soloe complelehj the equation,, 
J? = 0. 
'i'kcn, eveiy simple root of the equation X>:=0 vill be twice a 
root of ihe given equation; every double root of the equation D= 
will be Ih/ee times a root of the given egvation; and so on. 

As to the simple roots of 

we begin by freeing this equation of the equal factors contained 
in it, and the resulting equation, X' = 0, will make known the 
simple roots. 
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1. Diileroino whether the equation, 

2j:* — Ux^ + 19j:2 ~iU + 9 = 0, 
iContaiiio equal roots. 

We nave for the first derived polj'nomial, 

83:= — 3t5s^ + mx — 6. 
Now, seeking for the greatest conimoii divisor of these poly, 
nomials, we find 

D =^ X — 1i ~ 0, whence a' = 3 : 
bciice, the giyeti equation has two roots equal to 3. 
Dividing its first member by {x — 3)*, wo obtain 

2a;^ + 1 = ; whence, a: = ± -^^— 3. 

Tlie equation, therefore, is completely solved, and its roots era 
1 ^_ — _ 1 _ 



3 V 
2. For a second example, take 

ars — 2»* 4- 3^3 — T*!* + 8a; — 3 = 0. 
The first derived polynomial is 

5^ — 8a:3 + 9s3 _ Ha; + 8 ; 
Mid the common divisor, 

2^-2.^ + 1 = (» -1)2; 
hence, the proposed equation has ihree roots equal to \. 
Dividing its first member by 

(a; — ] )3 = 3;= - 3»^ + 3a: - 1, 
the quotient is 

a:^ -j- a; + 3 ~ ; whence, 
tJtus, the equatioa is completely solved. 
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3. For a third example, tak" the equation 

x' + 5ifi + 6j^- 6a-' - ISi-' - 3j^^ + Qx-i- i ^ 0. 
Tho first derived polj-iiomial is 

7x^ + 'SOx^ + SOj;* - 24.r3 „ 45^.2 _ o.r -f 8 ; 

X' -{- Sx^ + x'^ - ti^ - 2. 
Tiie equation, 

x' + Sx^ + x^ — Zx — 2 = 0, 
cannot be solved directly, but bj applying the melliod if equal 
roots to it, that is, by seeking for a common divisor between 
its first meinUer and its derived polyaomiai, 

ix^ -i- Ox^ + 2t - 3 : 
we find ft :x)Tnmon dit-Isor, ^ + 1 ; whidi proves that the square 
of x-i-l ia a factor of 

and the cube of a; + 1, a faetor of liio first member of the 
given equation. 
Dividing 

X- + 3x^ -irX^-Zx — 2 Ijy {x + 1)^ = x^ + 2,k -h 1, 
we have x^-{-x—2, which buJLig phiced equal to zero, gives 
the two roots x = I, x =: — 2, or the two liietors, x—i and 
« + 2. Hence, we have 

x> + Sxa ^- x'-ax-2^ix + ]Y{x - 1) (^ + 2). 

Therefore, the first meinber of the pi-ojiosed eqiLatioLi is equal to 

(^+ l)'(^-l}M'^ + 2)^ 

that is, the i)roposed equation has three roots equal to — I, luie 

Clonal to 4- I, and tiao equal to —2. 

4. What is the product of the exjiial factors of the equation 
x' - Ix^ + lOx'' + 22.f' ~ iSx^ — 35i'^ + 48,c 4- 30 = ? 

A.^. (x-2)^x-Sf{x^\)\ 

5. What is the product of the equal factors hi the equaliou, 
a;i _ Zx^ + Qx^ - IQj^ + 2~j:3 — S3x^ + 27jr — 9 = f 

Am. (i-l)^fj:=4- 3p. 



Hosicd by Google 



ELEMENTS OF ALGEBRA. 



EUmiiMtion. 



270i We havo already explained the methods of eiiminatuig 
01. s unknown quantity from two equations, when these equations 
are of the first degree with respuet to the unlui(>wn quantities, 

AVhua the equations are of a higher degree than the first, 
tl.e methods explained are not in general applicable. In this 
case, the method of the greatest eommoit divisor is considered the 
best, and it is tliis method that we now propose to investigate. 

One quantity is said to be a function of another when it de- 
pends apon that other for its value; that is, when the quan- 
tities are so connected, that the value of the latter canttbt be 
changed without producing a corresponding change in the former. 

271. If two equations, containing two unknown quantities, be 
combined, so as to produce a single equation containing but one 
unknown quantity, the resulting equation is called a final equa- 
tion, ; and the roots of this equation are called compatible 
values of the unknown quaatity which enters it. 

Let ua assume the equations, 

P ^ and Q = 0, 
in which P and Q arc functions of x and y of any degree 
whatever ; it is required to eumbine these equations in such a 
manner as to eliminate one of the unknown quantities. 

If we suppose the final equation involving y to be found, and 
that y = a is a root of this equation, it is plain that this value 
of y, in connection with some value of ai, will satisfy both 

If then, we substitute this value of y in both equations, there 
will result two equations containing only x, and these equations 
will have at least one root in common, and consequently, their 
lirst members will have a common diviscr involving x (Art. 246). 

This common divisor will be of the first, or of a higher degree 
with respect to x, according as the particular value of (/ = a cor 
responds to one or more values of «. 
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Oj n\ei'5t;ly, every lalue oj y uhuh, Tjciiig su'b'.titutci! m thp 
two equit on^, gucs i Ptimmuii dmsior invohing x, is necessnrihj 
a, eomj)alib/e value, foi it then satisfies tho two equations at the 
same time with the value or values ot x found from thjs common 
divisoi whai put etjual to 

272 We will remiik, that, hefoie the substttation, the first 
meinheis <rf tlie equations cannot, in geneial, have a common divi- 
sor ^^hlc,h 11 n function of ont, or both ot the unlinovin quintitics 

X ijr, let us Buppoae, for a monieut, th it the equitioua 
P=0 and Q = 0, 
arc of the form 

P' X S^O anii Q' X S ^ 0, 
R being a function of both x and y. 

Placing li = 0, wo ohtain a single equ.ation involving two 
unknown quantities, which can be satisfied with an infiniie iiuiuber 
of syntems of values. Moreover, every system which renders B 
equal to 0, would at the same time cause P' . B and Q' .B to 
become 0, and consequently, would satisfy the equations 
7^ = and g = 0. 

Thus, the hypothesis of a common divisor of the two poly- 
nomials P and Q, containing « and y, brings with it, as a con- 
sequence, that the proposed equations are indetemiiaate. There- 
fore, if there exists a common divisor, involving x and y, of the 
two polynomials P and Q, the proposed equations will be mde- 
terminate, that is, they may be satisfied by an infinite number 
of systems of values of x and y. Then there is no data tfl 
determine a final equalion in y, since the number of values of y 
is infinite. tr 

Again, let us suppose that Ji is a function of x only. 

Placing B -^ 0, we shail, if the equation be solved witlr 
reference to a:, obtain one or more values for tJiia unknown 
quaiitily. 

Each of tlp^c values, substituted in the equations 
P' .B=0 and Q'.B=0, 
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will satisfy thcra, whatever value we may atlribite to y, silica 
tiiese Viiluea of x would reduce H to 0, independently of y. 
Therefore, id tKis case, the proposed equations admit of a finite 
number of values for x, but of an infinite number of vnlufts for 
y and then, therefore, there cannot cxiwl a linal equation in y. 

Hence, when the equations 

/■=(», 0=0 
ai'e determinate, that is, when they admit only of a limi/ed 
number of systems of values for x and j/, their first members 
cannot have for a common divisor a function of these unhioiDn 
quantities, unless a particular substitution has been made for one 
of these quantities. 

273i From this it is easy to deduce a process for obtaining 
the final equation imoUmg y 

Since the tharacteristic propertj of ei i,ry comp itible i i.1ul 
(if y IS, that being substituted in the first membeis of the two 
equations, it gives them a common dmsor in\ohing x, «l)ieh 
diey hid not before, it follows, that if to the two proposed 
polynomial^, airinged with reference to le, we ipplv the piocesa 
for hnding the greatest common dmsor, we shall gcnorally not 
find one But, hy continuinj; the opeiaton pioperly, we shall 
itrrnc )t a. icmainder indepcndtnt of r, but whuh is i function 
of y, and which, placed i,qua! to 0, will give thi. rt.quiit,I final 

For, every vilue of y found fiom this equation, reduces to 
zero the last remainder m the opeiation lor finding the common 
divisor, it is then, such that being substituted in the (jrcceding 
remainder, it will render this lemaindei a common dni*rol the 
fii^t members P and Q Thereforu, each of the toots of tlie 
equation thus formed, is a compatible value ol y 

274i Admitting thit the final equation miy bL completely 
bolved M hith w on] J gn e ■ill the compatible valuer, it would 
iifteiMiid be necessary to ohtiin the corre'-ponding valuia it x. 
Now, it IS evident that it would be suthcient tor ihii to sub 
Btitutc tne different vidues of y in the remainder piecediag the 
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I. Having given the equations 

i:^ + XIJ +if — ] = 0, 
^^ + !/''=-- 0, 
to find tlie final equation in j/. 

^mt Operaliim. 
x" + y^ [I '-^^ + CT H 



^ yx'i — y^x — y^ +y 

X + 2^^ — y z= Ist reinainder. 

Second Operathn. 



!>fi-^ yx -{.y-^^l \\!^±_ 

- (-3^3 - gy) j; - 4y^ + G^^ - 2 </- 
■if' —6/ + 3^^-- 1. 
Ilencp, the final equation in y, is 

4yB_Cy' + 3(/« — 1 =0. 



Hosicd by Google 



346 ELEMENTS OF ALGEBRA. ECHJ P. X. 

If it ■we.re required to fj))d the final equation in x, we observe 
that X and y enter into the primitive equations imdisr the same 
tbrreis ; lience, *■ may be changed iato y and y into x, without 
destroying the equality of the members. Therefuro, 

4z« - Qx* + 3^'^ - 1 ^0 
ia the final equation in x. 

2. Pind the final equation in y, (rom the equations 
a;3 _ 3ya;S + (33,^ _ J, + ] ) .1. _ y^ + ^-5 -2^ = 0, 
x^ — Q,yx -y )/= — y — 0, 



x' 


-3y»^ 


+ 1 


[3y^ 


-y + i)^-y^ + /- 


sfl 


-%rjx^ 


^ + 


{v^ 


-y-)- 




- y^' 


' + (2i/= + l}s;-;;'4-'/-2j, 




- y^' 


' + 


%y\ 


V ~ jf + y^ 




x-%1 










Second Operation. 










x^ — 2xy + y'^ — y \x- 










x^ — 2.ry X 



Hence, y^ — y = 0, 

is the linal equaUon in y. This equation givis 
(/ :^ I and »/ — 0. 
Placing the preceding remainder equal to zero, and 
tuting therein l.'^e values of y, 

y — 1 and y — 0. 
we find for the iorrespondiiig value;' of x, 
x = 2 and x = 0; 
from wliich <•"" [iver, equations may be entirely solved. 
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27oi Ike pnnciples established in the prtcedug ilnj tei pre 
ap[,I cable to all equatLons whi^ther the ct efficients are a\ iiieriui) 
or algebraLc Ihsbo piincipjes are the elements which are em 
ployed La the '.olut on of all equations of higher dugrees 

Algctusts have hitheito been unible to solve equ^tlon9 of i 
higher degiee than the toiiith The lormulas which hive beei 
deduced ior the solution of algebiaic equations of the highei 
degree are &o complicated aucl inconvenient, even wh u they 
can be i[ pjit,d thit we niiy regird the general solution of an 
algebraic ejuatim ot any degree whitevu as a p fblcm iiuie 
cun ms than uslIuI 

Methods liaie however been, fuunl for dLtemmin^ to in^ 
degree tf exai.tness the values ot the ro ts of xll num iicil 
equations, that is, <t thoie e |ual oiis \ilurh he dL-s the mil n wn 
quantity invohi, only numbers 

It I-, piopo el to develop these methods m th 's tlajtei 

276. lo render the reascnmg general ■wo w 11 take the 
equation, 

X^x" + P^^ 1 + e^™-- + . . . V = y>. 
m ■which P, Q . . , denote particular numbers ■which are real, 
anii either positive or negative. 

If we substitute for x a number a, and denote hy ^1 -what 
X becomes under this suppositi )n ; and again siibstitute «-)-■« 
for X. aad denote the new polynuinial by A': then, u may he 
taken f} small, that the difference between A' and A shall hi 
less than any assignalh quantity. 
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If, no%i-, we denote hy B, C, D what the cD-ellitienta 

J-, _ _.__ (Art. 20^), become, wli™ we make a: - u, we 
Bhal] bavo, 

^' = J -r i?« + (7«= 4- ^a- -i- . . . -r "" - - - (i); 

A'~A = Bu + Ca^ + Xlu^+ . . . +U"' - - - (3). 

It is BOW required to show tli^it this diirerenoe may \ie reu- 
derod loss than any assiguaViIe (j-juntitj-, by attributing a salue 
sufficiently small to u. 

If it be roquii-ed to malte the difference I ■'tween A' and A 
less than the number JV, we must assign, a value to u which 
will satisfy the inequality 

Bu. + Ctt= + Bii? + M" < A" - - - (3). 

Let Hs take the most unfavorable case that can occur, viz., 
let us suppose that every co-efficient is positive, and thj;t each 
is equal to the largest, which we will designate by A' Then 
any value of u which will satisfy the inequality 

K{u^v?^v?-^ ....vF)<^N . . . (4), 
will evidently satisfy inequality (3). 

Now, the expression within the parenthesis is a goometrioal 
progression, whose first term is u, whose last term is u™, and 
whose ratio is w ; heuco (Art. 188), 

Substituting this %'alne in inequality (4), we have, 

~(1-.-)<jT - - . . (5). ■ 



ber of inequality (5) redu< 

than 1, thr! second (iictoi- is less tlian 1 ; hence, the fitst i: 
ber is less than N. 
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We conclude, tliDrefore, that u = -.^r — t;-i aii^J every smaller 
value of v, will satisfy the inequalities (3) and (4), and conse- 
queiill/, make the difTerenee between A' and A loss than any 
flssigualile number iV. 

If in the value of A', equatun (1), we make u— ~ —, it 

Is plain that the sum of the terms 

Bu. + W + Du? +...„"■ 
will lie Il'ss than A, from wliat has just been proved ; ivhenee 
we conclude that 

In a series of terms arranged according to the ascendi/i(/ powers 
of an ar/iilrari/ giioiUili/, a value may be assigned to that 
so small, as to make the Jirst term nuTnericuUij greuter than the 
turn of all the other terms. 

First Principle. 

277t If 'wo numbers p and q, substituted in succession in the 
place of X in the Jirst member of a nitmerical equation, give results 
affected witli contrary signs, the proposed equation has a real root, 
comprehended between these two numbers. 

Let us suppose that p, when substituted for x in the first 
member of the equation 

.Y = 0, gives + E, 
and that 5, substituted in the first m.emlDer of the equation 
X ^ 0, gives - R'. 

Let us now suppose a; to vary between the values of p and q 
by 90 small a quantity, that the difference between any twn 
corresponding consecutive values of X shall be less tlian any 
assignable quantity (Art. 276), ia which case, we say that X is 
subject to the law of enntinmly, or that it passes through all 
the intermediate values between R and — R'. 

Now, a quantity which is constantly fi lite, and subject to the 
'aw of continuity, cannot change its sign frcrn positive Lo nega 
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live, or from negative to positive, without pai^sing through zero : 
hence, there is at least one number between p and q whieh will 
satisfy the equation 

X =■- 0, 
and consequently, one root of the equation lisis between thes-* 
numbers. 

278. We have shown in the last article, that if two nunibera 
he substituted, in succession, for the unknown quantity in any 
equation, and give results affected with contrary signs, that there 
will be at least one real root comprehended l>etween them. We 
!ire not, however, to eoneludv) that there may not be more +haii 
one ; nor are we to infer the converse of the proposition, viz., 
that the substitution, in succession, of two numbers which iadude 
roots of the equation, will necessarily give results affected with 
contrary signs. 

Second Pnnci'ple. 

279. When an uneven number of the real roots of an equation 
h comprehended between (ivo numbers, the results ohiawed by sub- 
gtituting these numbers in swecession for x in the first member, will 
kave contrary signs; but if they comprehend an even number of 
roots, Ike results obtained by timr sabstitution will have the same sign. 

To make this proposition as clear as possible, denote by 
a. b, c, . , . those roots of the proposed equation, 

X=% 
which are supposed to be comprehended between p and q, and 
by Y, the product of the factors of the first degree, with refer- 
ence to X, corresponding to the remaining roots of the given 
equation, 

Tlie first member, X, can then be put under the form 

{,-a)(,~l)(,,-c) ... X r=0. 
Now, wjb'itituting p qnd q in place of x, in the first mem- 
ner, n 'hall ohtain the tw a results, 

(f~.){,-t)(f-o) .. XI', 
(!-»)(?-»)(«-•)■■ XJ"'- 
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i" and T" representing \\hat T becomes, when we replace in 
succession, a by ^ and q. Those two quantities Y' and Y", are 
affected with the tame sign; for, if they were not, by the first 
principle there would be at least one other real root com- 
prised between p and (j, which is contrary to the hypothesis. 
To determine the signs of the above results more easily, 
clivido ihc fiist hy the second, and we obtain 
{p-c){p-!>)(p~c) . . . X T' 

(g-a){q~b)(g-c) ... X Y"' 

which can be written thus, 



Now, since the root a is comprised between p and 5, that 

is, is greater than one and less than the other, p — a and 

q — a must have contrary signs ; also, p — b and q — 6 must 

have contrary signs, and so on. 

Hei;ee, the quotients 

p — a p — h p ~ c 

q -a' q - b' q~ c" ■' 

are all negative. 

Y' 
Moreover, -=^ is essentially positive, since Y' and Y are 

affected with the same sign ; therefore, the product 

J' — " x ^~ ^ x ^ "" X — 

q-a q -b (J ~c ■■'!"" 

will be negative, when the number of roots, a, h, c . . ., cum 

prehendod between p and q, is uneven, and positive wlien the 

number is even. 

Consequently, the two results, 

(p-~^){p-'-')ip-c) . . . XY', 

and {q-a){q-b){y-c) . . . x Y", 

will have contrary signs when the number of roots comprised 

between p and J is uneven, and the same sign when the num. 

bcT ia even. 
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Third Principle. 

280i If the sir/DS of the alternate terms of an equation he 
ehangeO,, the signs of the roots ■will be changed. 

Take thn cqiuition, 

,r" + Fx"'-^ + Qx-^^ . . . + U = ■ - (]}; 
and by changing the signs of the alternate terms, we have 

X- — P.c~-' -\- g*"--^ . . . ± 0" ^ ■ - (2), 
^t, ~ x- + Fx-^ - Qj:'-^ . . . ^^ U ^ - - (3). 

But cijaatlons (2) and (3) are the same, since the sum of the 
positive tej-ms of the one is equal to the sum of the negative 
terms of the other, whatever he the value of x. 

Suppose a to he a root of equation (1); then, the substitution 
of a for X will verify that equation. But the substitution of 
— « for X, in either equations (2) or (3), will give the same 
result as the substitution of + a, in equation. (1) ; hence —a, 
is a root of equation (2), or of equation (3). 

We may also conclude, that if the signs of all tlie terms 
be changed, the signs of the roots will not be altered. 

Limits of Real Hoots. 

281. The difTerent methods for resolving numerical equations, 
consist, generally, in substituting particular numbers iu the pro- 
posed equation, in order to discover if these numbers verify it, 
or whether ttere are roots comprised between them. But by 
reflecting a little on the composition of the first member of 
the general equation, 

we become sensible, that there are certain numbers, above which 
it would be useless to substitute, because all numbers aliove a 
certain limit would give positive results. 
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282. It is now requirccl lo determine a number, lakich heing 

Bubsiiluled for x in ilie general equation, will render ilie first terra 

k"" greater than the arithmetical sum, of all the other terms ; 

Uiat is, it is recniired to find a number for x which will rtinder 

^m > Ps^i + ^a-^-s + . . , + 5Tb 4- tr. 

Let i denote the greatest numerical co-efficient, and substitute 
it in place of each of the co-eiKcients ; the inequality will then 

ir" > kx"—^ + kx'^''' + . . . + kx + k. 
It is evident that every number substituted for x which wUi 
satisfy this condition, wili satisfy the preceding one. Now, 
dividing both memliera of this inequality by a:", it becomes 

Making a: := k, the second member reduces to 1 plus the 
Mum of severa] fractions. The number k will not therefore 
satisfy the inequality; but if we make 3; = i4-I, we obtain 
for the second member tlie expression, 

■^ 1 ^ I ^ I + 1„ + ^ 

This is a geometrical progression, the first term of which is- 

--■ ■■ . -. the-last term, v, , .. -, and the ratio, ; ■ — -■■; hence,. 
k + V ' (i+l)"' ' ft + 1' ^ 

the expression reduces to 



{/c + I )™-l-i &+ 1 J 


I 




k+l-^ 






which is evidently less than 1. 






Now, any number >(i-i-l), put ir 


1 place of X 


, will rendftr. 


the sum of the fractions — • + "rs + ■ 


..still less: 


therefore. 



The greatest co-efflcient phis 1, or any greater number, being., 
mbstitiited for x, will render the first term x" greater than (As 
arithmetical sir^m of all the other terms. 
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283 Ever\ n iraber which evoeid'; the greitcst of the positive 
ixiols of an t jintun, ts called a superior bmiC oj the positive roots 

Iiom this definition, it follows, that this bmit is susceptible 
}f an mfiiite number of values For when a number is found 
ti exceed the gieatest positive loot e\eiy number greitei than 
this, IS also a superior iimit The teim, however la geneially 
applied to that Mlue nearest the ^alue of th" icot 

Smee the greite&fc of the po itive roots will when substituted 
frx merely reduce the frt,t iiembei to zcio it follows that 
we sh^ll le sute of obtaning a superior limit of the positive 
roots b^ finJin^ a numler ithuh suhstiiutel m plai,e of \ tenlers 
the Jit sC mtvJier pos ttve atid lekwh at the same lime ts such thai 
ever/f greater number wtll also que a josilve lemU henre 

The great st co efit.u)il of \ }! ^ 1 i a u/r un I f 

the positive rooti 

Ord nary L m. f Positive Roots. 

284 Th p ots obtained in the last article, 
m h cause, in general, tlia equation 

tarn p We will, therefore, seeli for a 

ui q 

L "- d p w X that enters the first nega- 

m wh h -vf 3f us consider the most unfavor- . 

m h succeeding terms arc negative, 

d th ffi 1 to the greatest of the nega- 

CO ffi ts th 

Le (S h fti Vhat conditions will render 

Dnidiiij, buth mi.mbeio of tins inequality by a™, we lias* 

1 > -;7 H — i+T "■" ~?+3" + • ■ ■ H — 7,^ + ~:^- 
Now, by supposing 

a;^yT+ 1, or for simplicity, making \/S~^ S. 
which givotf, S — S'", ' and j^ = S' 4- 1, 
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thf^ second member of the inequality will become, 



(S'+l) 


- + 


(.■+!)■+.+ ■■•^ 


{S' H- 1)- 


-'■^m- 


1)- 




mfttrical nrnorPsBioti 




«'■ 


in 




first term, 


and 


1 

^S'+l 


tlie ratio. Hence, the e 


(S' + l)- 
xpression 


for 


the 


sum of all 


the 


terms 


is {Alt. 188), 












S'" 




^■" 


S'^-i 


^'-i 






(«' 


+ ] 


[)•■■+■' 


{S'+iy 


, 



S'+l 

Moreover, every number > i5' + 1 or \/ S ■+■ 1, will, wliei 
Bubstitiited for x, render the sum of the fractions 



•still bmillei '.iiifp the nunieiit rs remxm the R'vme, while thi 
denommitorb -lie iitreased llenee, this sum will also he lest. 

H(,nce, %y~S~-\ 1 md everj greiter number, bemg substituted 
loi iC, will render the firit term a^ gieater than tho aiithmetical 
sum of all the negative teims of the equation, and will conf-c 
queatly gi\e a po'-itivt, result for tho first member Therefore, 

That root of the numerictd value of ike gtealeal negative eo epi 
cient whose mdtx ti equal to the number of teims -which precedt 
^e first nfffative term, tncreaied hy 1, is a superior limit of tie 
positive rcols of the equation 1/ the coefftnoU of i tetm ta 
the term, must shU he counted 

Milt n — \, in which cast, the flist negative tpim u the 
secind leim of the equation, the limit beeomes 

that is, the greatest negative eo-effkient plus 1. 

Let ?i = 2 ; then, the limit is %/S'+ 1. When « = 3, Oie 
limit 13 l/S^ I. 
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1. Wliat is the superior limit of the positive roots of iJie 
mjuation 

x*-&x^-\- Slx^ — 3a; + 39 zn 0? 



yS+l^. 1/3 + 1. 



2. What is the superior limit of the positive roots of th© 
^ + 7x*~- 12^3 _ 49j;2 + 52a: - 13 = ? 



Ans. -^+ I =/49"+ 1 ^ 8 



3. What is the superior limit of the positive roots of thu 
equation 

x'-i- lls= — 25a:~07 — 0? 

In this example, we see that the second term is wanting, that 
is, its co-efficient is zero ; but the term must still be counted ia 
lixing the value of n. We also see, Ihat the largest negative 
co-efficient of a: is found in the last t«rm where the exponent of 
X is zero. Hence, 

and therefore, 6 is the least whole number that will certainly 
fulfil the conditions. 

Smallest Limit in Entirs Numhern. 

285. In Art. 283, it was shown that the greatest co-efiident 
of X plus 1, ia a superior limit of the positive roots. In the 
last article we found a limit still ie'is ; and we now propose to 
find the smallest limit, in \ih"le iittm5)ers. 

E,et X 1^ 

ne the pfoposed equation. If in this equation wo make a =:;,■?'■■!- a 
nf being arbitrary, we shall obtain (Art, 264), 

X' + r',. -I- 1«^ -V . . . +«" = (1). 
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t us supp'osc, that after successive trials wo have determined 
inber for a^, which substituted in 



renders, at the same time, all these co-efficients positive, this num. 
ber will in general be greater than the greatest positive rool 
of ihc equation 

X = 0. 

For, if the coefficients of equation (!) are all positive, no 
positive value of u can satisfy it ; therefore, a?( tfie real values 
of u must be negative. But from the equation 

le =E *' 4- M, we have « r= « — a:' ; 
and in order that every value of u corresponding to each of the 
values of^adT* ybengtets nece sary that the 

greatest post\e -val e of « I o 1 1 be less tla the value f x'. 
Hence, th s val s f x s a s iper or 1 m t t tl e p sitive 
roots. If ve 1 o sub toe n su cess on for a; n Y" tl e values 
■«'— 1, 3:' — -> i: -3 &e nt I a aue sfo 1 I will 
Kiake X negat e he t e 1 t u ber vl 1 r derel posi- 
tive will be tie lea t sune r 1 i t of the puh I e ts in 
whole numbers 



s* _ 5^3 — Oa.-^ - Ife + 7 = 0. 
d/ is indeterminate, we may, to avoid the inconvenience 
iting the primes, retain the letter x in the formation of 
crived polynomials' and we have, 

X= x>- 5.f^- 6:c2-19ar + 7, 

r = 4x^~Ux^~\2« —19, 
~ = Gx^-- Ibz -C, 



The question is now reduced to finding the sniiillest i 
number which, substituted 'u placs of x, will render u 
these polynomials positive. 
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It is jilai'a that 2 and every niimber > 2, will render the 
pol) noiiiial of the first degree positive. 

B it S, sulDstituted in the jjolynomial of the &eennd degree, 
gives a negative result; and 3, or any iiuiiiber > 3, gives a 
positive result. 

Now, 3 and 4, substituted in &ucccs^ion in the poljnomiul 
of the third degree, give negative results ; but 5, and any 
greater number, gives a positive result. 

Lastly. 5 substituted in Ji, gives a negative lusult, and so 
doe3 6 ; for the first three terms, a^ — 5x^ — 6a^, are equiva- 
lent to the expression x^ (x ^ 6) — Gufl, which reduces to when 
« = 6 ; but iB = 7 evidently gives a positive result. Hence 7, is 
the least limit in entire numbers. We see that 7 is a supe- 
rior limit, and that 6 is not ; hence, 7 is the least limit, as 
above shown. 

2 Applying this method to the ei^uation, 

js _ Sx* — 8a:= — SSa^ + 4w — SO = 0, 
the superior limit is found to be G. 

S. We find 7 to be the superior limit of the positive roots 
of the equation, 

^-5^* - 13^3 + 17a^s - 69 = 0. 

ITiis method is seldom used, except in finding incommen- 
surable roots. 

Superior Limit of Keyaiive Bools.- — Inferior Limit of'Posi 
live and Keijative Moots 

286. Having found the superior limit of the positive rcota. 
it remains to find the inferior Imiit, and the superior and in- 
ferior limits of the negative root-i, numeriLiUy considered. 

First, If, in any equation, 

X := 0, we malce x = — , 

y 

we shall have a new equation 1^=0. 

Since we huow, from the relation x =.—, that 1 
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positive value of y in the new equation corresponds to the least 
positive value of x in the given situation, it follows, tliat 

Tf we determine the superior limit of Ike positive roots of ihe 
equation Y = 0, its reciprocal will be the inferior limit of Ihe 
positive roots of Hie given, equation. 

Iler.ce, if vre designate the superior limit of the positive 
roots of the equation P'=0 hy I/, we shall have for t!io in- 
ferior limit of the positive roots of the giveu equation, -yi- 

Second, If in the equation 

X — 0, we make - x ^^ — y, 
which gives the transformed equation Y' ^ 0, it is clear that 
the positive roots of this new equation, taken with the sign 
— , will give the negative roots of the given equation; there- 
fore, determining hj known methods, the superior limit of the 
positive roots of the new equation I" r= 0, and designating this 
limit hy I/', we shall have — L" for the superior limit, {m*. 
merically), of the negative roots of the given, equation. 

Third, If in the equation 

X = 0, we make a = , 

y 

we shall have the derived equation Y" = 0. The gi'catest posi- 
tive value of y in this equation will correspond to the least 
negative value (numerically) of a in the given equation. If, 
then, we find the superior limit of the positive roots of the 
equation F" ^ 0, nnd designate it by I/", we shall have the 

inferior limit of the negative roots (numerically) equal to — —-^ 

Oonseqiienoss dediuxd from the preceding Princip'^'s 

Firm. 

287, Hverij equation in which (here are no variations in the Siyiis, 
that is, in which all the terms are positive, must have all of its real 
roots negulive ; for, every positive number substituted for x, wU! 
render the first member essentially positive. 
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Second. 



23Si Svery i implete e^ualion, having its terms alternately posi 
live and negative, must have its real roc^s all positive ; for, every 
negative number substituted for x in the proposed equation, wouJd 
render all the terms jiositiv^, if the equation be of an even de 
gree, and all of them negative, if it be of an odd degree. Hence, 
their sum could not be equal to zero in eitlier ease. 

This principle is also true for every hicomplete equation, in which 
there results, by substituting — y for x, an equation }iai>ing all its 
terms afftcled wiih the same sign. 

Third. 

289. Every equation of an odd degree, the co-efficients of whicti 
are real, has at least one real root affected viilh a sign contrary to 
that of i/s last term. 

a.« + /'K^-i + ... 7*^ ± (7= 0, 
be the proposed equation ; and first con-slder tlie case in whirii 
the last term is negative. 

By mailing a; = 0, the first member becomes — U. Eut by 
giving a value to x equal to the greatest co-efiicient jilus 1, or 
(K-^- 1), the first term s" will become greater than the arith- 
metical sum of all the others (Art. 282), the result of this sub- 
stitution will therefore be positive; hence, there is at least on« 
real root compreheiided heiween, and JC-i- 1, which root is posi- 
tive, and consequently affected ivilh a sign contrary to that of tho 
last term (377). 

Suppose now, that the last term is positive 

Making a; = in the first member, we obtain -\- U tot the result ; 
but by putting — (^-f I) in place of a:, we shall obtain a nega- 
tive^ result, since the first term becomes negative by tliis aab 
stitution ; hence, the equation has at least one real root corn 
prehended between and — (^-f- 1), which is negative. o» 
affected with a sign contrary to that of the last >rm. 
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Fourlh. 

290. Every equation of an even degree, wMcli iiivolvtis only rea, 
co-effioiciits, and of which ike last term is neffative, has at least two 
real roots, one positive and the other negative. 

For, let — iT" be the last term ; making a: = 0, there results 
- U. Noiv, substitute cilher K+ I, or — (J^+ 1), K being 
the greatest uo-effieient in the equation. As m is an even number, 
the lirst term a" will remain positive; besides, by these substi- 
tutions, it becomRS greater than the sum of all the others ; there- 
foro, the results obtained by these substitutions are both positive, 
or affectcA with a sign contrary to that given by the hypothesis 
,r =; ; heuee, the equation has at least two real roots, one positive, 
and eompreheiided between ajid K+ I, the other neyalive, and 
comprehended bctwora and — {K + I) (277). 

Fifth. 

291. If an equatwm, involvini/ only real co-efictents, contains imag*- 
nary roots, the number of suck roots must be even. 

For, conceive that the first member has been divided by all the 
simple factors corresponding to the real roots; the co-eiKeienta 
of the quotient wiJl be real {Art. 246); and the quotient tnvst ahc 
be of an, even degree; for, if it was uneven, by placing it equal 
to zero, we should obtain an equation that would contain at least 
one real root (289) ; hence, the imaginary roots must enter 
by pairs. 

IlEmark. — There is a property of the above polynomial quotient 
which belongs exclusively to equations containing only imaginary 
roots ; viz., everi/ such equation always remains positive for any 
real value substituted for x. 

For, by substituting for z, ^+1, the greatest co-effieient 
plus 1, we could always obtain a positive result; hence, if the 
polynomial co-dd become negative, it would follow that when 
pliiced eflual to zero, tltoro T'ould be at least one real root com- 
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preheiided between ^+1 and tlie number which would give s, 
negative result (Art. 277). 

It also follows, that the last term of thia polynomial mu&t he 
positive, otherwise a = would give a negative result. 

Sixth. 

i92i When the last term of an equation is ^'ositive, ilie 'itumliif 
of its real positive roots is even ; and when it is negatice, tkt 
number of such roots is uneven. 

For, first suppose that the last term, is + U, or positive. Since 
by malting x = 0, there will result + U, and by making x~K+\, 
the result will also be positive, it follows that and ^ + 1 
give two results affected ■with the sume sign, and couscc[ucntly 
(Art. 279), the number of real roota, if any, comprehended be- 
tween them, is even. 

When the last term is — U, then and ^ + 1 give two 
results affected with contrary signs, and consec[uently, they com- 
prehend either a single root, or an odd number of them. 

The converse of this proposition i.s evidently true. 

Descartes' Jiule. 

293 -4ft equation of any degree wkaieiei , cannot hate a gieaier 
number of poutive foots than thme aie lariitions in the signs of 
Its tetms, no) a gteatet number of negative toots than theie art 
permanences (/ tltese signs 

A variatioms a change ot sign m passmg ilonij the tBim= A 
l>crmancnce is when two coii=iecuti i, terns ha^e the same Mgtu 

Tn the cj^uati n 

ie - « ^ 0, 
lliere is one vaiiation and one positn" root r ■= a 

And m the t.qu'ilion x-\-b=(i theie is one pen anuice and 
one negative root, x = ~b 

If those equations be multiplied together, member by member, 
there will result an equation of the second degree, 

+ i I 1 ^ 
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If a J3 lb; 


as Jian h, the equatiun will be uf the firs 


I fori,, 


(A,-t. nr); 


ar.d if a > i, the equation will be of tiie 


m^cond 


form ; that i; 


a < b gives x' + 2px-q= 0, 




and 


a>6 " a^ --S/ij: — 5 = 0. 





In the fii'sf; case, thai 9 is one permanence and one variation, 
Biid in the second, one variation and one permanence. Since 
in either form, one root is positive and one negative, it fol- 
lows that there are as many positive roots aa there are 
variations, and as many negative roots as there are perma 

The proposition ■will eviilently be demonstrated in a general 
manner, if it be shown that the multiplication of the first mem- 
ber of any equation by a factor x — a, corresponding to a pod- 
twe root, introduces al least one variation, and that the multi- 
plication by a factor a- + «, corresponding to a negative root, 
introduces at least one permaMncc. 

Take the equation, 

s" ± Aa?^^ ± 5a^2 J. (jj.m-3 ± . . . ±Tx± (7—0, 
,11 whiuh the sigas succeed each other in any manner wliatevev, 
lly multiplying by n; — a, we have 

The co-efficients which form the first horizontal line of this 
product, are those of the given equation, taken w'th the same 
signs ; and the co-efficients of the second line are formed from 
those of the first, by multiplying by a, changing the signs, and 
advandng each one place to the rifjht. 

N^ow, so long as each co-efficient in the upper line is greater 
tLoii the corresponding one in the lower, it will determine the 
sign of the total co-efficient; hence, in this ease there will bo, 
from tlie first term to that preceding the last, inclusively, the 
same variations and the same permanences as in the proposed 
equation ; but the last term ^ tfa having a eign contrary to that 
which immediately pieeedes it, there must De one mere varia- 
tic:: than in the proposed equation. 
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U hen a lo cftiutnt m tho lower I t, >! aniclcd with a Mgu 
wntiarj to the one correspr nding to it n the uppi,r iid m 
ahc gteat«r than this Ust theie is a ch inge fit n i pv, ma 
nence of sign to a ^ irution , for the sign of the term 1 1 \ hit-fi 
this happens beng the same as thit A the infi.iior co eft i. lent, 
mult be coiitiary to tha.t of tht, piecedng tenn which has 
been supposed to be the same as thit oi the superui co eHi- 
cieiiU Hence, each time we descend frjm the uppei to the 
lower line in older to determine the ign there is a dilution 
whirh js not found m the propped equation , and il oftei 
pass Lg into the lower line, we co tinue m it througho it, we 
shall find, ftr the remanmg terms the same variat ona in! the 
same permanences as in the g vt,n eqidtion fcince the co-eflicients 
of this line ite ill afiecttd with iigns csntraiy to those Dt the 
prrniit vt. CO effiuents Iha supposition would therelJie give us 
one variation for each positive root But if we a^eend fioni 
the lower to the upper line theio may be either a viii»tion 
or a peimanence But even by supposing that this passagfi jro- 
duces permuienees la all cases since the last teim ^ Ua tcma 
a part of the lowei line, it w U be necessary to go once joore 
from the uppei line to the lower, than from the lower tj the 
jpper Hence, the new ej^iation mu^t kai.e at leat 01 e iwre 
variation than the proposed, and it mil le the '.^rae f r eich 
positive root infroduci.d into it 

It miy be demonstiated, ui an analogous manner, thit ike 
mulliplieation of the fiist meriher by a fuctoi r + a, eorr&flpond 
ing to a negitii e t oot wo i/I t Uro luce one permanence mon 
Hence, m any eqjation the numbei of positne roots cannot be 
greater than the lumT-er of viriations of iigns nor the 111.1 iIiot 
el iiegitna roats giealcr than lie n in! ei cl PERM^NE\eEs 



291. When the roots of an equation are all real, the number 
of poiitive roots is equal to the number of variations, and the nww*- 
ber of negative roots io the nunJjer of pe-manences. 



ho.idbvGooglt; 



CnAr. XI.] DESCARTES RULE. o65 

For, let m denote the degree of the-, eijjation, n the nuiiiljer 
of variations of the iigns, p the number of permaaences ; then, 
m = n + p. 

Moreover, let n' denote the number of positive roots, and ^ 
(lie iiuinber of negative roots, we shall have 

whence, n+p~n'+p', or, «— »'=^— ^. 

Now, we have just seen that »' cannot be > n, nor ain it be 
less, since p' cannot, be ^J"; tlierefore, we must have 
n' = », and p" =: p. 

Remark.- — When an equation wants some of its terms, we can 
often discover the presence of imaginary roots, by means of the 
above rule. 

For example, take the equation 

3)3+^2+ 5—0, 

p and q being essentially positive; ictrodueing the term which 

ia wanting, by affectuig it with the co-efBcient ±0; it becomes 

ar>±(i.s:'+px-i-g = 0. 

By Poiisidering only the superior sign, we should obtain only 
permanences, whereas the inferior siga gives two variations. This 
proves that the equation has some imaginary roots ; for, if they 
were all three real, it would be necessary, by virtue of the supe- 
rior sign, tha,t they should be all negative, and, by virtue of the 
inferior sign, that two of them, should be positive and one nef;a- 
tive, which are contradictory results. 

We can conclude nothing from an equation of the form 
a^ ^pj:+ q = ; 
for, introducing the term ± . J^, it becomes 

x^±0 .x^ ~px + g r^Q, 
whien. contains one permanence and two variations, whether we 
take the superior or inferior sign. Therefore, this equation may 
have its tliree roots real, viz., two positive and one negative; 
or, two of its roots may be imaginary and one negative, since 
its last term is positive (Art. 293), 
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Of the coKfimffHuirable Boots of Numerkdi, Equations. 

296i Every equation in which the co-efficients aie wholo num- 
bers, Uiat of the first term being 1, will have whole numbera 
only for its commensurable roots. 

Por, let there be the equation 

ar" + i'K™-> + Qx'^-ir . . . +Tx+ U=(i; 
ill which P, Q , . . T, V, are whole numbers, and suppose that 
It were possible for one root to be an irreducible fraction — . 
Substituting this fraction for 2:, the equation becomes 

whence, multiplying both members by i™-^, and transposing, 
^ = ~ -Po"^^ — Qar^'^h - ... — T'aS"'-^ — PS^i. 

But the seeoni m mber of th s equation is compose 1 )f 
tht s 1 tf entire numleis whle the fi t is casent lly fiit 
tionil lor a ai d 6 be ng prime with le pect to each other a" 
and 6 will also be prime with respect to each other (Ait '>5) 
and hence this equality camiot e\ist fir an 1 ledicible fuc 
tion cinnot be equal to a whole number TheieJoie it is im 
possible for any irreducible fraction to sati-sfy the equation 

Now It has bem ihown (Art 202) that an eiuation con 
tamng latirnai lut fiactional co-efficients can be transformed 
intr another m which the co efficients are whole numbers 
thit of the first term be ng 1 Hence tie •/ctrch for co?t le su 
t m\\ cat ! aj% he tell ed to 



ie. take the general equation 
. . . + J{x^ + Sx'^ + Tx + 1^=0, 
re mtmbcr, positive or negative, which 

hall have the equation 
+ Jia3 4- Sa^ -I Ta+ T/=Q ■ (] ). 



rabk root? eith 


or cnti c 


ll-aifor mitie 7 


00/^ 


296. This being the en 


x^ + P^^'- 


i-f ©I— 2 


and let a denote any enl 


will satisfy it. 




Since is a 


oot, wo 


oP 4 Pa"--^ 


1- . . . - 
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Now replace a by all the entire numbers, positive aiid aegalive, 
between 1 and the limit 4--^i and between. — 1 and —L": those 
which verify the above equality will be roots of the equation. 
But these trials being long and troublesome, we will deduce from 
equation (1), other conditions equivalent to this, and more easily 
applied. 

Transposing in equation (!) all the terms except the last, and 
dividing by a, wc have, 

^ - — «■»-' — Pa'-'i - . . . -Md' — Sa- T - - - (3). 

Now, the second member of this equation is an entire number; 

hence, — must be an entire number ; therefore, the entire roots of 

the eqriatimi are comprised among the divisors of the last term. 
Transposing — T in equation (2), dividing by a, and making 





7 


+ T— T', we have, 




■F 


t"- 


2 _- Pa"-3 . . . -Sa- S - - 


■ - - in 


The second member 


of this equation being entire. 


•p. 

— , that is. 


tfie quotient of 




^ + r 1,- ., 










IS an entire nwdber. 








Transposing the 


tei 


■m —S and dividing oy a, ■ 


ive have, by 


Bupposing 




±^ + S^ S', 





^ = _ „-^ _ P„™-4 _ . . . _ 72 . . . (4), 

ITie second member of this equation being entire, — , that JE, 
ine quotient of 

^\S by a, 
w on entire nitmber. 
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By continuing to transpose the terms of the second oiember 
Into the first, we shall, after m — l transformations, ottaiu an 
aquation of the form, 

Then, transposing Die term — P, dividing by a, and making 
^- + P = F', we have — zz. - 1, or — + I = 0. 

rhseu hheusfo e el nfona. 

tons of e on (1) expresse tie 1st oni o ul ts 

requ m e J th eat e nu nbe a to fulfil n o der that t may 
be k t be a root of the equ tion 

297 I" 1 e p ed g con 1 on we conclude tl at tI en 
an e u ber a pos te r egte s-i root of the g ven 

equ to q o of the I H n d d d bj i an 

P7l e V 

Add nj, to th 9 q o nt h ff nt o j; U 

be e a y ble hj a 

Addi g ti e CO eftic ent of In t quo e nd a^ n 

d y dmg Ij t e ew q o e oh ad so on 

Frn ly ad ling tl e o efhc ent of the secoad term h t s of 
*™ o the preoed ng qu t ent ( qv.o t of t s s n d dei 
bj % be J al io —\ hence e r u t of le add o of 

la] le co-e§te e t of x"' o tie j> e ed g qu tie tiust 

he ei al to 

Eve y n e h ch will sat fy tl ese cond t ons w 11 be a 
root nl t o e Id not sat sfy them should be ed 

All lee c osmybe dete mined at tl e san e t n e 
by the following 

RULE. 

After having determined all Hie divibors of the last term, write 

ihose which are comjirehended between Hie limits + L arid — L" 

upon tlie same horizontal line ; then 'underneath these divisors terils 

t!ie quotients of the last term ly each of iliem. 
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Add the co-iffident of s' to eaeh if these quotients, and imJe 
the sums underneath the quotients which correspond to iJtem, 
Then divide these sums by eitch of lAe divisors, and write the quo- 
tients undPTneath ike correspondinff sums, taking care to reject the 
fractional quotients and the dioiwis which produce iltem, ; tmA 



When lliero ar« ttrm^ W 


jnthig in the proposed 


cqiiiitiOH 


their co-eliiciuita, which aro t 


u Le regarded as equal t 


J 0, mast 


be taken into eoasideration. 







I, What ai'e tlie entire roots of the equation, 

x^ — x^~ ISa-s + 163— 48 ^ ^ 
A superior limit of the positive roots of this equation {Art, 



sidered, since the last two terms caa be put under the form 
16 {x — 3) ; hence, when a; > 3, this part is essentially positive. 

A superior limit of the negative roots (Art. 28G), is 
-{1+/48), or -8. 

Thereforo, the divisors of the last term which may bo roots, 
are 1, 2, 8, 4, 6, 8, 13; moreover, neither +1, nor —1, will 
satisfy the equation, because the co-efficient —48 is itself greater 
than the sum of all the others : we should therefore try only 
%he positive divisors from 2 to 12, and the negative divisors from 
— 3 to — 6 inclusively. 

By observing the rule given above, we have 



12, 



- 13, 



- 16, - 24. 



+ 12, +10, +8, + 4, 
f 1, .., .., + 1, 

- 12, .., .., — 12, ■ 



+ 24, 


+ 1 


s', + 12 


+ 40, 


+ 3 


8, +28 


-20, 




■, - 7 


-S3, 




., -20 
„ + 4 
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The Jirsl line contains the divisors, tho second contains the 
quotients arising from the division of the last term — 43, by 
each of the divisors. The third line contains these quotient*!, each 
augmented by the co-efficient + 16 ; and the fourth, the quotients 
of tlieso suras by each of the divisors ; this second condition 
excludes the divisors +8, +6, and — 3. 

The ^/Ih contains the preceding line of quotients, each aug 
mented by ihe co-efficient — 13, and tho sixth coatains the quo 
tients of these sums by each of the divisors ; the third condition 
excludes the divisors 3, 3, — 2, and ~ 6. 

Finally, the seventh is the third line of quotients, each aug 
mcnted by the co-efficieut — 1, and fie eighth contra the quo- 
tients of these sums by each of the divisors. The divisors + 4 
and — 4 are the only ones which give — 1 ; hence, + 4 and 
■— 4 are the only entire roots of tlie equation. 

In fact, if we divide 

by the product {x ~ 4) (x + 4), or x'^ — 10, the quotient wiJ 
be x'^ — X -\- S, which placed equal to zero, gives 



thercfove, the four roots i 



2. What are the entire roots of the equation 

x^ - 5x= + 25a! — 21 ^ ? 

3. "What are the entire roots of the equation 

15j;» - ly^ + fe3 + 15^3 __ i9ar + 6 = 1 

4. What are the entire roots of the equation 

Qx" + SOa" + 32;i!* + lOx^ + 17^ - 20^: -|- 4 = 



.sted by Google 



stukm's theorem. 



( Theorem. 



238. The oliject of this -.theorem ia to explain a, metlioj of da- 
tcriuiiiiiig the immber and p'acei of the real roots of eiiuiitions 
involving hut ouo unltnown quantity. 

Lft A' =0 - - - - (1), 

ropi'csont an equation containing the single unknown quantity x ; 
A' being a polynomial of the m'* degree with respect to a:, the 
co-efficient? of whiuh are all real. If this equation shonlil have 
equal roots, they may be found and divided out as in Art, 209, 
and the reasoning be applied to the equation whieh woidd result. 
We will therefore suppose -T = to have no equal roots. 

299. I'Sfc us denote the first dei-ived polynomial of X by JT,, 
and then apply to X and A', a process similar to that for find- 
ing thuir greatest common divisoVj differing only in this respect, 
that instead of using the successive remainders as at first ob- 
tained, we change iJieir signs, and lake care also, in preparing for 
the dii'isii'U, neither to intioduee nor reject any factor eecept a 

If we denote the several remainders, in order, after their signs 
have been changed, by X,, X^ . . . X,, which are read X second, 
X third, iS'c., and denote the corresponding quotients by (3„ Qx 
. . Qr-~i, "^'^ may then fi,'rm the equations 

X=X,Q,~X, ... - (3). 
X, = X,Q,-X, 



-X„Q. -X„+, ). - - . (3). 



Since by hypothesis, X =^0 has no equal roots, no common 
diviwr can exist between X and X, (Art. 2C7). The Inat r^ 
maiiider — X„ will therefore be different from zero, and inde- 
pendent uf X. 
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h h X 



an ^ 



Tb 



= x.e.-x.+, ....(4), 



from which it appears fliat, if X,^^ and X„ stould both "become 
for a Yalue of x, X.-j., would be for the same value ; and 
since the equation which follows (4) must be 

we shall have A''„+, = for fho same value, and so on until 
we should find X, ^= 0, whicli cannot he ; hence, X,^, and X, 
cannot both become for the same value of x. 

n. By an examination of equation (4), we see that if X, be. 
comes for a value of x, X,„, and X^^,; must have contrary 
signs J that is, 

If any one of the expressions is reduced to by the subsli- 
t-alion of a value for x, the jireceditig and following ones wHl 
have contrary signs for the same value. 
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III. Let IK substitute a + u for x in tho ixpressiona X and . 
Xi, and d(!signate by U and U, what tney respectively become 
under this supposition. ITien {Art, 264), -i-e nave 

' ' (5), 



IT, = A, + A',u + A'\^ + &c. 



m which A, A'. A", &o., are the results obtained by the sul> 
etitution of s for tc, ia X and its derived polynomials ; and 
A„ A'„ &;e., are oimilar results derived from X,. If, now, a be 
& root of the proposed equation X= 0, then ^ — 0, atd since 
A' and Ai are each derived from Xi, by the substitution of 
a for X, we have A' — A,, and equations (5) become 

ir^A'u + A"'£. + ^o.) _ _ _ ^^^_ 
U,=zA' + ^',« + &c. ) 
Now the iibitrarj quantity m may he taken 'O ■^m dl thit 
ihe 'JpUs of the values of V and C/", will depend u| on the 
signs of then fiist terms (Art 27b), thit is they will be alil>.e 
when M IS positive or when a + « is substituted for r, and un 
like when w is nc^^t^e oz whin a — u is substituted in a: 
Htnce 

If I nimber insemi&lj less iJ u i oie of th' til i w/s of 
X = 6e mbstUu/ed fot x in X and ii Ike results udl hate 
eon^ary signs, and if a number t/nensibli/ greater tl ut >h & lonl 
be avhshtuted, the reiilts mil hate the seme stem 

302. Now, let any numbti a'f k al^L-hraicaJly kss, thit i? 
neaiei equal ta — co than a ^ of the leil roots tf the se\eial 
equations 

jr=o, X, = . . . X^, = 0, 
be substituted for x in tho expressions X, X„ X,, &c., and Ihe 
signs of the several results arranged in order; then, let x be 
increased by insensible degree, until it becomes equal to h. 
the least of all the roots of the equations. As there is no 
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ho w d ; f h 



b m h 

It X r= h should reduce A' to then A 13 the lea&t rial loot 
of fhp 1 1 Dposed equation which root we denote by a, lad 
since \>y the thud propeity, just before j: becomes equil to a, 
the wgus of X aad X, a.ie cnntiary, gtvmq a lariation, and just 
after pa.3&inT it (bcfjie x becomes equal to a root of X, = 0), 
the "Jigns 31© the same, gnrng a permanence instead it follows 
that m passing this root a varia/ion ts lost 

In tJie «ame way, incroasiag x by mscnsible d giees fiom 
i, = a-\ u until we readi the loot of X — next m oider, it 
& plain thit no ■viiiition will be lost or gained m pa^im^ any 
of the roiti of the oths,r oquitions, but that in pissing thi° 
roct, foi the same rcison as befort, another nnatmn wiH bo 
lost, and so rn fji each real root between i and the number 
last substituted, as ij, 1 ■(■wiiton \yill be lost unti! r hw Leon 
incietsed bejond the greatest rcil 1 jot, iw/itn no mote c ti be 
lost ai qamed Hence, thti excise of the nunibpr ->f vaiiatvons 
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bti lied 1 ^ the iial st tution of k o^er tho e ol ta t,l 1 ^ the 
bubsttit of / u 11 be oqutl ti tha ii imbu ot rci! roots 
<Miiipnsed betweei. k ind a 

It IS ciident that the &ainc couisc tit rea'ioiini, w 11 limply 
when we crmmence with any number p whether less thin all 
the loots or not and giadudlh increase v until it equils any 
©thor ntimber q The lict enunciatLd in Art 299 is therefore 
established 

303 1 e(,ek g tl e 1 1 ml i o t^ i, mp ^cd bet os j ai d y 
bhould e thei ^ or g' leluce iiy of the e\j e si3ns A A i5i,c, 
to thp result; w U not be affected bj then omi sion b lee 
the number of \anatioa3 will be the sane 



Should /I reduce A" to then p is 


a loot, b t not me of those 


sought and as the substitution of ] 


+ M wil g^e A aid A, 


the s'ime sign the number of variat 


ons to be counted w 11 not 


be affeUed liy the oiiib on of A 





Should 3 reduce A to then ^ 


!•, iho 1 TMt lut n t me 


of thi&e bought and as the s 1 tit 


t n cf i-« ^.lll £ve AT 


and A onntrary a ;,ns out- ^ar a n 


iQKt 1 e CO ntel m ji sing 


iiom X to X, 





304t If ia the application of the preceding principles, we ob- 
serve that any one of the expressions X„ X, . . . &o., X. for 
instance, will preserve the same sign for all values of a- in 
passing from p to q, inclusively, it will be unnecessary to use 
the succeeding expressions, or even to deduce them. For, as 
X, preserves the same sign during the successive substituljions, 
it is plain that the same number of variations will be lost 
among the expressions X, Xt, &c. . . . ending with X„ as among 
ail including A'. Whenever then, in the course of tlie division, 
it is found that by placing any of the remainders equal to 0, 
an equation is obtained with inE^giiiary roots only (Art. 291), 
it wOl be useless to obtain any of the succeeding remainders. 
lias principle will be found very useful in the sol ition of 
numerical eiamples. 
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305. As all the real roots of the proposed equation ara tfeoes- 
sari]y included between — <c and + a, we may, by ascertain- 
ing the jiiimber of variations lost by the substitutior. of tliese, 
in Buceession, in the expressions JC, X, . . . X,, . . &c., readily 
determine the total number of such roots. It should be ob. 
served, that it will be only necessary to make these substitu- 
tions in the first terms of each of the expressions, as in this 
ease the sign of the term will determine that of the entire ex- 
pression (Ai't. 282). 

Having found tie number of real roots, if we subtract this 
number from the highest exponent of the unltnown quantity, the 
remainder will be the number of imaginary roots (Art. 248), 

306> Having thus obtaineti the* total number of real roots, 
we may ascertain their places by substituting for x, in succes- 
sion, the values 0, 1, 2, 3, &c., imtil we find an entire num.. 
her -which gives the same number of variations as -f- oo. This 
will be the smallest superior limit of the positive roots in entire 
numbers. 

Then substitute — 1, — 3, &c., until a negative number is 
obtained which gives the same number of variations as — m, 
IMS will be, numerically, the least superior limit of tho 
negative roots in entire numbers. Now, by commencing with 
this limit and observing the number of variations lost in passiag 
from each number to the next in order, we shall discover how 
many roots are included between each two of the consecutive 
numbers used, and thus, of course, know the entire part of eacit 
root. TliG decimal part may then be sought by soms of SiiP 
known methods of approximation. 



1. Let Sji^^\}x~-1 =0 = X. 

llie first derived polynomial (Art. 264), i 
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and since "we may omit the positive factor fi, without affecting 



Dividing X by X,, wo obtain for the iii'st remainder, — 4s~ 1. 
Changing its sign, wo have 

4a: + 1 = Xj. 
Multiplying X, by the positive nuTn"bor 4, and then dividing 
by X„ we obtain tlie second remainder — 3 ; and by changing 
its sign 

+ S = X^. 
The expressions to bo bo used are then 
X^Qx^-Qx-\, X, = 4»=-], X,= 4«+l, X, = + 3. 

Substituting — a> and then + oj, we obtain the two following 
arrangements of signs : 

— + — + 3 variations, 

+ + 4--f 

there are then tftree real roots, 

4f, now, in the same expressions we substitute and + 1, 
and then and — 1, for x, we shall obtain the throe following 
arraugements : 

For » = + ! +-h + + variations. 

x^ f + 1 

T=-\ - + - + 3 

As K — .+ 1 gives the same number of variations as -J- w, 
Hnd a = -— 1 gives the same as — co, + 1 and — 1 arc the 
BTOnllcst limits in entire numbers. In passing from — 1 to 0, 
two variations are lost, and in passing from to -|- I, oia 
variation is lost; hence, there are two negative roots betweet 
— 1 and 0, and one positive root between and j- 1. 

2. Let 2^ — 13k^ + lOar - 19 = 0, 
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If we deduce X, Xj, tiini X.„ we hiivo the three expressions 
X = 2i* - 13,t= + 10,r - 19, 
Xi - 4.r' - 13^ + 5, 
X, = 13a'2 ~lM- + 38. 

If we plaee X, ^ 0, we sliall fmd that both of the roots of 
liie resulting equation, are iniaginary ; hence, X"; will bo positive 
for all values of x {Art. 290). It is then useless tc» seek for 
X, aad X.. 

By the substitution of - cc and + co in X, X„ and X„ we 
obtain for the first, two ■variations, and for the seeond, none; 
hence, there are two real and two imaginary roots in the 
proposed equation. 

3. Let x^ -5x^ + 8^ -I = 0. 

4. a:*— x^ — 3x^ + ic^ — x~3 = 0. 

5. x^- 2x^+1= 0. 
Discuss each of the above equations, 

307. bi the preceding discussions we have supposed the 
equations to be given, and from the relations existing between 
the eo-efficients of the different powers of the unknown quan- 
tity, have determined tbe number and places of the real roots; 
and, eonsequently, the number of imaginary roots. 

hi the equation of the second degree, we pointed out the 
relations which exist between the eo-effieients of the different 
powers of the unknown quantity when the roots are real, 
and when they are imaginary (Art. 116). 

Lot us see if we can indicate corresponding relations simong 
the CO efficients of an equation of tlw third degree. 

Let us lake the equation, 

and by i\tusing the second term to di3appe;ir (Art. 203), i( 
will lake the form, 
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HeiiOT we have 

Xi = Ss^ + p, 
X, = - 2i).r - 35, 

h. order t!i;\t all the roots be real, the siibstitiitioii of co for 
t in the above expressions must give three permaiienees ; an(3 
the siibBtitiilion of — a> for x iniist give three vai-iations. Bnt 
the first supposition can only give throe perinntiences when 

— 4p3 _ 27g2 > ; 
■Jiat is, a positive quantity, a condition -wliich requires that p he 
negative. 

If, then, p be negative, we have, for a; — co, 

—4^3 _ 27^3 y . |.(,|,|j ;g^ positive : 
or, Ap^ + 21q^ < ; that is, negative : 

hence, ^ + ^ < 0, which requires that p bo 

negative, and that Sr > T ' conditions which indicate that tie 



Cardan's Rule for Solving Cubic Equations, 

308. First, free t!ie equation of its second term, and we 
have the form, 

x^^ -\- px -\- q ^ a (1). 

Take r, =y + z; 

then x^ = i/ + z' + ^>yz {// -j- z) ; 

or, by transposing, and sub^titullug x for y + z, we have 
,>_3j,2.,_(j. + ,.) = . . . (2); 
and by comparing this with equation (1), we have 
— Sy^=p; and j/3 J z= = — 5. 
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¥rom the 1st, we have 
which, being substituted in the second, gives 

"'-iv = ""'■' 

cr clearing of fractions, and reducing 

"•+«"■ =6- 

Solving tliis trinomial equation (Art. 124}, we have 



and the corresponding value of e is 



' - V 2 V 4 + 37- 
But since x z= y -\- z, we have 

- V[- 1 +v1?^S)] + V[- t-N^?^ 

This is called Cardan's formula. 

By examining the above formula, it will he seen, tha-. it ii 
'aappli cable to tlie case, when the quantity 



r + 



27' 



under the radical of the second degree, is negative ; and hence 
is applicable only to the case where two of the roots are imag 
inary {Art. 307). 

Having found the real root, divide both members of the giveu 
equation by the unlinown quantity, minus this root {Art. 247); 
the result will be an equation of the second degree, the rool8 
\ii which may be readily found. 
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HORNER'S METHOD. 



the roots of the equation 

Am. 4, ] +y^ 
1 the roots of the equation 
x^ — 9^2 -]- 28^ ^ 30 ? 



3. What are the roots of the equation 

Ans. 5, 1+y^^, 1-^-1 

PreUininaries to Horner's Meihod. 

309. Before applying the method of Horner to the solution 
of numerical equations, it will be necessary to explain, 

1st. A modification of the method of multiplication, called 
the method by Detached Co-efficients : 

2d. A modification of the method of division, called, also, the 
method by Detached Co-efficients : 

3d. A second modificatioa of the method of division, called 
Synthetical Division : and, 

4th. The application of these methods of Division in the 
Transformatiim of Equations. 

MiiUiplication hy Detached Ch-efficients. 

310. When the multiplicand and multiplier are both homo- 
geneous (Art. 26), and contain but two letters, if each be ar- 
ranged a«coi-diiig to the same letter, the literal part, in the 
several terms of the product, may be written immediately, since 
the exponent of the leading letter will go on decreasing froni 
left to right by a constant number, and the sum of the exponents 
■>£ both letters will be the same, in each of the terras. 
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1. 1j<it it be req^uired to multiply 

^3 + aiV + xy^ + 2/^ by x — tj. 
Since a-' xx = x\ tlie terms of the product will oe of Um 
4tli degree, aiid since the exponents of x decroas« by 1, and 
those of y increase by 1, we may write the literal parts thus, 
X*, x^y, x'^y^, xy^, 'i/K 
In regard to the co- efficients, we have, 
Co-efficients of multiplicand, - - - 1+1 + 1 + I- 
" " multiplier, . 1 — I 

1+1+1+1 
_ 1 „ 1 __ 1 _ 1 



co-efficients of the product, - - 1 + + + 0—1; 

aiv'i writing these co-efficients before the literal parts to which 
they belong, we have 

X* -[-0 .xhj + . aflij^ + . ay^ — y<' =: a* — y*. 
2. Multiply at= - Sib^ + 5*3 by 2a^ - 5b\ 
In this example, the term a'b in the multiplicand, and ab in 
the multiplier, are both wanting ; that is, their co-efficienta are 
0. Supplying these co-efficients, and we liave, 

s of multiplicand, - 3 + ~ 3+ 5 
multiplier, - - 3 + — 5 

4 + — 6 + 10 

-10— + 15 — 25 



co-efficients of the product, - - 4 + — 1« + 10 + 15 — 25. 
Hence, the product is, 40" — IPmVA + lOu^fia + 15((i' - 2bb> 

3. Multiply x^ — ^' + Sx—l by a^' — 2j: + 1. 

4. Multiply y= — ya + — 0= by y^ + ya- ■ — u\ 

Remark. — The method hj detached co-efficients is also appli- 
cable to the case, in which the multiplicand and multiplier eon- 
tain but a single letter. The terms whose co-efficients are zero 
must be supplied, when wanting, as in the previous example?. 
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OHAl'. Xr,' DETACHED CO EFFICIENTS. 



1 \=V1 I 3 tie prod t i + +1 Ij « — 3? 

2 Whit s t G pro lu t f 6 I 1 f +~t 

Dtvtsion hy Betacl ed Cu-effcs s 

■J 11 W tie divde d a d Ivsor -ire b tl 1 n „ neoiis 
adcna bttvo lector the d s on m-iy 1 o j fo ed by 
mea s of detacl ed co efl euts tl e tollo v g i anner 

1 Arrange tlie terms f tl e d vidend and d v sor according 
to a CO non letter 

2 SI ictthe ^hetejjne of I ^ tie divi- 
sor fro n the o p ne t of he lead g Ipt r fled nd and 
the ren a ndor * II be the e-\ponent of the 1 a 1 g 1 t r of 
the q o L 

3 The expo e ts of tl e lett s the o her te ns follow 
the sa e law of ncrease or dec ^e as t a c po t n the 
corre^po 1 g terms of the d v dend 

4 Wr e down f d on the co-efiic nta f the d fferent 
ms of the d Id and d sor v th tl eir re j. ect ve signs, 

s pply " the def c ncj- of the absent ter us v tl ze os 

5 Tl en d T ie tl e co efti ts of the 1 ^dend hy 1 o s of 
the d T o a^er the an f il|,cbri ^ dv d j efjt the 
seve dl q ot o 1 or e p nd g 1 1 ral j ar 



2. Divide 8a* - -^r.^x - %i 'j? 4- a^a? by Ad- 
The litesal part will he 

and fcr the numerical co-efficients, 

8-4-3 + 1 j[4 + 0-l; 
8+0—3 2—1 

~n +1 

-4 +1 
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hence, tlie true quotient is 2ii^ — a'^x; tlie co-cffioienta ailer —1, 
being efieh equal to zero, 

3. Divide x'^-Sax^ -Sa'^x'^ + l&w>x — 8a* by x^ — 2ax--2a'. 

4, Divide lOo* — 27a?x + Sia^x'^ — ISax^ — Sx^ by 2a' 
- Sax + 4i;2. 

Remark.— The method by detached co-effiolents is also appli- 
eable to all casea in which the dividend and divisor contain but 
a single letter. The terms whose co-efficients arc zero, must be 
"iupplied, when, wantiag, as in tha previous examples. 



I, Let it be required to divide 

Go* - 96 by 3a — 6. 
The dividend, ui this example, may be written under the form, 

W + 0.0^ + 0.0^+0. a — Q&a". 
Dividing tt* by a, we have o^ for the literal part of the 
first term of the quotient ; hence, the form of the quotient is 

For the co-efficients, we liave, 

6 + + + — 96 || 3 — 6 

C-12 2 + 4 + 8 + 16 quotient; 



oence, the true quotient is, 

2a3 + 4a= + 8a + 16. 



Synthetical Div 



313. In the common method of division, each term, of the 
divisor is multiplied by the first term of the quotient, and the 
products subtracted from the dividend; but the subtractions are 
[performed by first changing the sign of each product, and then 
.adding. If, therefore, the signs of the divisor were first changed, 
we should obtain the same result by adding the products, instead 
of subtracting as before, and the same for any subsequent oper 
atioa. 
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RULE. 

i. Divide Ike dtwsor and dnidmd by the eotffii.ienl 0/ tie frsi 
term of the dmsor when that co e^cienl i nit 1 

1[, Write m a 1 onzontal line the co cffic -kI^ of the d v dend, 
tvili their prcper ngns and jiace the co e^i. ents of tfe d itsor 
aitk all tketr sijns changed except the Jir t on ike ngkt 

!II. Divide as m llie melliod hj detaoked co e^ctents except ikai 
Ko term of the quotient is multiplied by the frst term, of the dm 
3or, and th t all the products are written diagonally to ike iighi, 
under Vc le ^ jf the dn exl to wl ch they co~iejord 
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!V. The />,'? fcrm of the quof.vnt is the same as that of tU 
dividend ; the second term, is the sum of the numbers in the second 
column; the third to-m, the mm, of the num,bers in third column, 
and so on, to the right, 

V, When the division can be exacfiy made, columns will be found 
at the right, whose sums mil be zero : w/ien the division is no! 
exact, continue the operation until a mfficienl degree of appro,ri- 
matio)i is attained. Having found the co-efficients, annex to them 
the literal j\tj-(s. 



a* - bWx + lOa^x^ ~ lOd^a-i + 5w< — ofi by a^ — 2«x -f *^. 
1 -- 5 + 10 - 10 + 5 - 1 jj 1 + 2-1 

2- 6+ «-2 T-nTs^l 

- 1+ 3 - 3 -f 1 

Hence, tiiG quotient is 

Kbmabk.-- -The tirst terai of the divisor ijoing aiways I, iieeil 
not be written. Tte first term of the quotient is the same as 
that of the dividend. 

2. Divide 

'*8-5.rS+15**-24s3+27a'=— 13a:+5 by x'<~2£^+4x'--2:^+l. 
1 - 5 + )5 - 24 + 27 - 13 -f- 5 |i 1 + 2 - 4 + 2 - i 
+ 2- 4 10 ' l--^Tl 

- 4 + 12—20 

4- 2- + 10 

- 1 + 3-5 

i - 3 + ~h ^ 0~~~0 0. 

Ilence, the quotient is x^ — 3x+ 5. 

3. Divide 

<^ + 2«'6 + 3(i'*= - a^P - Zab* - 3ft* by ai* + 2ab -(■ 36'. 
Afx. ^^ + . (I'fi + , <:/>' — 6^ ^ «' - fts.. 
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4 Divide 1 — ar by 1 + ^. Ans. I — 2x + 'Zx~ - 2.i:'+ &c 

6. DiWdo 1 by 1 - ar. Ans. 1 + o; + i>:^ + x^ + 4iG. 
C. Divide x'' — i/ hy x — y. 

Ans. !lfi + a:':/ + x*y^ + xh/ + xhj* + tet/ + y«, 

7. Divide a^ - Sa'x^ + Sa^x" ~ x" by a' - 3a^x + Sax^ — x\ 

Ans. a? -f Sa'^x + Stro* + a;^. 

313. To transform, an equation into another whose roots shall be 
tlie roots of the proposed equation, increased or diminished by a given 
quantity. 

A method of solving this problem hsis already been explained 
(Art. 264) ; but the process is tedious. We shall now explmn 
a more simple method of finding the transformed equatiotu 

Let it be required to transform the equation 

aj;" + Pa™-1 + Qx'"-'^ .... Tx + U^ 
into another whose roots sJiall be less than the roots of this 
equation by r. 

If we wiite y + »■ &r x, and develop, and arrange the terms 
with reference to y, we shall have 

«r + i^y"-' + 6'^'^= ^ry+U' = i:> - - - (i). 

But since y =; «■ — r, eijuatlon (1), may take the form 

„(»_,).+i»(i^,)~. + g-(, _,)»-! .... r(i-,-)+!r'=i) (2), 

which, when developed, must be identical witli the given equa- 
tion. For, since y -^ r was substituted for x in the proposed 
equation, and then x — r for y in the transformed equation, we 
must nceessarily have returned to iho given equation. Hence, 

„(,, _ ,). + P'(» - >■)" + «'(' - r)-> . . . r (» - r) + C 

^ «■" + iV^i + Qj^^ . . .Tx + U=fi. 
If now we divide the first member by x — r, the quotier.l 
win bo 

„(, _ r).-. + i./(, _ ,)M + §'(, _ ,)M ... 2', 
wid the remainder JJ'. 
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!3ul since the second member is identical vftli the first, ilia 
?ery same quotient and the same remainder ■would arise, if the 
second member were divided by x — r: hence, 

Jf the first memheT of the given equation be divided by the unknown 
■'laiUity minus the number which expresses ike difference between iJi 
■(s, Ike remainder mil be the absolute lermofthe Iransformfd equation. 
Again, if we divide the quotient thus obtained: viz., 

„(. _ ,)~i + p.(, _ ,)»-. + et" ->■)—... y 

by X ~r, the remainder will be y, the co-efficient of the term 
last but one of the transformed equation ; and a similar result 
would be obtained by again dividing the resulting quotient 
by X — r. Hence, by successive divisions of tlie poly- 
nomial in the first member of the given equation and the quo- 
tients which result, by n — r, we shall obtain all the (vv-efficienta 
of the transformed equation, in an inverse order. 

Remark, — When there is an absent term in the give equation, 
Its place must be supplied by a 0, 



Transfoum the equation 

5a' - 12^ + 3^= + 43^ — 5 ^ 
into anofJ ar whose roots shall each be less than those g- Mie givrai 
Aquation ly 2. 

First Operation. 
5x* - Vix"' J- &b2 ^ 4.r ~ 5 II x - 3 



5z* ■- 10a;3 hx^ -'ix^-x-\-'i 

— 23^3 + Sx^ 

- 3a:3 + 4.^! 

~ a:^ + 4a 
— a:^ -f 2x 

Sa: — 5 

aar-4 

— 1 1st remainder 
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iIVISION. 


Second Operation. 


5^s-. 2x-^~x + 2\\x 


-2 


5;r3-l(l^= |5^3+8a;+ 15 


8J!=- X 




8x'- - \Gx 




Ux+ 2 




15* - 30 




33 


2d remainder. 


Tkird Operation. 


Fourth Opei-atim 


5x^+ 8^+15[| x~ 2 


5x+lS\\x~2 


5^- 10* |5a:+lS 


5z - lol 5 



18^^ + 15 28 4th remamder. 

mx - 36 

51 3d remainder. 
Therefore, the transformed equation is 

5if* + 28y3 + Sly2 + 32y — 1 =^ 0. 
This laborious operation can be avoided by the synthetical 
method of division (Art. 312), 

Taking tie same example, and recollecting that in the syn- 
thetical method, the first term of the divisor not being used, may 
be omitted, and that the first term of the quotient, by which 
the modified divisor is to be miiltiplied for the first term of the 
product, is always the first term of the dividend ; the whole of 
the work may be thus arranged : 

+ 3 +4 - 5 1^ 

■.U'=-l 



10 


— 4 


-2 


4 


- 3 


- 1 


2 


— 1 


10 


IS 


30 




8 


15 


32 


.-.r 


10 


36 
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for ib is pkiti that the first remainder will fall under the abso- 
lute term, tlie second under the term next to the leflj and so 
on. Hence, the transformed equation is 

5y* + 28y= + 51)/* + 32y — 1 = 0. 
2. I'ind the equation whose roots are less by 1.7 tlian those 
of the situation 

a^3 _ 2ar3 + Sj: - 4 ^ 0. 
First, find an equation whose roots are less by I, 
1 __2 +3 -4[[I_ 
1-1 2 



2 -a 



1 

We hare tlius found tKe co-efficients of the terms of an eifua- 
tion whose roots are less by 1 than those of the given eq^uatlon : 
the equation is 

x3 + x^ + 2x—2 = 0; 
ivnd now by finding a new equation whose roots are less ihdii 
those of the last by .7, we shall have the required equation : thus, 

.7 1.19 2.233 



1.7 3.19 .233 



.7 



hence, the required equation is 

>f -4- 3.1^1* -i- 4.87y + .233 = 0. 

Tin? latter operatiiin can be continued from the former, wiln> 
out arranging the co-efficients anew. The operations have been 
explained sppirato'y, merely to indicate the several steps in the 



SrNTHEnCAL DIVISION. 



transibrmaliioi), and to point out the equatioiia, nt each step 
resulting from the successive cUminution oi the roots. Com- 
bining the two opei'atiens, we have the following arrangement ; 



-1 


2 


-2 


1 





2.233 




I 


2 
I.IP 


.233 


1.7 


3.19 




.7 


1.C8 





■3 - 


-4(1.7 


- .51 


4.233 


2.49 


.233 


2.38 




4.87 





3.1 

We see, by comparison, that the above results are the same 
as those obtained by the preceding operations, 

3. Find the equation whose roots shall bo less by 1 than 
the roots of 

a:= — 7* + 7 - 0. 

Ans. y'^ -j- Sy^ ~ 4y -|- 1 =: 0. 

4. i'ind tiie equation whose roots sliiiLl be less by 3 than 
111© roots of the equation 

3,4 - %x^ - 15.);2 + 49a - 12 = 0. 

Ans. y* + V + IS^'' - My r= 0. 

5. Find the equate loe roots shall be less by 10 tliau 
the roots of the e {uat o 

X* + "e^ ->t- M -\-Ax — 12340 = 0. 

1 y* + 42^3 -L {i63?/a -I- 4604^ = 0. 

6. Find tl eq it n 1 ose roots slial! be less by 3 than 
the roots ot th equit 

X + 3 — Oj; - 10s = 0. 
An^. >/'■ ■- lOy^ -4- 43(/' 4- S«y2 + 70y + 4 = 0. 

hj..T..ll..,V.,t)t.»'^IL" 
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Hornej-'s Method of wpproxrnating to the .Seal Hoots of 
Numerical Eguaiions. 

3I4i The Jiethod of approximating to tte roots of a ULimeri 
eal equation of any degree, discovered by tli'" Eiiglish matlie. 
matioian W. G, Horner, Esq., of Bath, is a nocess of very 
remarkable simplicity and elegance. 

The process consists, simply, in a succession of traiisforma 
tiona of one equation to another, each transformed equation, as 
it arises, having its roots equal to the difference between 
the true value of the roots of the given equation, ani3 
Ihe part of the root expressed by the figures already 
fijuiKl. Such fjgiuts of tlie vf,ot arc called the inilial fi/ures. 
Let 

V=i)l" + Px'^^+ Qx^'^ . . . . ->t-Tx-^U^*i - - - 0) 
be any eq^uation, and let us suppose that we have foun-' a 
part of one of the rooiii, which we will denote by m, and de- 
note the remaining part of the root by r. 

Let us now transform the given equation into another, whose 
roots shall be loss by m, and wo have (Art. 313), 

F = r" + F'r'^^ -f Q'r'^^ . . . . -\- T'r ^JT = (i ■ {3). 

Now, when r is a vei'y small fraction, all the terms of tho 
second member, except the last two, may be neglected, and tho 
first figure, in the value of r, may be found from the equation 

Tr+V' = 0- giving -r = ^; oi-j-=-.^; henoe, 

The first figure of r is tht first figure of the quotient oUained by 
Hvidina the absulvte term of the Iransformed equation hy Ike penuUi- 

If, now we tTan'iform oqmtion (3) mt^i motiier whoso roots 
shall be less than those ol the prcMoua equition by tha first 
liguve of r, ^nd dt,si"nate tlie remavTiuig p'vit 1>y s, wo sliall 

V" - s™ + V"^'-' I- Q"h'^i- .... 4- r's + V" =. 0, 



^.AXigle 



the roots of which will be less than those of the ^iven equit- 
tiou by m + the first figure of r. The first figure in the value 
of s is found fi'om the equation, 

T's + lF'^0, giving s=^l. 

"We y tl b CO ue th t n !u m-it o s at pleasire and 
each b 1 evohe a ew h^ of tie ot He i^ to find 
the roots of nun e cal ejuatoos 

I J- li / <i h ^ jl es I or s b Si r s 

tkeote a d set tie jo. e oots aside 

II T ans/orm the g ven equal o to another wlto e s shall 
be I tho tko e f Ike J m eq t oi by the tmt I fij e nr 
fii/iir s al eady fo d tl i bi/ & it im tJ eorem find Ike places 
of the roots of tk s m eq at on a d t] e first fiffu e of ea } w II 
be He f. St dec iwl pi e n ea of lie equred rooU 

111 T sform le equal on aga so tl at the oots shall belts* 
tian tho e of he j le ejv to a d dv de the absolute it r) of 
the t a sfj med eq a ott by tie pe? vlt mate coe^te u eh s 
called tie tr al I u or a d tl Ji si Jio re I te t d II 

the next figure of tie root 

rV Tranfo-m the la t eq at on t to a otke shoe oot } It 
be less tha Hose of tlie prev ovs equal on bj the fg re I t fount 
and proceed a s lar ma ner u tl the root le f u I to the 
equ ed d 1 ee of a euracj 

Kemaek I — Th e [ od s o e of approx mation a d t may 
happen that th eject o of tl c tct s pr ed g t! e pen Itimate 
te m w 11 atF ct the quot ent fi^ e f the root To avo 1 th i 
sou of eiror find the first decunil places of he root il o 
by the theoren of Sturm as eti jle 4 iai,e o^^ a 3 when 
the re u ts CO ne de f r t o co b c t c pltc s of ile ^l h se 
Bub eq ently obta ed by the d sors may be rel e I o 

Pem r II — When he dee mil port on of a negat e ro t a 
to he fo ni 1 ?t tran&fon tie 3 en eiuaton mto a ther by 
changng the s gn"! ol tie alt -n te terms (A 2S0) anl then 
find 1 e 5ec al pa t fie corrc f <1 g l c ot of 
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li). When several decimal places are found in the root, tiw 
operation may be shortened according to the method of eon- 
Iractions indicated in the examples, 

314t Let Qs now work one example in iull. 
equation of the third degree, 

a' - 7s + 7 ^ 0. 
By Sttirm's rule, we have the functions (Art. 299), 
X = a:3 - 7a! + 7 
X, = 33^3 — 7 



Ilencc, for x :^ a 



therefore, llie equation has three real 
n^ative. 

To determine tJie initial figures of liiese 



+ + no variation, 
— + three variationa ; 
Its, two positive and one 



c = 2 . . . 



+ + 

H- + + + 



-- + 



X- —4. 

hence there are two roots between 1 and 2, and one betweei 
— 3 and — 4. 

In Older to ascertim the hrst figuic l+'J i+7(I 
-m the decimal parts c f the two roots i + i — 

situated bet's een 1 and 9, we shd' tr'ms 1 — C + 1 

ioim the prcLedmg tunctiona into otiieis, 1+2 

in which the ^alue of x is dimmishtd bj 2—4 

] Thus ior the function X, wo ha.\ e 1 

this rper^tion ^ 



And transforming the othej's 
;lie same wa;^, we obtain 
iiineticns 
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l>t y = .1 we liave + h two variatlonis^ 



1- one variatioD, 



- + 4- + 

y — .7 " -J- + -■" + no variation, 

'Iherefore the initial figLres of the two positive roots are 1.3, 1.0, 
i et us now find the deoimal part of the first root, 
I hO -7 +7(L35IjS958H7 



1 



-6 



2 
1 


*-4 

.99 

""sToi 

1.08 
»*~ 1.93 

.1975 


»*.097 
- .086625 


3 


«* .010375 
- .009048984 


3.6 
3 


****.001336016 
— .001184430 


**3.1>5 
5 


-1.7325 
.2000 


.000141586 
- .000132923 


4.00 

5 


«*-1.5325 

.024336 


.000008663 
- .000007382 


***4.0 5G 
6 


-1.508164 
.024373 


.000001281 
-.000001181 


4.0 C2 

e 


«««_ 1.4837912 
. 3 2 5I4 


.000000100 
- .000000089 


»»*4.0}68 8 
8 


-1.4805318 
.0032514 


.000000011 
- .000000010 


|4.0169e 


-1.477218 

.ooosis 

— 1 .47G02 
000316 


1 



-1| 4|4|7|0|5 
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The operations in the example are performed as follows; 
1st. We find the places and the initial figures of tlie posi- 
tive roots, to include the first decimal place by Sturms' theorem. 
2d. Then to find the decimal part of the first positive rot-t, 
we arrange the co-efficients, and perform a succession of 'ran* 
formations by Synthetical Division, which must begin with the 
Initial figures already known. 

We fi st trau f m the g uen eq it i nto anotl r 1 ose 
roots 1 all be le s by 1 Th o eftic e ts f tl e e ] to 
are 1 6 — 4 a d 1 and are all except the first ma Led by 
& star T! e ro t of this tra siom ed equit on c r p dmg 
to the r ot gl t of the ^ en equat s a de al fr c 

t on f hich we know the first fi,, a 3 

We ext transf rm the l-st eq it o to a 1 boso 

roots a 6 less by three te tl a i the c eft f I e e v 

e\ iton 1 e eich narked by two star 

Tl e process h re hanj,es adT\efidt5e eth^ f 

tl e I t by d 1 ng the al 1 f e te n 097 by tl e j enult 
n ite co-effi e t — 1 93 g ng C) for the ne t figi e of the root 
We aga u transfor tl e eq at n to another h e roots 
hal! be less by 05 ani the co-efti e ts of tl e nev equ'it on 
are i arked by three t r 

We then 1 le the ab olute t n 010375 by the pen It n ate 
co-eflic e t — 1 5u*5 and obta n 006 the next figu e of the 
root anl so on for other figures 

In regard to the co trie n& 
de de 1 on t! e n n ber of dec m 
n the oot ire to b carr cd i 
f gures vl ch fill to the r gl t of 
d V d nds In the example u de 
ciny the operat oi s to tie %! dec mal jlice of the root 
hene \e may reje t ill tl e de nil places of the 1 de ds 
ifter the 9th 

The f rth 1 dend irl ei 1 v f r t rs co t a 

de 1 ]laC3 ml tie t I denl to e. 



A't*'-''^!'^' 



e may 


obse 


e 


tilt 


havng 


1 plices 


to 


h ch the 


figures 


e need 


JOt 


ta! 


e no 


ee of 


that number 


n 


aiy 


of the 


con deraton 


^« 


p opose to 
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L t e o Si g quote th^eS tlef fge 

from he dec m 1 po t hen ea tls tgeoftlo oper t n all 
the places of the di is f e tl e 5 Tiay be on ted & ce 
the 5th nu t [] ed bj 1 e 4 h dl g ve the 9 h o der f dc 
mala Agan s ce each nev figu e of the oot re uv 1 
one pla e to tl e nght one idd onil figure q ea«h ub eq e t 
d V sor T ay he o n tte 1 The eontraet ons the f I e by 
stt kmg off the n tl e 4 1 d vi 

In pa s ng t o th fi -at olu "nn to the sec d h \t 

operat n we n Itply Ij OOOb lut & ace the piod t to 
be lu ted to five d c n al places e need take ot ce of b t 
one dec mal j ace m the fir t col nan that s in he t 
ope at n of cont act o e str ke oft n the fi st colum th 
tvo figires 68 and gc e ally fvr ewh fiju e ont I n 
se /lid colun n we m t i oo the J! t 

It hou d be ol e el th t -sv e jla s ire om 1 u e tier 
CO un 1 at e o 1 1 ve be a 1 to the R t ficu e 

reta ned 1 ad no fi^ s been on a v a s o 1 ded 

to that fgu e Ha li g fo nd tl e fig re 8 f he o t we el 
not a ex t n the tiist olu n n r n ed ve aime i y ub- 
sequent figu es oi tl e root ace tl ey vo 1 1 -dl fall at the 
1 gl t a ong the rejected figu es He co »e ! er 8 nor anj 
s >sei e t figures of tie root w II cl ge the avala>le part 
of he fi St ol m 

1 1 e ne t ope it on ve d vide 00014158C by 1 4 "2 on t 
t ng tl e f g e 8 of th d r th s g ves the ti^u ) he 

root ^e then strke ol t e fig 4 the first oi nn 

and m Itpljmg hy 000 ne f n the ext d aor n 
ECTO i col m - 1 47b9 a 1 tl e n xt d v de 1 n the 
column 00000866S St Img fl 5 this di ve 

Uie e t h e of he ont vl h s 5 

It s v e de that the products fron he f -st e lum 
w II f 11 n tl e ae ond in ng the rejectel i n es at the ght 
we n ed therefore future tal e no not c« of then 

On ng U r It hand fi„ e he e t d v v 1 be 1 4 G 

die tlgeoil '^11 o g6 he 
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